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Abstract

Underactuated mechanical systems have increasing number of practical ap-
plications, theoretical importance as nonlinear benchmark systems, and obvious
advantages such as low cost and low weight. However, complex nonlinear behavior
makes the control design problem a difficult task and the presence of uncertain-
ties makes it further challenging. Hence, enhanced performance and robustness to
uncertainties become critical issues in designing control for these systems.

Increasing practical applications and theoretical importance, make the design of
a comprehensive robust control framework for underactuated mechanical systems
an important problem. The explicit consideration of uncertainties in the design
framework and its capabilities to effectively control the highly nonlinear dynamics
will enhance the advantages of these systems. SMC techniques remain the only
nonlinear control techniques that can better achieves these objectives.

In this research work, the author proposes a sliding mode based robust control
design framework for underactuated mechanical systems. The framework is com-
prehensive applicable to classes of systems in a unified but simply-to-apply way.
The framework is built on three sliding mode design solutions to the problem.

First, a standard SMC design is proposed for underactuated mechanical systems.
The control laws take explicitly into account both the matched and unmatched
uncertainties. Generic expressions for the sliding mode dynamics are derived.
Analytic expressions for the sliding parameters are also given which characterize
the desired performance. The main results are general and based on the Euler-
Lagrange representation of these systems. Moreover, the discontinuous terms ex-
plicitly embedded in the control for the rejection of matched and unmatched un-
certainties provide a better insight and understanding into the complex nature of
uncertainties in these systems.

Second, to address the chattering associated with standard SMC, the author pro-
poses the use of super-twisting algorithm for underactuated mechanical systems.
This treatment is based on linear sliding mode surfaces and use some the results
derived for the standard SMC.

Third, novel nonlinear sliding manifolds based on the Lagrangian zero dynamics
are proposed for underactuated mechanical systems. The application of smooth
higher order sliding mode control is proposed to enforce sliding mode in the man-
ifold that guarantees stability of the overall dynamics of the system. The relative
degree of these systems, in general, is not 1, and hence, leaving the designer
with the choice of using higher order sliding mode control. The proposed design
framework remarkably simplifies the control design problem of underactuated me-
chanical systems.

Finally, the nature of dynamics and singularities are hurdles in the global con-
vergence of some underactuated mechanical systems. To overcome these hurdles,
the author address the swingup control problems of these systems in a classical
way and demonstrate successful swingup and balancing using the proposed higher
order sliding mode control.
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The proposed control design framework is validated for the following benchmark
underactuated mechanical systems and achieve enhanced performance with the
added advantage of remarkable robustness to uncertainties.

1. The Inertia-Wheel Pendulum
2. The Translational Oscillator with Rotational Actuator
3. The Acrobot
4. The Furuta Pendulum
5. The Overhead Crane
6. The Cart-Pole System
7. The Pendubot
8. The Beam-and-Ball System

Keywords: Underactuated Mechanical Systems, Nonlinear Systems,

Nonlinear Sliding Surfaces, Sliding Mode Control, Higher Order Sliding

Mode.
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6.2 Nonlinear Sliding Manifolds in Transformed Coordinates (z, ż, ξ, ξ̇) . 178
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Chapter 1

Introduction

This chapter introduces the research work carried out in this thesis. First, build-

ing upon the background, the author explains how motivation for this work was

developed and then clearly identifies the research problem and defines research

objectives. Novel contributions this research adds to the existing body of scien-

tific knowledge are summarized. The chapter concludes with an overview of this

thesis.

1.1 Background and Motivation

Mechanical Systems are among the oldest systems invented by humans to be

used as helping systems in their daily life. Today mechanical systems are used

in almost every aspect of practical life. The range of these systems is broad and

the applications are diverse, for example; the basic ones such as a wheel, a pulley,

and an on-off valve on a water line, simple systems such as a sewing machine,

a bicycle, large systems such as the initial steam engine, and the more complex

and sophisticated systems such as today's industrial systems, automobiles, robots,

aerospace systems, and marine systems.

With the passage of time, as these systems became more common in use and more

complex in structure and functionality, their manual operation became tedious

1
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and less productive. Humans started thinking to somehow regulate or automate

these systems for better output both quantitatively and qualitatively. This need

and realization of regulation or automation led to the development of Mechani-

cal Control Systems and hence the application of Control Theory in the field

of Mechanics. Water level regulator for steam boiler by I. Pulzunov in 1765,

and flyball governor for controlling the speed of steam engine, an all-mechanical

system, by James Watt in 1769, can be cited to be the first reported use of Au-

tomatic Feedback Control in mechanical systems. State-of-the-art research

and developments in control theory on one front and advances in technologies like

electrical, analog and digital electronics, microprocessors, and computers on the

other front, made it possible to design and develop more sophisticated mechanical

control systems. The results of these achievements by humans are numerous and

their impacts are enormous as reflected by the use of high performance and quality

systems in today's practical life.

Traditionally, from control point of view, mechanical control systems have been

studied under the following subclasses:

1. Fully Actuated Mechanical Systems: Number of control actuators is

equal to the number of degrees to be controlled.

2. Underactuated Mechanical Systems: Number of control actuators is

less than the number of degrees to be controlled.

3. Nonholonomic Systems: Systems have nonintegrable first order con-

straints on their velocities.

The control problem of fully actuated mechanical systems is not a big issue. The

reason is that the matured and established nonlinear control technique of exact

feedback linearization [1] is applicable that renders the system linear and then lin-

ear control methods such as pole placement or frequency domain analysis can be

used to design the control.

Interest in the control of nonholonomic systems started in the 70's and established
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as a matured standalone field in the 90's [2]. Historically, nonholonomic systems

are the most widely studied mechanical systems as evident by the vast amount

of literature, and, in fact, are still the subject of active research in the control

community. The most important reason, which led to this research and other in-

teresting control problems, is the fact that nonholonomic systems fail the famous

necessary condition of Brockett [3] for the existence of smooth continuous time in-

variant state feedback control laws for stabilization. In fact, the origin of research

interest in underactuated mechanical systems can be traced back to nonholonomic

systems due to the initial realization that nonholonomic systems obey first order

(velocity or kinematic) constraints while underactuated mechanical systems obey

second order (acceleration or dynamic) constraints [4–6].

Motivated by theoretical challenges in the beginning, research in the control and

analysis of underactuated mechanical systems started in the 90's [4–10]. In the

last decade, research shifted from theoretical nature to practical one when the

usefulness of underactuated mechanical systems was realized in diverse applica-

tions of scientific and engineering importance. The broad application areas of

underactuated mechanical systems include robotics, industry, aerospace systems

and marine systems. Apart from practical applications, underactuated mechani-

cal systems have been of great importance and interest in research and education

of control theory as prototype systems for high order nonlinear complex systems.

Both theoretical importance and practical usefulness have contributed to research

activities focused on the control and analysis of underactuated mechanical systems

in the last two decades [11, 12].

Underactuation arises due to less number of control actuators than the number of

degrees to be controlled. Reasons of underactuation may be natural due to dynam-

ics of the system itself or intentional/artificial for some useful practical purpose,

for example:

• natural dynamics; aircraft, helicopter, underwater vehicle

• actuator failure

• low cost
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• low weight

• low power consumption, important in some applications like aerospace

• low system level complexity

• low risk/damage to human/objects, if hit by (at the cost of high vulnerability

to disturbances)

• creating prototype/benchmark nonlinear system for education and research.

Examples of practical underactuated mechanical systems include the following:

• robotics; flexible-link joints, mobile robots, and other kinds of manipulators.

• aerospace; aircraft, spacecrafts, helicopters, space robots, satellites, space

exploration systems

• marine; ships, underwater vehicles and surface vessels

• industrial: object manipulation and transportation

• education and research: The Inertia-Wheel Pendulum, The TORA System,

The Acrobot, The Furuta Pendulum, The Overhead Crane, The Cart-Pole

System, The Pendubot, and The Beam-and-Ball System.

However, the benefits of underactuation are associated with difficult control design

and often poor system performance. The reason is that complex nonlinear behav-

ior, nonholonomic nature, and control coupling in the actuated and underactuated

parts of the dynamics make control design a difficult problem. On one hand, linear

controllers, based on the standard Jacobian linearized model of the system around

an equilibrium point, have very small region of attraction due to strong nonlin-

ear dynamics of the system and hence are of little practical use. On the other

hand, due to underactuation, the established nonlinear control techniques such as

input-output and feedback linearization, and in some cases direct backstepping,

are not applicable. The presence of external disturbances and model uncertainties
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and makes this difficult problem further challenging.

The complexity of dynamics and the uniqueness of required design technique have

dictated the research to a system by system approach for underactuated mechan-

ical systems, for example,

1. The Inertia-Wheel Pendulum [13–15]

2. The TORA System [16–26]

3. The Acrobot [27–31]

4. The Furuta Pendulum [32–36]

5. The Overhead Crane [37–43]

6. The Cart-Pole System [44–51]

7. The Pendubot [52–62],.

8. The Beam-and-Ball System [63–69]

There are some excellent class based design approaches for mechanical systems, for

example, energy based [9], Controlled Lagrangian [70, 71], IDA-PBC [72], hybrid

[73, 74], and equivalent-input-disturbance approach [75], but these techniques lack

robustness. Still, there are excellent standard and second order sliding mode

approaches, for example, [76–80] but these approaches suffers from chattering that

is not desired and even practically not applicable in mechanical systems.

Due to absence of direct independent control actuators for some of the degrees of

freedom, underactuated mechanical systems are more vulnerable to disturbances.

Furthermore, the effects of both matched and unmatched disturbances are coupled,

similar to the control itself, to the actuated and unactuated parts of the dynamics.

Standard SMC provides a good measure of the effects of disturbance and the

way to make system response robust to these effects. Analysis of the effects of

disturbance with standard SMC can be used to get insight into the adverse effects

of disturbance coupled in the unactuated and actuated parts of the dynamics.
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The above discussion and analysis clarifies that the benefits of underactuated

mechanical systems are numerous but their realization in practical applications

is limited due to difficult control design problem. There are excellent research

works in the literature but most are limited to a system by system approach

as mentioned above, or lack robustness or suffers from chattering, and hence,

there is a strong basis and need to investigate a novel robust and chattering free

smooth control design approach applicable to classes of underactuated mechanical

systems in a unified but simple to apply way. In summary, practical importance

of underactuated mechanical systems and the theoretically challenging nature of

the control problem motivates for investigating a comprehensive control design

framework based on smooth higher order sliding modes for the realization of above

mentioned benefits in high performance control applications.

1.2 Problem Statement and Research Objectives

Underactuated mechanical systems have theoretical and practical importance with

the added advantages of underactuation. But the benefits associated with under-

actuation come at a greater cost of difficult control design due to complex nonlinear

behavior and control coupling. Lack of direct actuators for some of the degrees

of freedom makes underactuated mechanical systems more susceptible to internal

model uncertainties and unknown external disturbances. Greater probability of

mismatch between the real plant and its mathematical model on which control

synthesis is based results in model uncertainties and external disturbances are al-

ways common in real world applications. So designing robust nonlinear control

schemes to effectively control the complex nonlinear behavior of underactuated

mechanical systems in the presence of model uncertainties and external distur-

bances becomes an obviously important control problem. Solving this challenging

control problem will help in the realization of full advantages and usefulness of

underactuated mechanical systems in high performance control applications.

Sliding mode control [81–83], which can efficiently control higher order complex
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nonlinear dynamics and also provides robustness to internal model uncertainties

and unknown external disturbances, remains the only nonlinear control technique

that can provide solution to the above mentioned control design problem. There

are other nonlinear control techniques developed for mechanical systems for ex-

ample energy based [9], Controlled Lagrangian [70, 71], IDA-PBC [72], hybrid

[73, 74], and equivalent-input-disturbance approach [75] but these techniques lack

robustness. Furthermore, the excellent standard and second order sliding mode

approaches, for example, [76–80], suffers from chattering that causes wear and tear

in mechanical systems, and hence, practically not applicable.

The research objective in this work is to investigate, using sliding mode control the-

ory, a comprehensive and unified but yet simple to apply high performance robust

control design framework for underactuated mechanical systems. The framework

must be general and hence applicable to whole class of underactuated mechani-

cal systems instead to a specific system. Since chattering is undesired and even

practically not applicable, especially, in mechanical control systems, the frame-

work must consider smooth control action. Finally, the framework is numerically

validated for the following benchmark underactuated mechanical systems

1. The Inertia-Wheel Pendulum

2. The TORA System

3. The Acrobot

4. The Furuta Pendulum

5. The Overhead Crane

6. The Cart-Pole System

7. The Pendubot

8. The Beam-and-Ball System
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1.3 Research Contributions

The main contributions, this research work adds to the existing body of scientific

knowledge, are summarized as below:

• A comprehensive and unified but simple-to-apply robust control design frame-

work, based on the application of sliding mode control theory, is proposed

for underactuated mechanical systems.

• First, generic standard sliding mode control laws are proposed for the two

classes of underactuated mechanical systems. The control laws take ex-

plicitly into account both the matched and unmatched uncertainties. The

control laws use linear sliding manifolds based on the actuated and unac-

tuated configuration variables. Generic expressions, describing the sliding

mode dynamics in each class of systems, are derived. Analytic expressions,

for performance design parameters of the sliding manifold, are derived in

closed form. These expressions enable the designer to choose stable sliding

parameters, in terms of system physical parameters, for the achievement of

desired performance in an intuitively simple way. The main results of this

treatment are general. The control laws and expressions for the sliding mode

dynamics are based on the general Euler-Lagrange equations of underactu-

ated mechanical systems instead of a specific system. The effects of matched

and unmatched uncertainties on system stability are analyzed. Furthermore,

to reduce chattering and achieve smooth control desired and demanded for

mechanical systems, the application of super-twisting algorithm is investi-

gated using the results of this treatment.

• Second, to address the chattering associated with standard SMC, the author

proposes the use of super-twisting algorithm for underactuated mechanical

systems. This treatment is based on linear sliding mode surfaces and use

some the results derived for the standard SMC.
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• Third, to achieve global convergence of underactuated mechanical systems,

nonlinear sliding manifolds are proposed. Exploiting the existing transforma-

tion techniques, the dynamics of the two classes of underactuated mechanical

systems are transformed into an actuated/unactuated nonlinear subsystem

and an unactuated/actuated linear subsystem. The nonlinear subsystem rep-

resents the Lagrangian zero dynamics of underactuated mechanical system.

Nonlinear sliding manifolds for the Lagrangian zero dynamics are introduced

and the application of smooth higher order sliding mode control is proposed

to enforce sliding mode in the manifold that guarantees stability of the over-

all dynamics of underactuated mechanical system. The author finds that the

relative degree of underactuated mechanical systems, in general, is not 1, and

hence, standard sliding mode is not applicable. This leaves the designer with

the choice of using higher order sliding mode. However, this obstacle turns

out to be a blessing as higher order sliding mode are smooth as compared to

standard sliding mode. Furthermore, to provide robustness against uncer-

tainties the use of well known existing observers is identified. The proposed

design framework remarkably simplifies the control design problem of under-

actuated mechanical systems in general and of a class of them in specific.

The dynamics of this later class are in the nontriangular quadratic normal

form and which would otherwise be quite challenging.

• Finally, the swingup control problem of underactuated mechanical systems

is investigated in a more comprehensive way using the collocated and non-

collocated partial feedback linearization. Successful swingup and balancing

by HOSM control is demonstrated for benchmark underactuated mechanical

systems.

• The proposed design framework is validated for the following benchmark

underactuated mechanical systems:

1. The Inertia-Wheel Pendulum

2. The TORA System

3. The Acrobot
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4. The Furuta Pendulum

5. The Overhead Crane

6. The Cart-Pole System

7. The Pendubot

8. The Beam-and-Ball System

• The results are improved to and in agreement with the existing standard

works reported in the literature.

—————————————————————–

1.4 Overview of This Thesis

The overview of the rest of this thesis is as follows:

Chapter 2 presents a rigorous and thorough literature review of underactuated

mechanical systems from control point of view. Theoretical challenges in the con-

trol of underactuated mechanical systems are discussed. Different analytical tools

and control design techniques developed over the past years are reviewed.

Chapter 3 presents some preliminaries including dynamical modeling of underac-

tuated mechanical systems, simplifying analytical tool, collocated and noncollo-

cated partial feedback linearization, and transformation to desired normal forms.

A brief introduction to sliding mode control from application point of view is also

presented here.

Chapter 4 presents standard SMC design for underactuated mechanical systems

based on linear sliding manifolds. The associated expressions for sliding mode dy-

namics and analytic expressions, in closed form, for performance design parameters

of the sliding manifold are derived here. The design procedure is demonstrated

for benchmark underactuated mechanical systems.

Chapter 5 investigates the application of HOSM based on super-twisting algorithm

for underactuated mechanical systems in order to reduce chattering inherently
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present in the standard SMC. The design procedure is demonstrated for bench-

mark underactuated mechanical systems.

Chapter 6 propose nonlinear sliding manifolds for underactuated mechanical sys-

tems and the application of smooth HOSM control to enforce sliding mode in the

manifold. The design procedure is demonstrated for benchmark underactuated

mechanical systems.

Chapter 7 addresses the swingup control problem of underactuated mechanical

systems. The chapter demonstrates successful swingup and balancing for bench-

mark underactuated mechanical systems.

Chapter 8 concludes this research and outline possible future work.



Chapter 2

Literature Review

This chapter presents a rigorous literature review of underactuated mechanical

systems from control point of view. Theoretical challenges in the control of under-

actuated mechanical systems are discussed. Different analytical tools and control

design techniques developed over the past years are reviewed.

2.1 Introduction

Analysis and control of underactuated mechanical systems remains one of the ac-

tive areas of research in the last two decades. Research interest in these systems

started with the study of nonholonomic mechanical systems. Analysis and control

of nonholonomic mechanical systems [2, 84] started in the early 80's and became

a matured and established area of research in the mid 90's. Study and research in

nonholonomic systems generated some interesting control problems. Being non-

holonomic in nature, it was proved that these systems were not stabilizable by

smooth continuous time invariant state feedback control laws [3], [85].

As some of these nonholonomic mechanical systems were inherently underactuated,

the interest shifted towards the analysis and control of underactuated mechani-

cal systems in the 90's with the first applications mainly in robot manipulators

[4, 7, 8, 86–92]. This interest got momentum when the use of underactuated

12
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mechanical systems became increasingly common in scientific and engineering ap-

plications such as robotics, aerospace systems and marine systems. These develop-

ments led to the establishment of research in underactuated mechanical systems

as one of the most active field both from technological and theoretical point of

view and research in the control and analysis of underactuated mechanical sys-

tems started as a field [5, 6, 9, 10, 72, 73, 93–96].

Nonholonomic mechanical systems have first order (kinematic or velocity) con-

straints. As parts of the dynamics of an underactuated mechanical system can be

written as second order (dynamic or acceleration) constraints, in contrast to non-

holonomic mechanical systems, underactuated mechanical systems were also called

mechanical control systems with second order nonholonomic constraints [4–6].

2.2 Theoretical Challenges in the Control of Un-

deractuated Mechanical Systems

Underactuation, i.e. fewer number of independent control actuators than the con-

figuration variables to be controlled, fundamentally makes the control problem of

underactuated mechanical systems a highly challenging task. Moreover, strong

non linear behavior, nonholonomic constraints, and input coupling adds extra de-

sign difficulties to this challenging control problem. Feedback linearization is an

important analytical and design tool used as initial step in the design of nonlinear

control for nonlinear dynamical systems [1]. However due to underactuatoin. exact

feedback linearization for underactuated mechanical systems is not possible. This

can be seem from the dynamical equations of motions for underactuated mechani-

cal systems where the control input matrix is non invertible, and hence, an explicit

change of control is not possible that implies the exact feedback linearization does

not exist.

In [8, 9], it was shown that for a certain class of underactuated mechanical systems,

the dynamics can be partitioned into an unactuated subsystem and an actuated
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subsystem and a partial feedback linearization of the actuated subsystem is pos-

sible. But still, the unactuated subsystem remains nonlinear and coupled to the

linearized actuated subsystem.

Later on, in [94], it was shown that an explicit change of coordinates is possible

to decouple the two subsystems in an actuated one and an unactuated one. But

still, the decoupled systems are strongly nonlinear and, as mentioned, this is for a

special class of underactuated mechanical systems not all the systems.

2.3 Modeling Approaches for Underactuated Me-

chanical Systems

A brief introduction to dynamical modeling of underactuated mechanical systems

will help to understand the difficulties of the control problem and to fully ap-

preciate the analytical tools and the design techniques developed over the years.

Usually, Newton's second law is used to arrive at the equations of motion of a

dynamical systems but for mechanical systems other representations are useful

and easy to work with. Different but equivalent representations, which have been

the basis of different control design approaches in the past, are reviewed in the

following.

Euler-Lagrange Representation:

The Euler-Lagrange equations of motion of an n degrees of freedom mechanical

control system are [97]:
d

dt

∂L
∂q̇
− ∂L
∂q

= F (q)u (2.1)

where L(q, q̇) is the Lagrangian of the mechanical system, F (q) ∈ <n×m is the

control input matrix, u ∈ <m is the control input vector, and q ∈ <n is the

configuration vector in generalized coordinates. The case, m = rank(F ) = n,

represents a fully actuated mechanical system , and, the case, m = rank(F ) < n,

characterizes an underactuated mechanical system.
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The vector form of Eq. (2.1) is:

M(q)q̈ + C(q, q̇)q̇ +G(q) = F (q)u (2.2)

where M(q) is the positive definite symmetric inertia matrix, G(q) have gravita-

tional terms and C(q, q̇)q̇ have centrifugal and Coriolis terms.

The Lagrangian L(q, q̇) of the system is defined as below:

L(q, q̇) = K(q, q̇)− V (q) =
1

2
q̇TM(q)q̇ − V (q) (2.3)

which is the difference between kinetic energy, K(q, q̇), and potential energy, V (q).

Note that in Eq. (2.2) the matrices M(q) and C(q, q̇) are related as:

X = Ṁ(q)− 2C(q, q̇) (2.4)

where X is a skew symmetric matrix such that V TXV = 0 and V ∈ Rn is an

arbitrary vector and V T is its transpose.

Since the inertia matrix M(q) is symmetric, we have:

Ṁ(q) = C(q, q̇) + CT (q, q̇) (2.5)

Legendre Normal Form Representation:

Taking the Legendre transform of L(q, q̇) in Eq. (2.3) with respect to q̇, we have:

p =
∂L
∂q̇

= M(q)q̇ (2.6)

Using Eqs. (2.2), (2.5) and (2.6) we have:

q̇ = M−1(q)qp

ṗ = −G(q) + C̄T (q, p)M−1(q)p+ F (q)u
(2.7)

where C̄T (q, p) = CT (q,M−1(q)p).
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Eq. (2.7) is the Legendre Normal Form of mechanical control system in Eq. (2.1).

Eqs. (2.1) and (2.7) are two different but equivalent representation of the same

mechanical control system. Eq. (2.1) is a second order ODE and Eq. (2.7) is first

order ODE that is more appropriate for controllability and observability analysis

of mechanical control systems.

Defining x = [x1, x2]
T = [q, p]T , Eq. (2.7) can be cast into the most familiar form

of:

ẋ = f(x) + g(x)u (2.8)

that is affine in control u [1] and many nonlinear analytical tools for analysis and

control design exist for such systems.

Hamiltonian Representation:

The Hamiltonian H(q, p) of a mechanical control systems is defined as:

H(q, p) =
1

2
pTM−1(q)p+ V (q) (2.9)

Using Eq. (2.9), the Hamiltonian representation of a mechanical system is ob-

tained as:

q̇ =
∂H(q, p)

∂p

ṗ = −∂H(q, p)

∂q
+ F (q)u

(2.10)

Energy Representation:

Still another property of interest used in energy based control methods is the total

Energy E(q, q̇) of a conservative mechanical control system defined as follows:

E(q, q̇) = K(q, q̇) + V (q) =
1

2
q̇TM(q)q̇ + V (q) (2.11)

The time rate of change of E(q, q̇) is:

Ė(q, q̇) = q̇T
[
F (q)u− ∂P (q̇)

∂q̇

]
(2.12)
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where P (q̇) represents the dissipation term of underactuated mechanical system.

2.4 Analytical Tools for Underactuated Mechan-

ical Systems

The following state of the art analytical tools were developed for underactuated

mechanical systems over the year. These tools were used in most works as initial

simplifying design steps.

2.4.1 Exact Feedback Linearization

The vector form of the Euler-Lagrange equations (2.1) of a mechanical control

system is:

M(q)q̈ + C(q, q̇)q̇ +G(q) = F (q)u (2.13)

First, noting that for the fully actuated case, since F (q) is invertible, redefining

the control u as:

u = F−1(q) [M(q)v + C(q, q̇)q̇ +G(q)] (2.14)

and defining state variables as x = [x1, x2]
T = [q, q̇]T , we can write (2.13) as:

ẋ1 = x2

ẋ2 = v
(2.15)

which is a linear equation, a vector double integrator, and hence, the fully actuated

mechanical control system can be rendered exact feedback linearizable. But this is

not the case for the unactuated case since F (q) in not invertible and we cannot

find the control transformation (2.14), and hence, cannot arrive at Eq. (2.15).
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2.4.2 Collocated Partial Feedback Linearization

As mentioned above, due to underactuation, exact feedback linearization is not

applicable in the case of underactuated mechanical systems. However, for certain

classes of underactuated mechanical systems, a partial feedback linearization is

possible. The most important and initial work on linearization of underactuated

mechanical systems is the collocated Partial Feedback Linearization (PFL) due to

Spong [8, 9]. This linearization has been used by many researchers as an initial

step in the design of control for underactuated mechanical systems [9, 27, 73].

Consider for the special underactuation case of F (q) = [0, Im]T , then partitioning

the configuration vector q as q = [q1, q2]
T , where q1 ∈ <(n−m) and q2 ∈ <(m)

are the unactuated and the actuated configuration vectors, and partitioning the

inertia matrix M(q) accordingly, the dynamics in (2.13) can be written as:

m11(q)q̈1 +m12(q)q̈2 + c1(q, q̇) + g1(q) = 0

m21(q)q̈1 +m22(q)q̈2 + c2(q, q̇) + g2(q) = u
(2.16)

where c1(q, q̇) and c2(q, q̇) contain Coriolis and centrifugal, and g1(q) and g2(q)

contain the gravitational terms.

By defining the invertible control transformation for u in (2.16) as:

u = ((m22 −m21m
−1
11m12))v + c2(q, q̇) + g2(q)−m21m

−1
11 (c1(q, q̇) + g1(q)) (2.17)

Eq. (2.16) can be written as:

q̈1 = −m−111 (c1(q, q̇) + g1(q))−m−111m12v

q̈2 = v
(2.18)

where the second part is a linear double integrator subsystem.

Defining [q1, p1, q2, p2]
T = [q1, q̇1, q2, q̇2]

T as state variables for (2.18), the state
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space representation of (2.18) can be written as:

q̇1 = p1

ṗ1 = f0(q, p) + g0(q)v

q̇2 = p2

ṗ2 = v

(2.19)

where

f0(q, p) = −m−111 (c1(q, q̇) + g1(q))

g0(q) = −m−111m12

(2.20)

Thus any underactuated mechanical system in the form (2.16) can be partially

linearized as in (2.19) into a nonlinear unactuated subsystem (q1, p1) and a linear

actuated subsystem (q2, p2). But still, both the subsystems are coupled, through

the new control input v, that poses difficulties in the control design for underac-

tuated mechanical systems in the form of (2.16).

2.4.3 Non-collocated Partial Feedback Linearization

Another linearization due to Olfati-Saber [94] in which the unactuated subsystem

is linearized is called non-collocated Partial Feedback Linearization (PFL). This

linearization also has been used by many researchers as an initial step in the design

of control for underactuated mechanical systems [54, 96, 98].

Consider for the special underactuation case of (2.16) and define the invertible

control transformation for u as:

u = ((m21 −m22m
−1
12m11))v + c2(q, q̇) + g2(q)−m22m

−1
12 (c1(q, q̇) + g1(q)) (2.21)

Eq. (2.16) can be written as:

q̈1 = v

q̈2 = −m−112 (c2(q, q̇) + g2(q))−m−112m11v
(2.22)
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where the first part is a linear double integrator subsystem.

Defining [q1, p1, q2, p2]
T = [q1, q̇1, q2, q̇2]

T as state variables for (2.22), the state

space representation of (2.22) can be written as:

q̇1 = p1

ṗ1 = v

q̇2 = p2

ṗ2 = f0(q, p) + g0(q)v

(2.23)

where now

f0(q, p) = −m−112 (c2(q, q̇) + g2(q))

g0(q) = −m−112m11

(2.24)

Thus any underactuated mechanical system in the form (2.16) can be partially

linearized as in (2.23) into a linear actuated subsystem (q1, p1) and a nonlinear

actuated subsystem (q2, p2). But still, both the subsystems are coupled, through

the new control input v, that again poses difficulties in the control design for

underactuated mechanical systems of the form (2.16).

Apart from these two cases, a partial feedback linearization for the input coupling

case of F (q) = [F1()q, F2(q)]
T is possible that can found in [94].

2.4.4 Normal Forms

Noting above that although the dynamics of underactuated mechanical system are

partially linearized into a set of nonlinear subsystems and a set of linear subsystems

as in Eqs. (2.19) and (2.23). But still, the nonlinear ans linear subsystems are

coupled through the new control v, i.e., v appears in both the systems. This causes

difficulties in control design for underactuated mechanical systems. An important

task is the decoupling of these two systems.

Using the control input transformation (2.17) or (2.21) and an explicit change

of coordinates [96] the dynamics in Eq. (2.13) of an underactuated mechanical
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system can be partially linearized and and decoupled into the following form:

z̈ = f(z, ż, ξ, ξ̇)

ξ̈ = v
(2.25)

where f(z, ż, ξ, ξ̇) is either in the strict feedback normal form or in the nontrian-

gular quadratic normal form.

Although partially linearized and decoupled, control design for the nontriangular

quadratic normal form (2.25) is quite difficult with traditional nonlinear tech-

niques. The proposed design framework makes this difficult control problem much

simple. The Furuta Pendulum, the Cart-Pole system, the Overhead Crane, the

Beam-and-Ball system, and the Pendubot are examples of underactuated mechan-

ical systems in this category.

2.5 Control Design Approaches for Underactu-

ated Mechanical Systems

Different control design approaches, developed and used over the years for under-

actuated mechanical systems, are reviewed in this section.

• Energy and Passivity Based Control:

For an underactuated mechanical system, the total energy and its time rate of

change are given, respectively, by equations (2.11) and (2.12). Each desired

equilibrium state of an underactuated mechanical system represent a total

equilibrium energy. In Energy and Passivity Based Control (PBC) methods

the total energy, as given by (2.11), is regulated to the equivalent value of the

desired equilibrium state thus achieving regulation of the system states to

the desired values. This method is mainly used for the set-point regulation

of underactuated mechanical systems. Applications of these methods can be

found in the works of [9, 27, 50, 74, 99–105].
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• Controlled Lagrangian:

In the Euler-Lagrange based formulation of underactuated mechanical sys-

tems, the dynamical equation of motions are given by (2.1) with the La-

grangian L(q, q̇) defined in (2.3). In this formulation, each equilibrium state

of an underactuated mechanical system corresponds to specific equilibrium

state of the Lagrangian. In Controlled Lagrangian method, the Lagrangian

of underactuated mechanical system is regulated, by modifying the inertia

matrix and the potential energy function, to the desired equilibrium state

by the use of control input, and then to ensure the passivity of the system,

damping is injected into the system. Application of Controlled Lagrangian

to underactuated mechanical systems can be found in [70, 71].

• IDA-PBC:

In the Hamiltonian based formulation of underactuated mechanical systems,

the dynamical equation of motions are given by (2.10) with the Hamiltonian

H(q, q̇) defined in (2.9). In this formulation each equilibrium state of an

underactuated mechanical system corresponds to specific equilibrium state

of the Hamiltonian. In the IDA-PBC method the Hamiltonian of the under-

actuated mechanical system is regulated, by modifying the inertia matrix,

the potential energy function and the interconnection matrix, to the desired

equilibrium state by the use of control input and then to ensure the passiv-

ity of the system, damping is injected into the system [106]. Application of

IDA-PBC to underactuated mechanical systems can be found in [72, 107].

• Backstepping Control:

Backstepping [108] is a powerful nonlinear recursive design techniques for

nonlinerar systems. In each recursive step, an intermediate signal is treated

as virtual control and control Lyapunov function is chosen to find the desired

value of virtual control. The last recursive step gives the final desired value

of the actual control. Backstepping Control has been used for global tracking

of underactuated mechanical systems. Application of Backstepping Control

to underactuated mechanical systems can be found in [109–115].
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• Adaptive and Robust Control:

Discrepancies always exist between the physical system and its mathemati-

cal model on which control synthesis is based. These discrepancies arise due

to uncertain parameters, unmodeled dynamics, parametric variations, and

external disturbances. For acceptable performance, the controller should be

robust to such discrepancies. Adaptive Control is the classic and traditional

method to incorporate the effects of such discrepancies in the control ac-

tion by online estimation of the parameters. In other words, the controller

has the capabilities to adapt to the changing dynamics of the plant. The

other control scheme is the Robust Control based on fixed control structures

to overcome the effects of fixed structured and unstructured uncertainties.

Applications of these methods to underactuated mechanical systems can be

found in [7, 88–90, 116]

• Fuzzy Control:

Originally proposed in 1965, in Fuzzy Control the control decision making is

made somehow fuzzy using artificial intelligence techniques. Fuzzy Control

techniques can handle uncertain and imprecise control applications. The

model based approach of Fuzzy Control has been used in the control ap-

plications of underactuated mechanical systems. Often, fuzzy techniques

are used in combination with other control techniques like adaptive, sliding

mode, and combination thereof, for example. Applications of Fuzzy Control

to underactuated mechanical systems can be found in [117–124].

• Optimal Control:

In Optimal Control, the design procedure is based on finding a control law

that minimizes or maximizes a cost function or objective function. Optimiza-

tion of energy or time are two approaches in Optimal Control. Applications

of Optimal Control to underactuated mechanical systems can be found in

[125–130].

• Sliding Mode Control:
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Sliding Mode Control is the most powerful robust control technique against

parametric uncertainties, unmodeled plant dynamics and external distur-

bances. In SMC, first, a sliding surface is designed with desired dynamics

and then a control law is selected to force system states to the sliding sur-

face. After reaching the surface, system states slide, along the surface, to

the desired values or origin and remain there under the action of the con-

trol. During sliding and at the desired values after sliding, system dynamics

depend only on the the parameters of the surface and system motion is ro-

bust to parameter variations. Robustness to external disturbance is ensured

through a discontinuous term in the control law or through estimation by ob-

server and then cancellation by the control law. Apart from robustness, SMC

techniques can easily control higher order and complex nonlinear plants. Due

to these promising control features, SMC has been used by researchers for

the control of underactuated mechanical system. Application of SMC to

underactuated mechanical systems can be found in [41, 65, 76–78, 131–137]

In summary, there are many excellent research works on the subject. Most works

address the control problem of a specific underactuated mechanical system. There

is a strong need for class based control design approaches that are robust and also

provide smooth control action which is especially required for mechanical control

systems. Due to slow response of mechanical systems, high (theoretically infinite)

frequency of the control action in standard SMC is not possible that results in loss

of accuracy, and hence, degraded system performance. This provides strong basis

and need for a smooth robust sliding mode design framework that addresses the

problem in a unified and comprehensive way.



Chapter 3

Preliminaries

This chapter presents some preliminaries related to underactuated mechanical sys-

tems and the application of sliding mode control. An illustrative design example

of a benchmark underactuated mechanical system is presented to show the level

of difficulty arising in the control design and to show how the application of SMC

theory can help to solve this difficult control problem in a relatively simple way.

3.1 General n Degrees of Freedom (nDOF) Un-

deractuated Mechanical Systems

As mentioned in Chapter 2, the dynamical equations of motion of an n degrees of

freedom mechanical control system are given by Euler-Lagrange equation as below

[97]:
d

dt

∂L
∂q̇
− ∂L
∂q

= F (q)u (3.1)

where q ∈ <n is the configuration vector in generalized coordinates, F (q) =

[f1(q), ...fm(q)]T ∈ <n×m is the control input matrix, u ∈ <m is the control in-

put vector. Furthermore, L(q, q̇) is the Lagrangian of the system defined as below:

L(q, q̇) = K(q, q̇)− V (q) =
1

2
q̇TM(q)q̇ − V (q) (3.2)

25
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where K(q, q̇) is the kinetic energy of the system and V (q) is the potential energy.

The vector form of the dynamics in (3.1) is:

M(q)q̈ + C(q, q̇)q̇ +G(q) = F (q)u (3.3)

where M(q) is the positive definite symmetric inertia matrix, G(q) have gravita-

tional terms and C(q, q̇)q̇ have centrifugal and Coriolis terms. The case, m =

rank(F ) = n, represents a fully actuated mechanical system, and, the case,

m = rank(F ) < n, characterizes an underactuated mechanical system.

For the general case, F (q) = [F1(q), F2(q)]
T , and partitioning q = [q1, q2]

T ac-

cording to F (q), where q1 ∈ <(n−m) and q2 ∈ <m, dynamics (3.3) are written

as:

m11(q)q̈1 +m12(q)q̈2 + c1(q, q̇) + g1(q) = F1(q)u

m12(q)q̈1 +m22(q)q̈2 + c2(q, q̇) + g2(q) = F2(q)u
(3.4)

where u ∈ <m is the vector of control inputs produced by m actuators, c1(q, q̇) ∈

<(n−m) and c2(q, q̇) ∈ <m are the centrifugal and Coriolis terms, g1(q) ∈ <(n−m)

and g2(q) ∈ <m are the gravitational terms, and

M(q) =

 m11(q) m12(q)

m21(q) m22(q)


is the positive definite and symmetric inertia matrix.

3.2 Two Degrees of Freedom (2DOF) Underac-

tuated Mechanical Systems

For 2DOF underactuated mechanical system, n = 2 and m = 1 , so in system in

(3.4), q ∈ <2, u ∈ <1, q1 ∈ <1, and q2 ∈ <1. Assume M(q) = M(q2). Depending

upon whether F1(q) = 0 or F2(q) = 0, system in (3.4) takes one of the following
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two forms:

m11(q2)q̈1 +m12(q2)q̈2 + c1(q, q̇) + g1(q) = 0

m21(q2)q̈1 +m22(q2)q̈2 + c2(q, q̇) + g2(q) = u
(3.5)

for F1(q) = 0 and F2(q) = I1, and

m11(q2)q̈1 +m12(q2)q̈2 + c1(q, q̇) + g1(q) = u

m21(q2)q̈1 +m22(q2)q̈2 + c2(q, q̇) + g2(q) = 0
(3.6)

for F1(q) = I1 and F2(q) = 0.

Remark 3.1. Systems in the form of (3.5) in which the shape variable (variable

appearing in the inertia matrix) q2 is actuated were classified as Class-I under-

actuated mechanical systems in [94]. The Inertial-Wheel Pendulum (IWP), the

TORA system, and the Acrobot are examples of Class-I underactuated mechani-

cal systems.

Remark 3.2. Systems in the form of (3.6) in which the shape variable (variable

appearing in the inertia matrix) q2 is unactuated were classified as Class-II under-

actuated mechanical systems in [94]. The Furuta Pendulum, the Overhead Crane,

the Cart-Pole system, the Pendubot, and the Beam-and-Ball system are examples

of Class-II underactuated mechanical systems.

3.3 Three Degrees of Freedom (3DOF) Under-

actuated Mechanical Systems

For 3DOF underactuated mechanical systems, n = 3 and m = 1 or m = 2 in (3.1)

or in (3.3).

For m = 1, u ∈ <1 and F (q) = [f1(q), .f2(q)..f3(q)]
T ∈ <3×1. As q ∈ <3, de-

pending upon the configuration of F (q), we have three degrees of freedom under-

actuated mechanical systems with one independent actuator. Examples are three

link manipulators with one actuator. The location of the actuator lead to diffent

underactuated systems.
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For m = 2, u ∈ <2 and F (q) =

 f11(q) f12(q) f13(q)

f21(q) f22(q) f23(q)

T ∈ <3×2. As q ∈ <3,

depending upon the configuration of F (q), we have three degrees of freedom under-

actuated mechanical systems with two independent actuators. Surface Vessel and

the Vertical Take Off and Landing (VTOL) aircraft are examples of this category.

3.4 Some Benchmark Underactuated Mechani-

cal Systems

This section briefly discusses some benchmark underactuated mechanical systems

that have been widely studied in the literature.

A. Class-I Underactuated Mechanical Systems:

The dynamics of Class-I underactuated mechanical systems are governed by Equa-

tion 3.5 as:

m11(q2)q̈1 +m12(q2)q̈2 + c1(q, q̇) + g1(q) = 0

m21(q2)q̈1 +m22(q2)q̈2 + c2(q, q̇) + g2(q) = u
(3.7)

In all these systems, the configuration vector q1 is unactuated and the configuration

vector q2, which appears in the inertia matrix, is actuated.

1. The Acrobot (The Tip Robot):

Figure 3.1a shows the Acrobot. It is a two link underactuated manipulator.

The single actuator is at the elbow. The control problem for the Acrobot

is to stabilize it at the upward unstable equilibrium position, i.e., q1 = 0,

q2 = 0. Some works on the Acrobot can be referred to as [27–31].
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For the dynamics of the Acrobot in Eq. (3.7) we have:

m11(q2) = m1`
2
1 +m2(L

2
1 + `22) + I1 + I2 + 2m2L1`2 cos(q2)

m12(q2) = m2`
2
2 + I2 +m2L1`2 cos(q2)

m21(q2) = m12

m22(q2) = m2`
2
2 + I2

c1(q, q̇) = −m2L1`2 sin(q2)(2q̇1q̇2 + q̇22)

c2(q, q̇) = m2L1`2 sin(q2)q̇
2
1

g1(q) = −(m1`1 +m2L1)g sin(q1)−m2`2g sin(q1 + q2)

g2(q) = −m2`2g sin(q1 + q2)

(3.8)

2. The TORA System:

Figure 3.1b shows the TORA system. The actuator is at the pendulum. The

control problem for the TORA is to stabilize it at the equilibrium position,

i.e., q1 = 0, q2 = 0. The control problem of the TORA system is a benchmark

problem for nonlinear control design [16]. Some works on the TORA system

can be referred to as [16–26].

For the dynamics of the TORA system in Eq. (3.7) we have:

m11(q2) = m1 +m2

m12(q2) = m2r cos(q2)

m21(q2) = m12(q2)

m22(q2) = I2 +m2r
2

c1(q, q̇) = −m2r sin(q2)q̇
2
2

c2(q, q̇) = 0

g1(q1, q2) = kq1

g2(q1, q2) = m2rg sin(q2)

(3.9)

3. The Inertia-Wheel Pendulum (IWP):

Figure 3.1c shows the IWP. The actuator is at the Wheel. The control
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problem for the IWP is to stabilize it at the upward unstable equilibrium

position, i.e., q1 = 0. The final equilibrium value of q2 is not important.

Some works on the IWP can be referred to as [13–15].

For the dynamics of the IWP in Eq. (3.7) we have:

m11(q2) = I1 + I2 +m1l
2
1 +m2L

2
1

m12(q2) = I2

m21(q2) = m12(q2)

m22(q2) = m12(q2)

c1(q, q̇) = 0

c2(q, q̇) = 0

g1(q1, q2) = −(m1l1 +m2L1)g sin(q1)

g2(q1, q2) = 0

(3.10)

Remark 3.3. The inertia matrix M(q) of the IWP does not depend on the

configuration vector q and hence is referred to as the Flat 2DOF underactu-

ated mechanical system.

B. Class-II Underactuated Mechanical Systems:

The dynamics of Class-II Underactuated Mechanical Systems are governed by

Equation 3.6 as:

m11(q2)q̈1 +m12(q2)q̈2 + c1(q, q̇) + g1(q) = u

m21(q2)q̈1 +m22(q2)q̈2 + c2(q, q̇) + g2(q) = 0
(3.11)

In all these systems, the configuration vector q1 is actuated and the configuration

vector q2, which appears in the inertia matrix, is unactuated.

1. The Pendubot (Pendulum Robot):

The Pendubot is shown in Fig. 3.2a. It is a two link underactuated ma-

nipulator. The single actuator is at the shoulder. The control task for the
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(a) The Acrobot (b) The TORA System

(c) The Inertia-Wheel Pendulum

Figure 3.1: Schematics of Class-I Underactuated Mechanical Systems

Pendubot is to stabilize it at the upward unstable equilibrium position i.e.

q1 = 0, q2 = 0. Some works on the Pendubot can be referred to [52–62].
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For the dynamics of the Pendubot in Eq. (3.11) we have:

m11(q2) = m1`
2
1 +m2(L

2
1 + `22) + I1 + I2 + 2m2L1`2 cos(q2)

m12(q2) = m2`
2
2 + I2 +m2L1`2 cos(q2)

m21(q2) = m12

m22(q2) = m2`
2
2 + I2

c1(q, q̇) = −m2L1`2 sin(q2)(2q̇1q̇2 + q̇22)

c2(q, q̇) = m2L1`2 sin(q2)q̇
2
1

g1(q) = −(m1`1 +m2L1)g sin(q1)−m2`2g sin(q1 + q2)

g2(q) = −m2`2g sin(q1 + q2)

(3.12)

2. The Furuta Pendulum:

The Furuta Pendulum is shown in Fig. 3.2b. The actuator is at the rotating

arm. The control problem is to stabilize the pendulum at its upward unstable

equilibrium position q2 = 0 by the rotating the horizontal arm. Some works

on the Furuta Pendulum can be referred to [32–36].

For the dynamics of the Furuta Pendulum in Eq. (3.11) we have:

m11(q2) = I1 +m1l
2
1 +m2L

2
1 +m2l

2
2 sin2(q2)

m12(q2) = m2L1l2 cos(q2)

m21(q2) = m12(q2)

m22(q2) = I2 +m2l
2
2

c1(q, q̇) = 2m2l
2
2 sin(q2) cos(q2)q̇1q̇2 −m2L1l2 sin(q2)q̇

2
2

c2(q, q̇) = −m2l
2
2 sin(q2) cos(q2)q̇

2
1

g1(q1, q2) = 0

g2(q1, q2) = −m2l2g sin(q2)

(3.13)

3. The Cart-Pole System:

Figure 3.2c shows the Cart-Pole System . The actuator is at the Cart. The

control task for the Cart-Pole System is to stabilize the Pole (pendulum) at
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the upward unstable equilibrium position q2 = 0 and tracking the position

of the Cart from any initial position q10 to any other desired position q1des.

Some works on the Cart-Pole system can be referred to [44–51].

For the dynamics of the Cart-Pole system in Eq. (3.11) we have:

m11(q2) = m1 +m2

m12(q2) = m2`2 cos(q2)

m21(q2) = m12(q2)

m22(q2) = I2 +m2`
2
2

c1(q, q̇) = −m2`2 sin(q2)q̇
2
2

c2(q, q̇) = 0

g1(q1, q2) = 0

g2(q1, q2) = −m2`2g sin(q2)

(3.14)

4. The Overhead Crane:

Figure 3.2d shows the Overhead Crane. The actuator is at the Crane trol-

ley. The control problem for the Overhead Crane is to track, as quickly as

possible, the position of the Crane trolley from any initial position q10 to any

other desired position q1des and keeping the free swings of the Load angle q2

as minimum as possible. Some work on the Overhead Crane can be referred

to [37–43].
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For the dynamics of the Overhead Crane in Eq. (3.11) we have:

m11(q2) = M +m

m12(q2) = mL cos(q2)

m21(q2) = m12(q2)

m22(q2) = I2 +mL2

c1(q, q̇) = −mL sin(q2)q̇
2
2

c2(q, q̇) = 0

g1(q1, q2) = 0

g2(q1, q2) = mLg sin(q2)

(3.15)

5. The Beam-and-Ball System:

Figure 3.2e shows the well known Beam-and-Ball system. The actuator is at

the Beam. The control problem for the Beam-and-Ball system is to stabilize

the Ball position, from any initial position q20, to any other desired position

q2des. Some works on the Beam-and-Ball system can be referred to [63–69].

For the dynamics of the Beam-and-Ball system in Eq. (3.11) we have:

m11(q2) = I1 +m(q22 + d2)

m12(q2) = −md

m21(q2) = m12(q2)

m22(q2) = m(1 +
I2
mr2

)

c1(q, q̇) = 2mq̇1q2q̇2

c2(q, q̇) = −mq2q̇21

g1(q1, q2) = mg(q2 cos(q1)− d sin(q1))

g2(q1, q2) = mg sin(q1)

(3.16)

Remark 3.4. Setting d = 0 gives the well known model studied in the literature

[63, 64].
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(a) The Pendubot (b) The Furuta Pendulum

(c) The Cart-Pole System (d) The Overhead Crane

(e) The Beam-and-Ball System

Figure 3.2: Schematics of Class-II Underactuated Mechanical Systems

C. The Magnetic Levitation System: The schematics of a Magnetic Levitation

system are shown in Fig. 3.3. Although it is not an all-mechanical system but

it is an underactuated system. The system consists of a electromagnet and a

suspended object, shown as a ball. The control problem is to move the suspended

object to a desired position by inducing a magnetic force via current in the coil.

The dynamical equations of motion of the system can be derived using the following
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Figure 3.3: The Magnetic Levitation System

equations based on fundamental physical principles:

mẍ = mg − Fm

Ri+
d(L(x)i)

dt
= u

(3.17)

where x is the ball position, m is the ball mass, g is acceleration due to gravity,

Fm is the magnetic force, i is the current in the coil, R is the resistance of the coil,

L(x) is the inductance of the coil, and u is the voltage applied to the coil taken as

the control input.

Note that the ball position x increases in the downward direction with xmin = 0

at the upper position and xmax at the ground position. The control task is to

position the ball between xmin and xmax.

Remark 3.5. Similar to the well known Beam-and-Ball system, the Magnetic Lev-

itation system is an underactuated electromechanical system. In the Beam-and-

Ball system, the position of the ball is indirectly controlled by applying control

torque to the beam. In the Magnetic Levitation system, the ball position is indi-

rectly controlled by applying control voltage to the coil.

Remark 3.6. Defining the state variables q1 = i = q̇ and q2 = x, Eq. (3.17) can be

cast into the form of Eq. (3.11).

D. 3DOF Underactuated Mechanical Systems:

The VTOL aircraft and the Surface Vessel are examples of underactuated mechan-

ical control systems with three degrees of freedom and two actuators.
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1. The Vertical Take Off and Landing (VTOL) Aircraft:

The VTOL aircraft is shown in Fig. 3.4a. There are three degrees of freedom

with configuration vector [q1, q2, q3] and two independent actuators u1 and

u2. Some works on the VTOL can be referred to [76, 115]. The dynamics of

the VTOL aircraft are given by:

q̈1 = −u1 sin(q3) + εu2 cos(q3)

q̈2 = u1 cos(q3) + εu2 sin(q3)− g

q̈3 = u2

(3.18)

Remark 3.7. The inertia matrix M(q) of the VTOL aircraft does not depend

on the configuration vector q and hence is referred to as the Flat 3DOF

underactuated mechanical system.

2. The Surface Vessel:

Figure 3.4b shows the Surface Vessel. There are three degrees of freedom

with configuration vector [q1, q2, q3] and two independent actuators u1 and

u2. Some work can be referred to [109, 110, 134]. The dynamics of the

Surface Vessel are given by:

m cos(q3)q̈1 +m sin(q3)q̈2 + ν1 cos(q3)q̇1 + ν1 sin(q3)q̇2 = u1 + u2

−m sin(q3)q̈1 +m cos(q3)q̈2 +−ν2 sin(q3)q̇1 + ν2 cos(q3)q̇2 = 0

q̈3 + ν3q̇3 =
d

2
u1 −

d

2
u2

(3.19)

3.5 Sliding Mode Control and Observation

The design of control law is essentially based on the mathematical model of the

plant to be controlled. There always exist discrepancies between the actual plant

dynamics and its mathematical model. These discrepancies arise due to external

disturbances, unmodeled/neglected dynamics and parametric uncertainties. To
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(a) The VTOL Aircraft

(b) The Surface Vessel

Figure 3.4: 3DOF Underactuated Mechanical Systems

achieve the desired closed loop performance for plants operating in the presence of

disturbances/uncertainties, the controller must be robust to external disturbances

and model uncertainties and model uncertainties. However, designing robust con-

trollers is a difficult task. Sliding Mode Control (SMC) is the most successful

robust control approach for high order nonlinear complex plants operating in the

presence of disturbances/uncertainties.
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Historically, the discontinuous the relay on-off control of the 30's with its gener-

alization in the 50's, and the theory of variable structure systems (VSS) provided

the underlying key ideas for sliding mode control. SMC theory, as a unified and

established control discipline in itself, was formally introduced in [81–83].

The following two steps design procedure is carried out in sliding mode control:

1. The design of a sliding manifold (also called sliding surface or sliding

variable) such that, when system states belong to this manifold, desired

closed loop performance for the system is achieved, and

2. The selection of a control law to enforce sliding mode, i.e., to drive the

sliding manifold to zero, in the presence of external disturbances and model

uncertainties.

System closed loop response in SMC has the following two phases :

1. Reaching phase: Motion in which the trajectories of the system are driven

to the sliding manifold by the control, and

2. Sliding phase: Motion in which the trajectories of the system slide to the

desired values after reaching the sliding manifold.

Motion of system trajectories on the sliding manifold is called sliding mode.

This motion is on a reduced space and is characterized by the parameters of the

sliding manifold that are user defined and not system dependent. User defined

characterization ensures robustness to parametric variations. Robustness to ex-

ternal disturbance is ensured through a discontinuous term in the control law or

through estimation by observer and then cancellation by the control law.

3.5.1 Standard Sliding Mode Control

In standard or conventional sliding mode control, only the sliding variable itself

(not its derivatives) is driven to zero, in finite time, by the control law. Standard
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SMC is also called First Order Sliding Mode (FOSM) in comparison to HOSM

control. Standard SMC can control, with high accuracy, higher order nonlinear

complex plant with external disturbances and parametric variations but, from

practical point of view, has the following two main limitations:

1. The control action suffers from high frequency switching called Chattering.

Chattering can cause wear and tear in the physical control loop and can

also cause damage to the plant itself and hence is undesired, especially, for

mechanical control systems.

2. Can be used for the control systems whose relative degree is 1 thus re-

stricting its general use.

To overcome the above two main limitations, HOSM control techniques, briefly

discussed in the next section, were developed.

3.5.2 Higher Order Sliding Mode (HOSM) Control

To mitigate the undesired chattering, present in standard SMC, different tech-

niques [138–144] were introduced. To eliminate chattering and achieve the benefits

of sliding mode at the same time, HOSM [11, 145–152] control techniques were

introduced to the already mature and established conventional SMC theory. In

HOSM, the sliding variable and its first k − 1 successive derivative (for kth order

sliding mode) are driven to zero in finite time. The chattering phenomenon is sig-

nificantly reduced in HOSM control and the limitation of system relative degree

is also relaxed from 1 to arbitrary order.

A number of HOSM control schemes have been reported in the literature. The

Super-Twisting Algorithm (STA) [147], the Smooth Super-Twisting Algorithm

(SSTA) [153], the Real Twisting Algorithm (RTA) [148] and the Smooth Real

Twisting Algorithm (SRTA) [154] are well known examples. All these control

schemes ensure ideal 2-sliding mode, σ = σ̇ = 0, and significantly reduces chatter-

ing or completely smooths it, hiding it in the internal dynamics of the control.
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3.5.3 Sliding Mode Observation

First, a failure of actuator in a fully actuated mechanical system will render that

system underactuated and a failure of actuator in an already unactuated system

will increase the degree of underactuation. Detecting and diagnosing such faults

and switching to suitable control, which is designed for that specific underactuatoin

case, is an important area of research. Also failure of sensor will lead to no or

delayed feedback signals and hence causing poor performance. Treating this case

also in an underactuated way will enhance system performance. To achieve this,

we need observation and fault diagnostic techniques. Sliding mode control offers

a rich set of such observation and diagnostic techniques.

Second, in practical scenarios of control applications, not always all the states

of the plant are measurable. Uncertainty due to unmodeled dynamics, unknown

parameters and unanticipated external disturbances degrade system performance.

For the control scheme to be effective, system states may be needed to be observed,

parameters to be estimated and disturbance to be reconstructed. In sliding mode

control powerful tools for such observation have been developed over the years.

Now sliding mode control and observation techniques provide a complete deign

framework for any practical control problem. The beauty of these techniques is

that complete knowledge of the mathematical model of the plant is not necessary.

Since sliding mode is robust to uncertainties due to unmodeled dynamics and

external disturbances, observation through SMC techniques is robust giving a

leverage to sliding mode over other techniques.

The fundamental concepts of the Luenberger linear observer were generalized in

conventional sliding mode in [82, 155–157]. Then the latest powerful class of

second and high order observers and differentiators [148, 158–160] were added to

the classic sliding mode observers. The traditional state observation and parameter

estimation needs went a step further when these techniques were started to find

use in fault detection and isolation [161–164]. These powerful and robust sliding

mode observation, estimation and differentiation techniques are also important in

the analysis and control of underactuated mechanical systems.
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3.5.4 The Benchmark Nonlinear Control Design Problem

Illustrative design example of the TORA system will show the level of difficulty

arising in the control design for underactuated mechanical systems. Furthermore,

the example will show how the application of SMC theory can help to solve this

difficult control problem in a relatively simple way. The control problem of TORA

system is a benchmark for nonlinear control design [16] and the whole issue 8

(1998) of the International Journal of Robust and Nonlinear Control is dedicated

to this problem. The problem is also the focus of latest research as discussed

below.

Example 3.1. Figure 3.1b shows the TORA system [17]. The system has a trans-

lational oscillating platform of mass m1 controlled via a rotational eccentric mass

m2. Originally, the TORA system was studied, as a simplified model of a dual-spin

spacecraft, to investigate the resonance capture phenomenon [165]. Later, the sys-

tem was studied to investigate the practical usefulness of a rotational actuator for

stabilizing translational motion [166]. The control problem, which is a benchmark

for nonlinear control design [16], is to stabilize the oscillating platform transla-

tional displacement q1 to zero via the rotational actuator. The TORA system

is widely studied using different control techniques such as: backstepping [17, 94],

passivity-based [18], output feedback stabilization and tracking [19–21], hybrid [22],

sliding mode [76], dynamic surface control [167], output feedback stabilization and

tracking [168], adaptive [169], Riccati equation method [23], LMI [24], and H∞

[25]. In most works, for example, [17, 25, 76, 169], the gravity term, g2(q1, q2), is

ignored that is retained in this work. Furthermore, in most works, nondimension-

alized equations of motion [17, 165] are used that makes difficult the comparison

of different control strategies, especially, due to normalization of time t.

For the TORA system, choose the physical parameters as specified in [16] and used

in [24]:

m1 = 1.3608 (kg), m2 = 0.096 (kg), I2 = 0.0002175 (kg.m2), r = 0.0592 (m),

k = 186.3 (N.m−1), ε = 0.200.

According to Eqs. (3.7), (3.9), the dynamics of the TORA system are described
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as:

(m1 +m2)q̈1 + (m2r cos(q2))q̈2 −m2r sin(q2)q̇
2
2 + kq1 = 0

(m2r cos(q2))q̈1 + (I2 +m2r
2)q̈2 +m2rg sin(q2) = u+ d(t)

(3.20)

where d(t) is the matched uncertain term bounded as |d(t)| ≤ D0.

Denoting x = [x1, x2, x3, x4]
T = q = [q1, q̇1, q2, q̇2]

T , the nominal state space repre-

sentation of (3.20) is:

ẋ1 = x2

ẋ2 =
c2c3x

2
4 sin(x3) + c22g sin(x3) cos(x3)− kc3x1

c1c3 − c22 cos2(x3)
− c2 cos(x3)

c1c3 − c22 cos2(x3)
u

ẋ3 = x4

ẋ4 =
−c22x24 sin(x3) cos(x3)− c1c2g sin(x3) + kc2x1 cos(x3)

c1c3 − c22 cos2(x3)
+

c1
c1c3 − c22 cos2(x3)

u

(3.21)

where

c1 = m1 +m2

c2 = m2r

c3 = I2 +m2r
2

System (3.21) is highly nonlinear and coupled in the control and its control design

is quite difficult with traditional nonlinear control design techniques. The presence

of uncertainties makes it further challenging. The application of SMC makes this

challenging problem much simple. Before proceeding to apply the proposed simple

SMC solution, we discuss some existing interesting approaches specially the nondi-

mensionalized equations of motion [17, 165].

Setting g = 0 and d = 0, and using the following dimensionless variables:

q1d =

√
m1 +m2

I2 +m2r2
q1

ud =
(m1 +m2)

k(I2 +m2r2)
u

td =

√
k

m1 +m2

t

ε =
m1r√

(m1 +m2)(I2 +m2r2)

(3.22)
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the dynamics in (3.20) become

q̈1d + q1d = ε(q̇22 sin(q2)− q̈2 cos(q2))

q̈2 = ud − εq̈1d cos(q2)
(3.23)

Now using [x1, x2, x3, x4]
T = [q1d, q̇1d, q2, q̇2]

T as state variable, the state space rep-

resentation of (3.23) is:

ẋ1 = x2

ẋ2 =
εx24 sin(x3)− x1
1− ε2 cos2(x3)

− ε cos(x3)

1− ε2 cos2(x3)
ud

ẋ3 = x4

ẋ4 =
ε cos(x3)(x1 − εx24 sin(x3))

1− ε2 cos2(x3)
+

1

1− ε2 cos2(x3)
ud

(3.24)

Further, using the following state and control transformation in (3.24)

z1 = x1 + ε sin(x3)

z2 = x2 + εx4 cos(x3)

ξ1 = x3

ξ2 = x4

v =
1

1− ε2 cos2(ξ1)
(ε cos(ξ1)(z1 − (1 + ξ22)ε sin(ξ1)) + ud)

(3.25)

transform the dynamics in (3.24) to the following simple form:

ż1 = z2

ż2 = −z1 + ε sin(ξ1)

ξ̇1 = ξ2

ξ̇2 = v

(3.26)

The above simple form is used in most of the above cited works.

We have arrived at the simple form (3.26) after:

• ignoring the gravity term
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• two levels of coordinate transformation one of which is dimensionless

• two levels of control transformation one of which is dimensionless

• one level of time transformation that is dimensionless

These transformation make the control design and its comparison difficult espe-

cially due to dimensionless transformation of time [24]. Moreover the final form

(3.26) depends on a single dimensionless parameter ε taken as ε = 0.1or0.2 in most

works This does not reelect the real dynamics. The system studied in [94, 167] and

in [16] has the same (ε = .2) but much differences in physical parameters and

hence much difference in response, for example, in settling time.

Here, first, a standard SMC law based on linear sliding manifold is designed. Then

to achieve smooth control action and global convergence, a smooth HOSM control

based on the design of a nonlinear sliding manifold is applied.

A. Standard SMC law based on linear sliding manifold:

Since (3.21) is not in the canonical form the standard two steps SMC design pro-

cedure is directly not applicable. First, for (3.7) or (3.20) define the following

m̄11(q) = m21 −m22m
−1
12m11

c̄1(q, q̇) = c2 −m22m
−1
12 c1

ḡ1(q) = g2 −m22m
−1
12 g1

m̄22(q) = m22 −m21m
−1
11m12

c̄2(q, q̇) = c2 −m21m
−1
11 c1

ḡ2(q) = g2 −m21m
−1
11 g1

(3.27)

Then define the sliding manifold as the linear combination of the actuated and

unactuated configuration variables as below:

σ = q̇2 + γ1q2 + γ2q̇1 + γ3q1 (3.28)

where γ1, γ2, and γ3 are design parameters.
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Theorem 3.8. The following standard SMC law

u =
m̄11m̄22

m̄11 + γ2m̄22

(
m̄−122 (c̄2 + ḡ2) + γ2m̄

−1
11 (c̄1 + ḡ1)− (γ3q̇1 + γ1q̇2)

−
∣∣∣∣ m̄11m̄22

m̄11 + γ2m̄22

∣∣∣∣D0sign(σ)− Γsign(σ)

) (3.29)

with positive design constant Γ, will enforce sliding mode in the manifold (3.28)

along the dynamics (3.20).

Proof. The proof is given in Chapter 4.

Lyapunov stability analysis requires the following values for the sliding parameters.

Proposition 3.9. Choosing the design parameters γ1, γ2, and γ3 as below in Eq.

(3.30), with a, b, c strictly positive, proves stability of the sliding mode dynamics

locally.

γ1 =
a(b2 + c2)

b2 + c2 + 2ab
(3.30a)

γ2 =
(b2 + c2 + 2ab)(m1 +m2)− k

(b2 + c2 + 2ab)m2r
(3.30b)

γ3 =
a(b2 + c2)(m1 +m2)− (a+ 2b)k

(b2 + c2 + 2ab)m2r
(3.30c)

where a > 0, b > 0, c > 0 are deign constants for desired performance.

Proof. The proof is given in Chapter 4.

Choose a = 12, b = 1, c = 12 an Γ = 1. Figure 3.5 shows open loop response that

is unstable but bounded. Small disturbance d(t) = 0.02 sin
(√

k
m1
t
)

with natural

frequency greatly disturb system dynamics. Parameter variations have small effect

on response. Figure 3.6 shows closed loop response SMC control (3.29) with D0 =

0 that is less robust. Figure 3.6e shows the chattering and also the effects of

parameter variations. Figure 3.7 shows closed loop response with D0 = 0.02 and

is robust but at the cost of increased control effort and chattering.

B. HOSM control law based on nonlinear sliding manifold:
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Figure 3.5: Open loop response of the TORA system to q(0) = [0.025, 0, 0, 0]T

in the presence of disturbance and parametric variations.
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Figure 3.6: Closed loop response of the TORA system with SMC law (3.29)
with D0 = 0, q(0) = [0.025, 0, 0, 0]T
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Figure 3.7: Closed loop response of the TORA system with SMC law (3.29)
with D0 = 0.02, q(0) = [0.025, 0, 0, 0]T
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Using the collocated partial feedback linearizing control:

u = (m22 −m21m
−1
11m12)v + c2 + g2 −m21m

−1
11 (c1 + g1) (3.31)

where v is a new control input, and the nonlinear coordinate transformation:

z1 = q1 +
m2r

m1 +m2

sin(q2)

z2 = (m1 +m2)q̇1 +m2r cos(q2)q̇2

ξ1 = q2

ξ2 = q̇2

(3.32)

transforms the dynamics of the TORA system (3.20) into the following form:

z̈ = −k1z + k2 sin(ξ) (3.33a)

ξ̈ = v +D(t) (3.33b)

where k1 =
k

m1 +m2

, k2 =
km2r

(m1 +m2)2
, and D(t) represents the transformed

uncertain term, matched and bounded as D(t) ≤ |D0|.

Note that stabilization of ξ−subsystem (3.33b) does not imply stabilization of the

z−subsystem (3.33a) but the reverse is true. To stabilize (3.33a), define the the

following nonlinear sliding manifold:

σ = k2 sin(ξ) + αż (3.34)

with α > 0 as a design constant.

Since the relative degree of system (3.34) is two, take twice the time derivative of

σ along the dynamics (3.33) to achieve:

σ̈ = a(z, ż, ξ, ξ̇) + w (3.35)



Preliminaries 51

where a(z, ż, ξ, ξ̇) contains the uncertain term D(t) along with system dynamcis

and

w = b(z, ż, ξ, ξ̇)v (3.36)

Choose the following smooth HOSM control law [154] to enforce sliding mode in

relative degree 2 system (3.35):

w = −s2 −K1|σ|(ρ−2)/ρsign(σ)−K2|σ̇|(ρ−2)/(ρ−1)sign(σ̇) (3.37)

where ρ ≥ 2 and K1 > 0, K2 > 0 are design constants.

The term s2 in the control law (3.37) is used to cancel the the uncertain bounded

term a(z, ż, ξ, ξ̇) in (3.35) and is estimated via the observer [154] (m = 2):

ṡ0 = s1

ṡ1 = v1 + w

v1 = −λ2|Λ|1/3|s1 − σ̇|2/3sign(s1 − σ̇) + s2

ṡ2 = −λ1|Λ|sign(s2 − v1)

(3.38)

where λ2 and λ1 are design parameters and Λ > 0 is Lipshitz constant of ä(z, ż, ξ, ξ̇).

Theorem 3.10. The closed loop system (3.35), (3.37), (3.38) is finite time stable

and hence σ, σ̇ converge to 0 in finite time.

Proof. The proof can be found in [154].

Once sliding mode is established, σ = 0, system (3.33a) becomes stable and z, ż

converge to zero. With (z = 0, ż = 0) the ξ−dynamics are governed by:

sin(ξ) = 0 (3.39)

that is an algebraic equation. By assuming that the origin is the equilibrium point

of the open loop system, the solution to this equation is ξ = 0, and hence, ξ tends

to zero as well, and consequently, the overall system (3.33) becomes stable.
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In terms of the actual states (q1, q̇1, q2, q̇2) of the TORA (3.20) we have:

σ = k2 sin(q2) + α

(
q̇1 +

m2r

m1 +m2

q̇2 cos(q2)

)
(3.40)

σ̇ = k2q̇2 cos(q2) + k2α sin(q2)− k1α
(
q1 +

m2r

m1 +m2

sin(q2)

)
(3.41)

b(z, ż, ξ, ξ̇) = k2 cos(q2) (3.42)

Choose sliding parameter α = 1.5, the controller parameters ρ = 3, K1 = 10,

K2 = 15, and the observer parameters λ1 = 10, λ2 = 15. Figure 3.8 shows closed

loop response SSOSM control (3.37). The control action is smooth. Robustness is

not good but can be improved with parameter tuning.

Remark 3.11. The transformed system (3.33) is similar to (3.26) but uses one

level of transformation with no time transformation, retain the gravity term, and

captures all the physical parameters of the system in the transformation. Further-

more, the control laws use the actual system states and is applicable to the actual

system directly.

Results:

Both the control laws successfully stabilize the TORA system in less that 5 seconds

that is an improvement to most works. The nonlinear benchmark specifications

[16] are met, i.e., the closed loop system is stable and the control effort is less than

0.05 N-m (specifications states less than 0.1 N-m continuous).

Conclusion:

A well known nonlinear benchmark control problem was solved using SMC theory

in a novel and simple way. The closed loop performance is improved and meets

the specifications. Furthermore, system response is robust to parameters varia-

tions, internal model uncertainties and unknown external disturbances. Simplicity

of the design approach, excellent closed loop response, and remarkable robustness to

uncertainties are highly desirable for complex systems operating in uncertain envi-

ronments. In this work, the author investigates a comprehensive design framework,

for underactuated mechanical systems, with these desirable features.
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Chapter 4

Standard SMC Design for

Underactuated Mechanical

Systems

In this chapter, author designs a standard SMC design framework for underac-

tuated mechanical systems using the Euler-Lagrange equations of motion. The

framework takes into account both the matched and unmatched disturbances ex-

plicitly in the design. The author derives expressions for the sliding mode dynamics

and also for the parameters of the sliding surface. The main results in this chapter

are based on [170]. The design procedure is validated for the following benchmark

underactuated mechanical systems:

1. The Inertia-Wheel Pendulum

2. The TORA System

3. The Beam-and-Ball System

4. The Cart-Pole System

5. The Overhead Crane

54
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4.1 Problem Formulation

The dynamical equations of motion of an n degrees of freedom mechanical control

system are given by Euler-Lagrange equation as below [97]:

d

dt

∂L
∂q̇
− ∂L
∂q

= F (q)u+D(q, q̇, t) (4.1)

where q ∈ <n is the configuration vector in generalized coordinates, F (q) ∈ <n×m

is the control input matrix, u ∈ <m is the control input vector, D(q, q̇, t) ∈ <n

represents the uncertainties, and L(q, q̇) is the Lagrangian of the system. The

case, m = rank(F ) = n, represents a fully actuated mechanical system , and, the

case, m = rank(F ) < n, characterizes an underactuated mechanical system.

The vector form of Eq. (4.1) is:

M(q)q̈ + C(q, q̇)q̇ +G(q) = F (q)u+D(q, q̇, t) (4.2)

where M(q) ∈ <n×n is the positive definite symmetric inertia matrix, G(q) consists

of gravitational terms and C(q, q̇)q̇ consists of centrifugal and Coriolis terms.

: For the underactuation case, i.e., n < m, system (4.2) can be partitioned into

actuated and unactuated subsystems and two classes can be defined as below:

A. Class-I Underactuated Mechanical Systems:

Partitioning the configuration vector q ∈ <n into unactuated q1 ∈ <n−m and

actuated q2 ∈ <m configuration vectors and also partitioning the inertia matrix

accordingly, and taking the special case F (q) = [0, Im]T , system (4.2) takes the

form:

m11(q2)q̈1 +m12(q2)q̈2 + c1(q, q̇) + g1(q1, q2) = d1(q, q̇, t) (4.3a)

m21(q2)q̈1 +m22(q2)q̈2 + c2(q, q̇) + g2(q1, q2) = u+ d2(q, q̇, t) (4.3b)
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where M(q2) =

 m11(q2) m12(q2)

m21(q2) m22(q2)

, c1(q, q̇) ∈ <(n−m) and c2(q, q̇) ∈ <m are the

centrifugal and Coriolis terms, g1(q) ∈ <(n−m) and g2(q) ∈ <m are the gravitational

terms, d1(q, q̇, t) ∈ <(n−m) and d2(q, q̇, t) ∈ <m are the uncertainties, and u ∈ <m

is the vector of control inputs produced by m actuators. The special case, n = 2,

m = 1, give 2DOF underactuated mechanical systems.

Remark 4.1. The IWP, TORA system, and the Acrobot are underactuated me-

chanical systems described by Eq. (4.3) with n = 2, m = 1.

Remark 4.2. In (4.3), d1(q, q̇, t) ∈ <(n−m) is unmatched, acts on the unactuated

variable q1, and hence, can disturb system stability and dynamics to a greater

extent. On the other hand, d2(q, q̇, t) ∈ <m is matched, acts on the actuated

variable q2, and hence, system response can be made robust it.

B. Class-II Underactuated Mechanical Systems:

Partitioning the configuration vector q ∈ <n into actuated q1 ∈ <m and unactuated

q2 ∈ <n−m configuration vectors and also the inertia matrix, and taking the special

case F (q) = [Im, 0]T , system (4.2) takes the form:

m11(q2)q̈1 +m12(q2)q̈2 + c1(q, q̇) + g1(q1, q2) = u+ d1(q, q̇, t) (4.4a)

m21(q2)q̈1 +m22(q2)q̈2 + c2(q, q̇) + g2(q1, q2) = d2(q, q̇, t) (4.4b)

where M(q2) =

 m11(q2) m12(q2)

m21(q2) m22(q2)

, c1(q, q̇) ∈ <m and c2(q, q̇) ∈ <(n−m) are the

centrifugal and Coriolis terms, g1(q) ∈ <m and g2(q) ∈ <(n−m) are the gravitational

terms, d1(q, q̇, t) ∈ <m and d2(q, q̇, t) ∈ <(n−m) are the uncertainties, and u ∈ <m

is the vector of control inputs produced by m actuators. The special case n = 2,

m = 1 give 2DOF underactuated mechanical systems.

Remark 4.3. The Furuta Pendulum, the Overhead Crane, the Cart-Pole system,

the Pendubot, and the Beam-and-Ball system are underactuated mechanical sys-

tems described by Eq. (4.4) with n = 2, m = 1.

Remark 4.4. In (4.4), d1(q, q̇, t) ∈ <m is matched, acts on the actuated variable

q1, and hence, robustness can be achieved for it, On the other hand, d2(q, q̇, t) ∈
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<(n−m) is unmatched, acts on the unactuated variable q2, and hence, is expected

to disturb system dynamics greatly.

For notational simplicity, henceforth, omit the dependence of m11(q2), m12(q2),

m21(q2), m22(q2), c1(q, q̇), c2(q, q̇), g1(q1, q2) and g2(q1, q2) on states.

4.2 Standard SMC Design for Class-I Underac-

tuated Mechanical Systems

Consider Class-I underactuated mechanical systems represented by Eq. (4.3) with

n = 2, m = 1 as:

m11q̈1 +m12q̈2 + c1 + g1 = d1 (4.5a)

m21q̈1 +m22q̈2 + c2 + g2 = u+ d2 (4.5b)

Write (4.5) as

m̄11q̈1 + c̄1 + ḡ1 = u+ d̄1 (4.6a)

m̄22q̈2 + c̄2 + ḡ2 = u+ d̄2 (4.6b)

with the following definitions:

m̄11 = m21 −m22m
−1
12m11

c̄1 = c2 −m22m
−1
12 c1

ḡ1 = g2 −m22m
−1
12 g1

d̄1 = d2 −m22m
−1
12 d1

m̄22 = m22 −m21m
−1
11m12

c̄2 = c2 −m21m
−1
11 c1

ḡ2 = g2 −m21m
−1
11 g1

d̄2 = d2 −m21m
−1
11 d1

(4.7)
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Using x = [x1, x2, x3, x4]
T = q = [q1, q̇1, q2, q̇2]

T , we achieve the state space repre-

sentation of (4.5) as:

ẋ1 = x2 (4.8a)

ẋ2 = f1(x) + b1(x)(u+ d̄1) (4.8b)

ẋ3 = x4 (4.8c)

ẋ4 = f2(x) + b2(x)(u+ d̄1) (4.8d)

where

f1(x) = −m̄−111 (c̄1 + ḡ1)

b1(x) = m̄−111

d̄1 = d2 −m22m
−1
12 d1

f2(x) = −m̄−122 (c̄2 + ḡ2)

b2(x) = m̄−122

d̄2 = d2 −m21m
−1
11 d1

(4.9)

are the nonlinear nominal functions.

It is important to note that in the state space representation (4.8) of the under-

actuated mechanical system (4.5), both the disturbances, d2 and d1, appear in

the same equation in which the control u appears. The appearance of (4.8) may

tempt a designer to achieve robustness for both the disturbances by designing

sliding mode control. But this not the case. Both the disturbances, d2 and d1,

affect both the unactuated (q1) and actuated (q2) dynamics through coupling sim-

ilar to the control u. Disturbance d2 appears as it for both the dynamics and d1

is scaled to m22m
−1
12 d1 for the unactuated dynamism and scaled to m21m

−1
11 d1 for

the actuated dynamics. Depending upon the value of this scaling, the effect of d1

may be enhanced further or be reduced. If the scaling is 1, which is the case for

IWP, then d1 and d2 may cancel the effect of each other if these are the same.

This scenario is special characteristic of underactuated mechanical systems not

analyzed or discussed before to best of our knowledge. This issue will be discussed

at length for the application example later in this chapter.
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4.2.1 Control Law Design

To design the standard SMC law for Class-I systems (4.5), define the unactuated

and actuated control errors as follows:

e1 = q1 − q1des (4.10a)

e2 = q2 − q2des (4.10b)

Next define the sliding variable σ as below:

σ = ė2 + γ1e2 + γ2ė1 + γ3e1 (4.11)

where γ1, γ2, and γ3 are design parameters.

Consider the following assumptions holds.

Assumption 4.1. (m̄−122 + γ2m̄
−1
11 ) 6= 0.

Assumption 4.2. The uncertainties are bounded as |d1(q, q̇, t)| ≤ D1, |d2(q, q̇, t)| ≤

D2.

Now the standard SMC law for Class-I systems (4.5) is given by the following

theorem.

Theorem 4.5. The following standard SMC law

u =
1(

m̄−122 + γ2m̄
−1
11

) (m̄−122 (c̄2 + ḡ2) + γ2m̄
−1
11 (c̄1 + ḡ1)− (γ3q̇1 + γ1q̇2)

−
∣∣(m̄−122m21m

−1
11 + γ2m̄

−1
11m22m

−1
12 )
∣∣D1sign(σ)

−
∣∣(m̄−122 + γ2m̄

−1
11 )
∣∣D2sign(σ)− Γsign(σ)

) (4.12)

with positive design constant Γ, will enforce sliding mode in the manifold (4.11)

along the dynamics (4.5).

Proof. To prove the theorem, take, for (4.11), the Lyapunov function as

V =
1

2
σ2 (4.13)
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and take its time derivative along the dynamics (4.5) to obtain:

V̇ = σσ̇ = σ (ë2 + γ1ė2 + γ2ë1 + γ3ė1) (4.14)

Using the control error definitions in e1 and e2 in (4.10), the above derivative of

the sliding variable can be written as:

V̇ = σ (q̈2 + γ1q̇2 + γ2q̈1 + γ3q̇1) (4.15)

Using q̈1 and q̈2 from (4.6a) and (4.6b) respectively, the above derivative becomes:

V̇ = σ
(
m̄−122

(
u+ d̄2 − c̄2 − ḡ2

)
+ γ1q̇2 + γ2m̄

−1
11

(
u+ d̄1 − c̄1 − ḡ1

)
+ γ3q̇1

)
(4.16)

or

V̇ = σ
(
(m̄−122 + γ2m̄

−1
11 )u+ (m̄−122 d̄2 + γ2m̄

−1
11 d̄1)− m̄−122 (c̄2 + ḡ2)

−γ2m̄−111 (c̄1 + ḡ1) + γ1q̇2 + γ3q̇1
) (4.17)

or

V̇ = σ
(
(m̄−122 + γ2m̄

−1
11 )u+ (m̄−122 + γ2m̄

−1
11 )d2 − (m̄−122m21m

−1
11 + γ2m̄

−1
11m22m

−1
12 )d1

−m̄−122 (c̄2 + ḡ2)− γ2m̄−111 (c̄1 + ḡ1) + γ1q̇2 + γ3q̇1
)

(4.18)

Substituting for u from the control law (4.12) we have:

V̇ = σ
(
−(m̄−122m21m

−1
11 + γ2m̄

−1
11m22m

−1
12 )D1sign(σ)

−(m̄−122m21m
−1
11 + γ2m̄

−1
11m22m

−1
12 )d1

−(m̄−122 + γ2m̄
−1
11 )D2sign(σ) + (m̄−122 + γ2m̄

−1
11 )d2 − Γsign(σ)

) (4.19)

or

V̇ = −(m̄−122m21m
−1
11 + γ2m̄

−1
11m22m

−1
12 )D1σsign(σ)

− (m̄−122m21m
−1
11 + γ2m̄

−1
11m22m

−1
12 )d1σ

− (m̄−122 + γ2m̄
−1
11 )D2σsign(σ) + (m̄−122 + γ2m̄

−1
11 )d2σ − Γσsign(σ)

(4.20)
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Using the identity σsign(σ) = |σ|, (4.19) can be written as:

V̇ = −(m̄−122m21m
−1
11 + γ2m̄

−1
11m22m

−1
12 )D1|σ| − (m̄−122m21m

−1
11 + γ2m̄

−1
11m22m

−1
12 )d1σ

− (m̄−122 + γ2m̄
−1
11 )D2|σ|+ (m̄−122 + γ2m̄

−1
11 )d2σ − Γ|σ|)

(4.21)

that can be written as:

V̇ ≤ −Γ|σ| (4.22)

The reachability condition (4.22) ensures the existence of sliding modes in (4.11)

and the convergence of σ to 0. This proves the theorem.

Lemma 4.6. Upon the the establishment of sliding mode in system (4.11) along

the dynamics of (4.5), in accordance with Theorem 4.5, the sliding mode dynamics

of Class-I systems (4.5) are:

ξ̇1 = ξ2

ξ̇2 =
1

m11 −m12γ2

(
−m12γ1γ3ξ1 −m12 (γ1γ2 − γ3) ξ2 −m12γ

2
1ξ3 − c1 − g1 + d1

)
ξ̇3 = −γ3ξ1 − γ2ξ2 − γ1ξ3

(4.23)

where

ξ1 = q1 − q1des (4.24a)

ξ2 = q̇1 (4.24b)

ξ3 = q2 − q2des (4.24c)

Proof. The condition σ = 0 governs the sliding mode dynamics, which by (4.10)

and (4.11), implies that

ė2 + γ1e2 + γ2ė1 + γ3e1 = 0 (4.25a)

q̇2 + γ1 (q2 − q2des) + γ2q̇1 + γ3 (q1 − q1des) = 0 (4.25b)

q̈2 + γ1q̇2 + γ2q̈1 + γ3q̇1 = 0 (4.25c)
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Substituting q̈2 = −γ2q̈1 − γ3q̇1 − γ1q̇2 from (4.25c) in (4.5a) we have:

m11q̈1 +m12 (−γ2q̈1 − γ3q̇1 − γ1q̇2) + c1 + g1 = d1 (4.26a)

m11q̈1 −m12γ2q̈1 −m12γ3q̇1 −m12γ1q̇2 + c1 + g1 = d1 (4.26b)

(m11 −m12γ2) q̈1 −m12γ3q̇1 −m12γ1q̇2 + c1 + g1 = d1 (4.26c)

Substituting q̇2 = −γ2q̇1 − γ3 (q1 − q1des) − γ1 (q2 − q2des) from (4.25b) in (4.26c)

we have:

(m11 −m12γ2) q̈1 −m12γ3q̇1 −m12γ1(−γ2q̇1 − γ3 (q1 − q1des)− γ1 (q2 − q2des))

+ c1 + g1 = d1
(4.27)

or

(m11 −m12γ2) q̈1 + (m12γ1γ2 −m12γ3) q̇1 +m12γ1γ3 (q1 − q1des)

+m12γ
2
1 (q2 − q2des) + c1 + g1 = d1

(4.28)

Using ξ1 = q1 − q1des, ξ2 = q̇1, and ξ3 = q2 − q2des as state variables for (4.28),

the expression for the sliding mode dynamics (4.23) follows, and hence, proves the

lemma.

4.2.2 Application to Class-I Underactuated Mechanical Sys-

tems

The proposed control design framework is applied to Class-I underactuated me-

chanical systems of the Inertia-Wheel Pendulum, and the TORA system. Table

4.1 shows parameters for The Euler-Lagrange equations (4.5) of these systems.

Table 4.1: The Euler-Lagrange Equation (4.5) for IWP and TORA System

System m11 m12 = m21 m22 c1 g1 c2 g2
IWP J I2 I2 0 −m0S1 0 0
TORA m1 +m2 m2rC2 I2 +m2r

2 −m2rS2q̇
2
2 kq1 0 m2rgS2

Ci := cos(qi), Si := sin(qi), i = 1, 2, J = I1 + I2 +m1l
2
1 +m2L

2
1, m0 = (m1l1 +m2L1)g
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4.2.2.1 The Inertia-Wheel Pendulum (IWP)

Figure 3.1c shows the IWP [13]. The system is an inverted pendulum with a rotat-

ing inertia wheel at one end. The control objective is to swing up the pendulum,

by rotating the wheel, from its stable downward equilibrium position (q1 = π)

to the upright unstable equilibrium position ( q1 = 0) and stabilize it thereafter.

Excellent research works on IWP can be found as backstepping [14, 94], IDA-PBC

[72], sliding mode [171], passivity [13], saturation [15], dynamic surface control

[167], equivalent-input-disturbance approach [75], and output feedback stabiliza-

tion [168].

Choose the physical parameters of the IWP according to [13, 94, 167] as:

m11 = I1 + I2 + m1l
2
1 + m2L

2
1 = 4.83×10−3 (kg.m2 ), m12 = m21 = m22 = I2 =

32.0×10−6 (kg.m2 ), m1l1 +m2L1 = 38.7×10−3 (kg.m), and g = 9.8 (m.sec−2).

According to Lemma 4.6, the sliding mode dynamics in Eq. (4.23) for the IWP

are:

ξ̇1 = ξ2

ξ̇2 =
1

m11 −m12γ2

(
−m12γ1γ3ξ1 −m12 (γ1γ2 − γ3) ξ2 −m12γ

2
1ξ3

+(m1l1 +m2L1)g sin(ξ1 + q1des) + d1
)

ξ̇3 = −γ3ξ1 − γ2ξ2 − γ1ξ3

(4.29)

that can be written as:

ξ̇(t) = fIWP(ξ(t)) (4.30)

Take the Jacobian linearization of (4.30) around the equilibrium ξ = [0, 0, 0]T as:

ξ̇(t) = AIWPξ(t) (4.31)

with AIWP =
∣∣∣∂fIWP

∂ξ

∣∣∣
ξ=0

representing the Jacobian matrix of fIWP w.r.t. ξ at

ξ = 0.

Proposition 4.7 below gives stability of the dynamics in Eq. (4.29).
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Proposition 4.7. Choosing the the design parameters γ1, γ2, and γ3 as below in

Eq. (4.32), with a, b, c strictly positive, proves stability of (4.31) and stability of

(4.29) is implied by Lyapunov indirect method.

γ1 =
a(b2 + c2)

b2 + c2 + 2ab
(4.32a)

γ2 =
(b2 + c2 + 2ab)m11 + (m1l1 +m2L1)g

(b2 + c2 + 2ab)m12

(4.32b)

γ3 =
a(b2 + c2)m11 + (a+ 2b)(m1l1 +m2L1)g

(b2 + c2 + 2ab)m12

(4.32c)

Proof. Linearizing system (4.29) for the stabilization of IWP, q1des = 0, we have:

AIWP =


0 1 0

−m12γ1γ3 + (m1l1 +m2L1)g

m11 −m12γ2

−m12(γ1γ−γ3)

m11 −m12γ2

−m12γ
2
1

m11 −m12γ2

−γ3 −γ2 −γ1


(4.33)

with the characteristic equation as:

(m11 −m12γ2)s
3 + (m11γ1 −m12γ3)s

2 − (m1l1 +m2L1)gs+ γ1(m1l1 +m2L1)g = 0

(4.34)

Now the desired stable poles s1 = −a, s2 = −b + jc, and s3 = −b − jc, has the

characteristic equation as:

s3 + (a+ 2b)s2 + (b2 + c2 + 2ab)s+ a(b2 + c2) = 0 (4.35)

Comparing the corresponding coefficients in Eqs. (4.34) and (4.35), the closed

form expressions in Eq. (4.32) are achieved. The values in Eq. (4.32) will ensure

stability of system (4.31) and system (4.29) will be stable as a result of Lyapunov

indirect method, and hence, proves the proposition.

For the analysis of Assumption 4.1, we have:

(
m̄−122 + γ2m̄

−1
11

)
=

m11 − γ2m12

m11m22 −m2
12

(4.36)
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Figure 4.1: IWP - variation of γ2 in Eq. (4.38) with design constants a, b, c,
and its lower limit γ2c, in Eq. (4.37).

It can assume value 0 at:

γ2c =
m11

m12

= 150.9375 (4.37)

To fulfill Assumption 4.1, using a combination of a, b, and c that results in γ2 = γ2c

must be avoided by the designer. In fact, γ2c is the minimum value of γ2. Equation

(4.32b) can be written as:

γ2 = γ2c +
(m1l1 +m2L1)g

(b2 + c2 + 2ab)I2
(4.38)

This shows that γ2 can assume its minimum value γ2c if and only if one of the

design constants a, b, and c is infinite. Figure 4.1 graphically shows this fact.

However, infinite values of a, b, and c are not allowed by the design. For the

selected values of a = 10, b = 5, and c = 5, we have γ2 = 229.9500, and hence

Assumption 4.1 is valid.

Figures 4.2 and 4.3 show simulation results for the IWP with SMC law (4.12) in

the presence of both matched and unmatched external disturbance, and paramet-

ric variations. Figure 4.4 shows how the unmatched and matched disturbances

disturbances d1(t), d2(t) affect the unactuated configuration q1 and actuated con-

figuration q2 through their contributions d̄1(t), d̄2(t). These results are discussed

in the next section in detail.
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4.2.2.2 Performance Analysis of The IWP

Figures 4.2 and 4.3 show closed loop response of the IWP with SMC law (4.12)

in the presence of external disturbance and parametric variations. The controller

gain are chosen as Γ = 2000 and the sliding parameters as a = 10, b = 5, c = 5.

Parametric variations is chosen as 25% decrease from t = 4(s) to t = 6(s) and 25%

increase from t = 6(s) to t = 8(s). The unmatched disturbance d1(t) = 0.2 sin (πt)

and the matched disturbance d2(t) = 0.2 sin (πt) are applied to system at time

intervals shown in Figures 4.2c and 4.3c.

The controller successfully stabilizes the IWP from its downward stable equilib-

rium position q1 = π to the upward unstable equilibrium position q1 = 0 in 2

seconds. The Wheel comes to rest in less than 4 seconds. The results are in

agreement with [14, 94, 167] with improved settling time. The overshoot in Wheel

velocity is less than in [14, 94] but the peak control effort is high.

System response is robust to wide parametric variations. In Figure 4.2, D1 =

D2 = 0 and hence both the disturbances, unmatched d1(t) and matched d2(t),

affect system response. It is important to note that for IWP, in equilibrium,
1(

m̄−122 + γ2m̄
−1
11

) = −7.5906× 10−5, and hence the net effective discontinuous gain

is −7.5906 × 10−5 ∗ 2000 = 0.1518. This is the reason that the controller attenu-

ates the matched disturbance d2(t) with magnitude 0.2 but does not fully reject

it. In Figure 4.3, D1 = D2 = 0.2 and hence the matched disturbance d2(t) is

fully rejected but the unmatched disturbance d1(t) still affects system stability

and dynamics inspite of the fact that the net effective discontinuous gain is now

increased from 0.1518 to 0.9313, much higher than 0.2.

Equation (4.6) shows that both d1(t) and d2(t) affect the unactuated configuration

variable q1 and similarly both affect the actuated variable q2. Equation (4.7) shows

that the contribution of matched disturbance d2(t) is the same and similar to the

control u. On the other hand, the contribution of unmatched disturbance d1(t) is

scaled to −m22m
−1
12 d1(t) = −1d1(t) for the unactuated variable q1 and scaled to

−m21m
−1
11 d1(t) = −0.0066d1(t) for the actuated variable q2. In Figure 4.2, d1(t)

and d2(t) when combined, in the time interval t = 16−18 seconds, have less effect

on dynamics, states and sliding variable, than d1(t) alone, in the time interval
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t = 8 − 10 seconds. This interesting and important observation is according to

above mentioned reasoning i.e., d1(t) and d2(t) cancel each other (d̄1 = 0)for the

unactuated variable q1. Figure 4.4 shows d1(t) and d2(t) and their effects d̄1(t)

and d̄2(t) in accordance with the above observation.
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Figure 4.2: IWP - Closed loop response with SMC law (4.12) (Γ = 2000.0,
D1 = 0, D2 = 0), q(0) = [π, 0, 0, 0]T ,
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4.2.2.3 The TORA System

Figure 3.1b shows the TORA system [17]. The system has a translational oscil-

lating platform of mass m1 controlled via a rotational eccentric mass m2. The

TORA system was originally studied as a simplified model of a dual-spin space-

craft to investigate the resonance capture phenomenon [165]. Later, the system

was studied to investigate the practical usefulness of a rotational actuator for sta-

bilizing translational motion [166]. The control problem, which is a benchmark

for nonlinear control design [16], is to stabilize the oscillating platform transla-

tional displacement q1 to zero via the rotational actuator. The TORA system

is widely studied like backstepping [17, 94], passivity-based [18], output feedback

stabilization and tracking [19–21], hybrid [22], sliding mode [76], dynamic surface

control [167], output feedback stabilization and tracking [168], adaptive [169], Ric-

cati equation method [23], LMI [24], and H∞ [25]. In most works [17, 25, 76, 169],

gravity term g2(q1, q2) is ignored that is retained in this work. Furthermore, in

most works, non-dimensionalized equations of motion [17, 165] are used that, as

pointed out in [24], makes difficult the comparison of different control strategies,

especially, due to normalization of time t. For more discussion on this nonlinear

benchmark problem, the interested reader ca see Example 3.1 in Chapter 3 of this

thesis.

Choose the physical parameters of the TORA system as specified in [16] and used

in [24]:

m1 = 1.3608 (kg), m2 = 0.096 (kg), I2 = 0.0002175 (kg.m2), r = 0.0592 (m),

k = 186.3 (N.m−1), ε = 0.200.

According to Lemma 4.6, the sliding mode dynamics in Eq. (4.23) for the TORA

are:

ξ̇1 = ξ2

ξ̇2 =
1

m11 −m12γ2

(
−m12γ1γ3ξ1 −m12 (γ1γ2 − γ3) ξ2 −m12γ

2
1ξ3

+m2r sin(ξ3 + q2des)(−γ3ξ1 − γ2ξ2 − γ1ξ3)2 − k(ξ1 + q1des) + d1
)

ξ̇3 = −γ3ξ1 − γ2ξ2 − γ1ξ3

(4.39)
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or

ξ̇(t) = fTORA(ξ(t)) (4.40)

Take the Jacobian linearization of (4.40) around the equilibrium ξ = [0, 0, 0]T as:

ξ̇(t) = ATORAξ(t) (4.41)

with ATORA =
∣∣∣∂fTORA

∂ξ

∣∣∣
ξ=0

denoting the Jacobian matrix of fTORA w.r.t. ξ at

ξ = 0.

Proposition 4.8 below gives stability of the dynamics in Eq. (4.39).

Proposition 4.8. Choosing the design parameters γ1, γ2, and γ3 as below in Eq.

(4.42), with a, b, c strictly positive, proves stability of (4.41) and stability of (4.39)

is implied by Lyapunov indirect method.

γ1 =
a(b2 + c2)

b2 + c2 + 2ab
(4.42a)

γ2 =
(b2 + c2 + 2ab)(m1 +m2)− k

(b2 + c2 + 2ab)m2r
(4.42b)

γ3 =
a(b2 + c2)(m1 +m2)− (a+ 2b)k

(b2 + c2 + 2ab)m2r
(4.42c)

Proof. Linearizing system (4.39) for the stabilization of the TORA, q1des = 0,

q2des = 0, we have:

ATORA =


0 1 0

−m2rγ1γ3 − k
m11 −m2rγ2

−m2r(γ1γ−γ3)

m11 −m2rγ2

−m2rγ
2
1

m11 −m2rγ2

−γ3 −γ2 −γ1

 (4.43)

The rest of the proof is similar to Proposition 4.7 and is omitted here.

For the analysis of Assumption 4.1, we have:

(
m̄−122 + γ2m̄

−1
11

)
=

m1 +m2 − γ2m2r cos(q2)

(m1 +m2) (I2 +m2r2)− (m2r cos(q2))
2 (4.44)
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that assume the value 0 at:

q2c = cos−1
(
m1 +m2

γ2m2r

)
= cos−1

(
256.3345

γ2

)
(4.45)

Eq. (4.45) shows that q2c depends on the design constants a, b, c through the design

parameter γ2 in Eq. (4.42b). Equation (4.45) has no solution for γ2 < |256.3345|

and the designer must use this range. γ2 can have both positive and negative

values, and, in fact,

(
m1 +m2

m2r

)
= 256.3345 is the maximum positive value of γ2.

Equation (4.42b) can be written as:

γ2 =

(
m1 +m2

m2r

)
− k

(b2 + c2 + 2ab)m2e
(4.46)

which shows that γ2 can assume the value 256.3345 if and only if one of the

constants a, b, c, is infinite, which is not allowed by design. Figure 4.5a graphically

shows variation of γ2 with constants a, c, taking b = 1. γ2 cannot cross 256.3345

for finite value of a and c, it crosses −256.3345 at a = c ≈ 7. For a = c < 7,

γ2 > |256.3345| and Eq (4.45) has solution which is shown in Fig. 4.5b. For

a = c > 7, γ2 < |256.3345| and Eq. (4.45) has no solution and Assumption 4.1

is satisfied. For the chosen constants a = 12, b = 1, and c = 12, γ2 = 62.3651,

and Eq. (4.45) has no solution and hence Assumption 4.1 is satisfied in this case.

Figure 4.6 shows open loop response of the TORA. Figures 4.7 and 4.8 show

closed loop response with SMC law (4.12) in the presence of parametric variations

and disturbance. Figure 4.9 shows how the unmatched and matched disturbances

disturbances d1(t), d2(t) affect the unactuated variable q1 and actuated variable

q2 through their contributions d̄1(t), d̄2(t). These results are discussed in the next

section in detail.

4.2.2.4 Performance Analysis of The TORA System

Figure 4.6 shows open loop response of the TORA system that is bounded but

unstable. Figures 4.7 and 4.8 show closed loop response of the TORA system with

SMC law (4.12) in the presence of external disturbance and parametric variations.
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Figure 4.5: TORA - variation of γ2 (a) and q2c (b) with design constants a
and c, taking b = 1.

The controller gain is chosen as Γ = 1 and the sliding parameters as a = 12,

b = 1, c = 12. Parametric variations is chosen as 25% decrease from t = 4(s) to

t = 5(s) and 25% increase from t = 5(s) to t = 6(s). The unmatched disturbance

d1(t) = 0.05 sin
(√

k
m1
t
)

and the matched disturbance d2(t) = 0.025 sin
(√

k
m1
t
)

are applied to system at time intervals shown in Figures 4.7c and 4.8c.

The controller successfully stabilizes the TORA system in less than 5 seconds

that is an improvement to most works such as [24]. The nonlinear benchmark

specifications [16] are met, i.e., the closed loop system is stable and the control

effort is less than 0.05 N-m (specifications states less than 0.1 N-m continuous).

System response is robust to wide parametric variations. In Figure 4.7, D1 = D2 =

0 and hence both the disturbances, unmatched d1(t) and matched d2(t), affect

system response. It is important to note that for the TORA system, in equilibrium,
1(

m̄−122 + γ2m̄
−1
11

) = 7.0275×10−4, and hence the net effective discontinuous gain is

7.0275× 10−4 ∗ 1 = 7.0275× 10−4. This is the reason that the controller does not

fully reject the matched disturbance d2(t) with magnitude 0.025. In Figure 4.7,

D1 = 0.05, D2 = 0.025 and hence the matched disturbance d2(t) is fully rejected

but the unmatched disturbance d1(t) still affects system stability and dynamics

inspite of the fact that the net effective discontinuous gain is now increased from

7.0275× 10−4 to 0.02701, higher than 0.025.

Equation (4.6) shows that both d1(t) and d2(t) affect the unactuated configuration

variable q1 and similarly both affect the actuated variable q2. Equation (4.7) shows

that the contribution of matched disturbance d2(t) is the same and similar to the

control u. On the other hand, the contribution of unmatched disturbance d1(t) is
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Figure 4.6: TORA - Open loop response to q(0) = [0.025, 0, 0, 0]T in the
presence of disturbance.

scaled to −m22m
−1
12 d1(t) = −0.1016d1(t) for the unactuated variable q1 and scaled

to −m21m
−1
11 d1(t) = −0.0037d1(t) for the actuated variable q2. Figure 4.9 shows

this scaling of d1(t) and d2(t) into d̄1(t) and d̄2(t). Figure 4.9b shows how d1(t),

from t = 6− 8 seconds, is scaled down form 0.05 to 0.005 in d̄1(t) and to 0.000185

in d̄2(t) in Figure 4.9c and hence have less effects on dynamics even if unmatched

and also higher than d2(t).
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Figure 4.7: TORA - Closed loop response with SMC law (4.12) (Γ = 1.0,
D1 = 0, D2 = 0), q(0) = [0.025, 0, 0, 0]T
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4.3 Standard SMC Design for Class-II Underac-

tuated Mechanical Systems

Consider Class-II underactuated mechanical systems represented by Eq. (4.4) with

n = 2, m = 1. as:

m11q̈1 +m12q̈2 + c1 + g1 = u+ d1 (4.47a)

m21q̈1 +m22q̈2 + c2 + g2 = d2 (4.47b)

Write (4.47) as

m̄11q̈1 + c̄1 + ḡ1 = u+ d̄1 (4.48a)

m̄22q̈2 + c̄2 + ḡ2 = u+ d̄2 (4.48b)

with the following definitions:

m̄11(q) = m11 −m12m
−1
22m21

c̄1(q, q̇) = c1 −m12m
−1
22 c2

ḡ1(q) = g1 −m12m
−1
22 g2

d̄1(q) = d1 −m12m
−1
22 d2

m̄22(q) = m12 −m11m
−1
21m22

c̄2(q, q̇) = c1 −m11m
−1
21 c2

ḡ2(q) = g1 −m11m
−1
21 g2

d̄2(q) = d1 −m11m
−1
21 d2

(4.49)
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Using x = [x1, x2, x3, x4]
T = q = [q1, q̇1, q2, q̇2]

T , we achieve the state space repre-

sentation of (4.47) as:

ẋ1 = x2 (4.50a)

ẋ2 = f1(x) + b1(x)(u+ d̄1) (4.50b)

ẋ3 = x4 (4.50c)

ẋ4 = f2(x) + b2(x)(u+ d̄1) (4.50d)

where

f1(x) = −m̄−111 (c̄1 + ḡ1)

b1(x) = m̄−111

d̄1(q) = d1 −m12m
−1
22 d2

f2(x) = −m̄−122 (c̄2 + ḡ2)

b2(x) = m̄−122

d̄2(q) = d1 −m11m
−1
21 d2

(4.51)

are the nonlinear nominal functions.

It is important to note that in the state space representation (4.50) of the under-

actuated mechanical system (4.47), both the disturbances, d2 and d1, appear in

the same equation in which the control u appears. The appearance of (4.8) may

tempt a designer to achieve robustness for both the disturbances by designing slid-

ing mode control. But this not the case. Both the disturbances, d2 and d1, affect

both the actuated (q1) and unactuated (q2) dynamics through coupling similar

to the control u. Disturbance d1 appears as it for both the dynamics and d2 is

scaled to m12m
−1
22 d2 for the actuated dynamism and scaled to m11m

−1
21 d2 for the

unactuated dynamics. Depending upon the value of this scaling the bad effects of

d2 may made further bad, may be reduced or d1 and d2 may cancel each other.

This is scenario is special characteristic of underactuated mechanical systems not

analyzed or discussed before to best of our knowledge. This issue will be discussed

at length for the application examples later in this chapter.
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4.3.1 Control Law Design

To design the standard SMC law for Class-II systems (4.47), define the actuated

and unactuated control errors as follows:

e1 = q1 − q1des (4.52a)

e2 = q2 − q2des (4.52b)

Next define the sliding variable σ as below:

σ = ė2 + γ1e2 + γ2ė1 + γ3e1 (4.53)

where γ1, γ2, and γ3 are design parameters.

Consider the following assumptions holds.

Assumption 4.3. (m̄−122 + γ2m̄
−1
11 ) 6= 0.

Assumption 4.4. The uncertainties are bounded as |d1(q, q̇, t)| ≤ D1, |d2(q, q̇, t)| ≤

D2.

Now the standard SMC law for Class-II systems (4.47) is given by the following

theorem.

Theorem 4.9. The following standard SMC law

u =
1(

m̄−122 + γ2m̄
−1
11

) (m̄−122 (c̄2 + ḡ2) + γ2m̄
−1
11 (c̄1 + ḡ1)− (γ3q̇1 + γ1q̇2)

−
∣∣(m̄−122 + γ2m̄

−1
11 )
∣∣D1sign(σ)

−
∣∣(m̄−122m21m

−1
11 + γ2m̄

−1
11m22m

−1
12 )
∣∣D2sign(σ)− Γsign(σ)

)
(4.54)

with positive design constant Γ, will enforce sliding mode in the manifold in (4.53)

along the dynamics (4.47).

Proof. The proof is similar to the proof of Theorem 4.5 and is omitted here.

Lemma 4.10. Upon the the establishment of sliding mode in system (4.53) along

the dynamics of (4.47), accordance with Theorem 4.9, the sliding mode dynamics
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of Class-II systems (4.47) are:

ξ̇1 = ξ2

ξ̇2 =
1

m21 −m22γ2

(
−m22γ1γ3ξ1 −m22 (γ1γ2 − γ3) ξ2 −m22γ

2
1ξ3 − c2 − g2

)
ξ̇3 = −γ3ξ1 − γ2ξ2 − γ1ξ3

(4.55)

where

ξ1 = q1 − q1des (4.56a)

ξ2 = q̇1 (4.56b)

ξ3 = q2 − q2des (4.56c)

Proof. The proof is similar to the proof of Lemma 4.10 and is omitted here.

4.3.2 Application to Class-II Underactuated Mechanical

Systems

The proposed control design framework is applied to Class-II underactuated me-

chanical systems of the Beam-and-Ball system, the Cart-Pole system, and the

Overhead Crane.

4.3.2.1 The Beam-and-Ball System

Fig. 3.2e shows the Beam-and-Ball system. The actuator is at the Beam. The

control problem for this system is to stabilize the Ball from any initial position

q20 to any desired position, q2des. The Beam-and-Ball system has been studied in

numerous excellent research works, for example, [63–69, 72, 94, 172, 173].

For the Beam-and-Ball, chose the physical parameters according to [63, 64] as:

m = 0.05 (kg), I1 = 0.02 (kg.m2), I2 = 2×10−6 (kg.m2), r = 0.01 (m), g = 9.8

(m.s−2).
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For the Euler-Lagrange equation of the Beam-and-Ball system in Eq. (4.47) we

have:

m11(q2) = I1 +m(q22 + d2)

m12(q2) = −md

m21(q2) = m12(q2)

m22(q2) = m(1 +
I2
mr2

)

c1(q, q̇) = 2mq̇1q2q̇2

c2(q, q̇) = −mq2q̇21

g1(q1, q2) = mg(q2 cos(q1)− d sin(q1))

g2(q1, q2) = mg sin(q1)

(4.57)

According to Lemma 4.10, the sliding mode dynamics in Eq. (4.55) for the Beam-

and-Ball system are:

ξ̇1 = ξ2

ξ̇2 =
1

m21 −m22γ2

(
−m22γ1γ3ξ1 −m22 (γ1γ2 − γ3) ξ2 −m22γ

2
1ξ3 +m(ξ3 + q2des)ξ

2
2

−mg sin(ξ1 + q1des)ξ
2
2)
)

ξ̇3 = −γ3ξ1 − γ2ξ2 − γ1ξ3
(4.58)

or

ξ̇(t) = fBB(ξ(t)) (4.59)

Take the Jacobian linearization of (4.59) around the equilibrium ξ = [0, 0, 0]T as:

ξ̇(t) = ABBξ(t) (4.60)

with ABB =
∣∣∣∂fBB

∂ξ

∣∣∣
ξ=0

denoting the Jacobian matrix of fBB w.r.t. ξ at ξ = 0.

Proposition 4.11 below gives stability of the dynamics (4.58).

Proposition 4.11. Choosing the the design parameters γ1, γ2, and γ3 as below in

Eq. (4.61), with a, b, c strictly positive, proves stability of Eq. (4.60) and stability
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of (4.58) is implied by Lyapunov indirect method.

γ1 =
a(b2 + c2)

b2 + c2 + 2ab
(4.61a)

γ2 =
−(b2 + c2 + 2ab)md−mg
(b2 + c2 + 2ab)(m+ I2/r2)

(4.61b)

γ3 =
−a(b2 + c2)md− (a+ 2b)mg

(b2 + c2 + 2ab)(m+ I2/r2)
(4.61c)

Proof. Linearizing system (4.58) for the stabilization of the Beam-and-Ball, q1des =

0, q2des = 0, we have:

ABB =


0 1 0

−m22γ1γ3 −mg
m21 −m22γ2

−m22(γ1γ−γ3)

m21 −m22γ2

−m22γ
2
1

m21 −m22γ2

−γ3 −γ2 −γ1

 (4.62)

The rest of the proof is similar to Proposition 4.7 and is omitted here.

To check Assumption 4.3, we have:

(m̄−122 + γ2m̄
−1
11 ) =

d+ γ2
(
1 + I2

mr2

)
(I1 +m (q22 + d2))

(
1 + I2

mr2

)
−md2

(4.63)

that becomes 0 at:

γ2c = − d

1 + I2
mr2

= −0.0071 (4.64)

and hence, this value of γ2 must be avoided by the designer. We can write Eq.

(4.61b) as below:

γ2 = γ2c −
g

(b2 + c2 + 2ab)(1 + I2
mr2

)
(4.65)

that shows γ2 achieves its maximum value γ2c only when at least one of the design

constants a, b, c is infinite, a choice not allowed by design. For the selected

constants a = b = 1, c = 0.5, we have γ2 = −2.1610, and hence Assumption 4.3

is also satisfied. Figures 4.10 and 4.11 show closed loop response of the Beam-

and-Ball system with SMC law (4.54) for comparison with [63, 64]. Figures 4.12

and 4.14 show closed loop response in the presence of parametric variations and

disturbance. Figure 4.15 shows how the matched and unmatched disturbances
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d1(t), d2(t) affect the actuated variable q1 and the unactuated variable q2 through

their contributions d̄1(t), d̄2(t). Figure 4.16 shows tracking response of the Beam-

and-Ball system for a desired signal with SMC law (4.54). These results are

discussed in the next section in detail.

4.3.2.2 Performance Analysis of The Beam-and-Ball System

Figures 4.10 and 4.16 show closed loop response of the Beam-and-Ball system

with SMC law (4.54). The sliding parameters are chosen as a = 1, b = 1, c = 0.5.

The controller gain is Γ = 5.0 in Figures 4.10 and 4.11 and Γ = 2.5 in Figures

4.12 - 4.16. Parametric variations is chosen as 35% decrease from t = 5(s) to

t = 7(s) and 35% increase from t = 7(s) to t = 9(s). The matched disturbance

d1(t) = 0.5 sin (πt) and the unmatched disturbance d2(t) = 0.25 sin (πt) are ap-

plied to system at time intervals shown in Figures 4.12c-4.14c.

The initial conditions in Figures 4.10 and 4.11 are the same as in HOCSMC [64].

Comparing to [64], the settling time, the overshoots/undershoots in the Ball posi-

tion are considerable improved. As shown in [64], for these initial conditions, the

HOCSMC law based on [63] becomes unstable.

Figures 4.12-4.14 show closed loop response of the Beam-and-Ball system with

SMC law (4.54) in the presence of parameter variations and external disturbance.

The controller successfully stabilizes the Beam-and-Ball system in 10 seconds.

System response is robust to wide parametric variations. In Figure 4.12, D1 =

D2 = 0 and hence both the disturbances, matched d1(t) and unmatched d2(t),

affect system response. It is important to note that for Beam-and-Ball system, in

equilibrium,
1(

m̄−122 + γ2m̄
−1
11

) = −0.0929, and hence the net effective discontinuous

gain is −0.0929 ∗ 2.5 = 0.02322. This is the reason that the controller attenuates

the matched disturbance d1(t) with magnitude 0.5 but does not fully reject it. In

Figure 4.13, D1 = 0.5, D2 = 0, increasing the gain to 0.52322, and hence, the

matched disturbance d1(t) is fully rejected but the unmatched disturbance d2(t)

affects system stability and dynamics. In Figure 4.14, D1 = 0.5, D2 = 0.025 but

still the unmatched disturbance d2(t) affects system stability and dynamics inspite
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of the fact that the net effective discontinuous gain is now increased from 0.52322

to 4.03669, much higher than 0.25.

Equation (4.48) shows that both d1(t) and d2(t) affect the actuated configuration

variable q1 and similarly both affect the unactuated variable q2. Equation (4.49)

shows that the contribution of matched disturbance d1(t) is the same and similar

to the control u. On the other hand, the contribution of unmatched disturbance

d2(t) is scaled to −m12m
−1
22 d2(t) = −0.0071d2(t) for the actuated variable q1 and

scaled to −m11m
−1
21 d2(t) = −400.3837d2(t) (0.25 to 100.1 in steady state) for the

unactuated variable q2!. Since m11 depends on the square of the Ball position q2,

(m11(q2) = I1 + m(q22 + d2)), the contribution of d2(t) goes high and high when

the disturbance affects the Ball position. Figure 4.15 shows d1(t) and d2(t) and

their effects d̄1(t) and d̄2(t) in accordance with the above observation. Figure

4.15c shows how the negative peak of d̄2(t) goes to -154.58 (instead of 100.1) due

disturbed Ball position.

Figure 4.16 shows tracking response of the Beam-and-Ball system with SMC law

(4.54). The Ball perfectly tracks the desired square wave signal of amplitude 5(m).

The settling time is 6 seconds and the control effort is within range. The important

and interesting observation here is that the system is more sensitive to matched

disturbance when the Ball is at the center than when it is far away from the center.
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Figure 4.10: The Beam-and-Ball - Closed loop response with SMC law (4.54)
(Γ = 5.0, D1 = 0, D2 = 0), q(0) = [−0.6, 0, 1.0, 0]T .
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Figure 4.12: The Beam-and-Ball - Closed loop response with SMC law (4.54)
(Γ = 2.5.0, D1 = 0, D2 = 0), q(0) = [1.5, 0, 6.0, 0]T .



Standard SMC Design for Underactuated Mechanical Systems 89

T ime(s)
0 5 10 15 20 25 30 35 40

q 1
(r
a
d
),

q̇ 1
(r
a
d
/
s)

-1.5

0

1.5

q1
q̇1

(a) Beam angle q1 (rad), velocity q̇1 (rad/s)

T ime(s)
0 5 10 15 20 25 30 35 40

q
2
(m

),
q̇
2
(m

/
s
)

-6

-3

0

3

6

q2

q̇2

(b) Ball position q2 (m), velocity q̇2 (m/s)

T ime(s)
0 5 10 15 20 25 30 35 40

d
1
(t
),

d
2
(t
)

-0.5

-0.25

0

0.25

0.5

d1(t)

d2(t)

(c) Disturbances d1(t) = 0.5 sin (πt), d2(t) = 0.25 sin (πt)

T ime(s)
0 5 10 15 20 25 30 35 40

σ

-8
-6
-4
-2
0
2

σ

(d) Sliding surface σ

T ime(s)
0 5 10 15 20 25 30 35 40

u
(N

−
m
)

-10

-5

0

5

u

(e) Control effort u (N-m)

Figure 4.13: The Beam-and-Ball - Closed loop response with SMC law (4.54)
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Figure 4.14: The Beam-and-Ball - Closed loop response with SMC law (4.54)
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4.3.2.3 The Cart-Pole System

Figure 3.2c shows the Cart-Pole system. The actuator is at the Cart. The control

task of this system is to stabilize the Pole (pendulum) from the stable downward

equilibrium position q2 = π to the unstable upward equilibrium position q2 = 0 and

tracking the position of the Cart from any initial position q10 to any other desired

position q1des. Some work can be referred to [9, 44–51, 75, 79, 94, 169, 171, 174].

For the Cart-Pole system, the physical parameters are chosen according to [94] as:

m1 = 1.0 (kg), m2 = 1.0 (kg), `2 = 0.75 (m), and g = 9.8 (m.sec−2).

In the Euler-Lagrange equation (4.47) for the Cart-Pole system we have:

m11(q2) = m1 +m2

m12(q2) = m2`2 cos(q2)

m21(q2) = m12(q2)

m22(q2) = I2 +m2`
2
2

c1(q, q̇) = −m2`2 sin(q2)q̇
2
2

c2(q, q̇) = 0

g1(q1, q2) = 0

g2(q1, q2) = −m2`2g sin(q2)

(4.66)

According to Lemma 4.10, the sliding mode dynamics in Eq. (4.55) for the Cart-

Pole system are:

ξ̇1 = ξ2

ξ̇2 =
1

m21 −m22γ2

(
−m22γ1γ3ξ1 −m22 (γ1γ2 − γ3) ξ2 −m22γ

2
1ξ3 +m2`2g sin(ξ3 + q2des)

)
ξ̇3 = −γ3ξ1 − γ2ξ2 − γ1ξ3

(4.67)

or

ξ̇(t) = fCP(ξ(t)) (4.68)
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Take the Jacobian linearization of (4.68) around the equilibrium ξ = [0, 0, 0]T as:

ξ̇(t) = ACPξ(t) (4.69)

with ACP =
∣∣∣∂fCP

∂ξ

∣∣∣
ξ=0

denoting the Jacobian matrix of fCP w.r.t. ξ at ξ = 0.

Proposition 4.12 below gives stability of the dynamics in Eq. (4.67).

Proposition 4.12. Choosing the the design parameters γ1, γ2, and γ3 as below in

Eq. (4.70), with a, b, c strictly positive, proves stability of Eq. (4.69) and stability

of (4.67) is implied by Lyapunov indirect method.

γ1 =
a(b2 + c2)(I2 +m2`

2
2) + (a+ 2b)m2`2g

(b2 + c2 + 2ab)(I2 +m2`22) +m2`2g
(4.70a)

γ2 =
(b2 + c2 + 2ab)m2`2

(b2 + c2 + 2ab)(I2 +m2`22) +m2`2g
(4.70b)

γ3 =
a(b2 + c2)m2`2

(b2 + c2 + 2ab)(I2 +m2`22) +m2`2g
(4.70c)

Proof. Linearizing system (4.67) for the stabilization of the Cart-Pole, q1des = 0,

q2des = 0, we have:

ACP =


0 1 0

−m22γ1γ3
m2`2 −m22γ2

−m22(γ1γ−γ3)

m2`2 −m22γ2

−m22γ
2
1 +m2`2g

m2`2 −m22γ2

−γ3 −γ2 −γ1

 (4.71)

The rest of the proof is similar to Proposition 4.7 and is omitted here.

For Assumption 4.3, we have:

(m̄−122 + γ2m̄
−1
11 ) =

−m2`2 cos(q2) + γ2 (I2 +m2`
2
2)

(m1 +m2) (I2 +m2`22)− (m2`2 cos(q2))
2 (4.72)

which is nonzero at q2des = q2 = 0, but becomes 0 at:

q2c = cos−1
(
γ2 (I2 +m2`

2
2)

m2`2

)
(4.73)
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Figure 4.17: The Cart-Pole - variation of q2c Eq. (4.73) with design constants
a, b, and c through the design parameter γ2, Eq. (4.70b).

This shows that q2c depends on the design constants a, b, and c through the

design parameter γ2 in Eq. (4.70b). γ2 is strictly positive. Figure 4.17 shows this

dependence graphically. The horizontal axis, q2 = π/2, is the upper limit set at

a = b = c = 0 (γ2 = 0) and the design does not allow this choice. Figures 4.18

and 4.19 show closed loop response of the Cart-Pole system with SMC law (4.54)

in the presence of parametric variations and disturbance. Figure 4.20 shows how

the matched and unmatched disturbances d1(t), d2(t) affect the actuated variable

q1 and the unactuated variable q2 through their contributions d̄1(t), d̄2(t). These

results are discussed in the next section in detail.

4.3.2.4 Performance Analysis of The Cart-Pole System

Figures 4.18 and 4.19 show closed loop response of the Cart-Pole system with

SMC law (4.54). The sliding parameters are chosen as a = 1, b = .5, c = 0.5. The

controller gain is set to Γ = 0.75. Parametric variations is chosen as 35% decrease

from t = 5(s) to t = 7(s) and 35% increase from t = 7(s) to t = 9(s). The matched

disturbance d1(t) = 2 sin (πt) and the unmatched disturbance d2(t) = 2 sin (πt)

are applied to system at time intervals shown in Figures 4.18c and 4.19c.

Figures 4.18-4.19 show closed loop response of the Cart-Pole system with SMC

law (4.54) in the presence of parameter variations and external disturbance. The
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controller successfully stabilizes the Cart-Pole system in 10 seconds.

The initial conditions in Figures 4.18 and 4.19 are the same as in [94]. Compar-

ing to [94], the overshoots/undershoots in the Cart position and the Pole angle

are considerably improved with the settling time almost the same. Similarly the

undershoot in the control effort is improved.

System response is robust to wide parametric variations. In Figure 4.18, D1 =

D2 = 0 and hence both the disturbances, matched d1(t) and unmatched d2(t),

affect system response. It is important to note that for the Cart-Pole system, in

equilibrium,
1(

m̄−122 + γ2m̄
−1
11

) = −1.4413, and hence the net effective discontinuous

gain is 1.4413 ∗ 0.75 = 1.080975. This is the reason that the controller attenu-

ates the matched disturbance d1(t) with magnitude 2 but does not fully reject it.

In Figure 4.19, D1 = 2, D2 = 2 increasing the gain to 3.639571 and hence the

matched disturbance d1(t) is fully rejected but the unmatched disturbance d2(t)

still affects system stability and dynamics inspite of the fact that the net effective

discontinuous gain is now increased from 1.080975 to 3.639571, much higher than

2.

Equation (4.48) shows that both d1(t) and d2(t) affect the actuated configura-

tion variable q1 and similarly both affect the unactuated variable q2. Equation

(4.49) shows that the contribution of matched disturbance d1(t) is the same and

similar to the control u. On the other hand, the contribution of unmatched distur-

bance d2(t) is scaled to −m12m
−1
22 d2(t) = −1d2(t) for the actuated variable q1 and

scaled to −m11m
−1
21 d2(t) = −2.6667d2(t) for the unactuated variable q2. Figure

4.20 shows d1(t) and d2(t) and their effects d̄1(t) and d̄2(t) in accordance with the

above observation.

In Figure 4.18, d1(t) and d2(t) when combined, in time interval t = 30 − 32 sec-

onds, have less effect on dynamics, states and sliding variable, than d2(t) alone, in

time interval t = 20 − 22 seconds. This interesting and important observation is

according to above mentioned facts, i.e., d1(t) and d2(t) cancel each other (d̄1 = 0)

for the actuated variable q1 and remains 3.3334 for the unactuated variable q2. On

the other hand, d2(t) alone affects the actuated variable q1 with magnitude 2 and
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the unactuated variable q2 with magnitude 5.3334. These interesting observations

are shown in Figure 4.20.
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Figure 4.18: The Cart-Pole - Closed loop response with SMC law (4.54)
(Γ = 0.75.0, D1 = 0, D2 = 0), q(0) = [5, 0, π/3, 0]T .
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Figure 4.19: The Cart-Pole - Closed loop response with SMC law (4.54)
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4.3.2.5 The Overhead Crane

The Overhead Crane is shown in Fig. 3.2d. The actuator is at the Crane trolley.

The control problem for the Overhead Crane is to track, as quickly as possible,

the position of the Crane trolley from any initial position q10 to any other desired

position q1des and keeping the free swings of the Load angle q2 as minimum as

possible, i.e., the fast and precise transportation of the payload with minimum

swing. Some work can be referred to [37–43].

Choose the physical parameters of the Overhead Crane according to [37] as:

M = 30.0 (kg), L = 2.0 (m), m = 20.0 (kg), and g = 9.8 (m.s−2).

For the Euler-Lagrange equation of the Overhead Crane in Eq. (4.47) we have:

m11(q2) = M +m

m12(q2) = mL cos(q2)

m21(q2) = m12(q2)

m22(q2) = I2 +mL2

c1(q, q̇) = −mL sin(q2)q̇
2
2

c2(q, q̇) = 0

g1(q1, q2) = 0

g2(q1, q2) = mLg sin(q2)

(4.74)

Note that the dynamics of the Overhead Crane (4.74) and the Cart-Pole system

(4.66) are the same except for the term g2(q1, q2) that is positive for the Overhead

Crane and negative for the Cart-Pole System. So instead of going into detail

stability analysis for the Overhead Crane make use of the following corollary:

Corollary 4.13. Sign inversion of g in Eq. (4.70) gives the following design

parameters γ1, γ2, and γ3 that will ensure stability of the sliding mode dynamics
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(4.55) for the Overhead Crane.

γ1 =
a(b2 + c2)(I2 +mL2)− (a+ 2b)mLg

(b2 + c2 + 2ab)(I2 +mL2)−mLg
(4.75a)

γ2 =
(b2 + c2 + 2ab)mL

(b2 + c2 + 2ab)(I2 +mL2)−mLg
(4.75b)

γ3 =
a(b2 + c2)mL

(b2 + c2 + 2ab)(I2 +mL2)−mLg
(4.75c)

Figure 4.21 shows closed loop response of the Overhead Crane with SMC law (4.54)

in the presence of disturbance. Figure 4.22 shows how the matched and unmatched

disturbances d1(t), d2(t) affect the actuated variable q1 and the unactuated variable

q2 through their contributions d̄1(t), d̄2(t). These results are discussed in the next

section in detail.

4.3.2.6 Performance Analysis of The Overhead Crane

Figure 4.21 shows closed loop response of the Overhead Crane with SMC law

(4.54). The sliding parameters are chosen as a = 1, b = .5, c = 0.5. The controller

gain is set to Γ = 0.45. Parametric variations is chosen as 10% decrease from

t = 5(s) to t = 7(s) and 10% increase from t = 7(s) to t = 9(s). The matched

disturbance d1(t) = 10 sin (πt) and the unmatched disturbance d2(t) = 10 sin (πt)

are applied to system at time intervals shown in Figures 4.21c.

Figures 4.21 show closed loop response of the Overhead Crane with SMC law (4.54)

in the presence of parameter variations and external disturbance. The Crane suc-

cessfully transports the payload to the desired position q1des = 25(m) in less than

12 seconds while the payload swing angle q2 remains within the desired range of

|q2| <
π

18
= 0.1745 radians, i.e., within 10 degrees. Comparing to [37], the results

are considerably improved. An almost double, 25(m) instead of 14(m), desired

position is achieved with the payload swing angle less than 10 degree instead of

greater than 10 degree. The peak control force is less than 100(N) instead of

greater than 200(N) and the peak velocity of the Crane is less than 5(m/s).

System response is robust to wide parametric variations. In Figure 4.21, D1 =
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D2 = 0, the matched disturbances d1(t) is fully rejected and the unmatched distur-

bances d2(t) affects system response. It is important to note that for the Overhead

Crane, in equilibrium,
1(

m̄−122 + γ2m̄
−1
11

) = −41.632, and hence the net effective dis-

continuous gain is −41.632 ∗ 0.45 = 18.7344. This is the reason that the controller

fully rejects the matched disturbance d1(t) with magnitude 10. The unmatched

disturbance d2(t) still affects system stability and dynamics inspite of the fact that

the net effective discontinuous gain is 18.7344, much higher than 10.

Equation (4.48) shows that both d1(t) and d2(t) affect the actuated configuration

variable q1 and similarly both affect the unactuated variable q2. Equation (4.49)

shows that the contribution of matched disturbance d1(t) is the same and similar

to the control u. On the other hand, the contribution of unmatched disturbance

d2(t) is scaled to −m12m
−1
22 d2(t) = 0.5d2(t) for the actuated variable q1 and scaled

to −m11m
−1
21 d2(t) = 1.25d2(t) for the unactuated variable q2. Figure 4.22 shows

d1(t) and d2(t) and their effects d̄1(t) and d̄2(t) in accordance with the above ob-

servation. The effect of unmatched disturbance d2(t) is reduced form 10 to 5 for

actuated variable q1 and increased to 12.5 for the unactuated variable q2. When

applied both at the same time, time interval t = 40− 42 seconds, the effect is re-

duced form 10 to 5 for actuated variable q1 and reduced to 2.5 for the unactuated

variable q2 and hence have less effects than d2(t) alone.

It is important that disturbance with amplitude 10 and time period 2 seconds is

applied. On the hand, the disturbance applied in [37] has amplitude 0.5373 and

time period 0.5 seconds. Disturbance with such small amplitude and high fre-

quency are meaningless for a mechanical system with large physical parameters.

Such systems absorb these disturbances due to slow response.
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Figure 4.21: The Overhead Crane - Closed loop response with SMC law (4.54)
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4.4 Chapter Summary and Conclusions

A standard SMC framework for underactuated mechanical systems was designed

using the Euler-Lagrange representation. The framework takes into account both

the matched and unmatched disturbances explicitly in the design. Expressions

for the sliding mode dynamics were derived. Expressions for the parameters of

the sliding surface in terms of system physical parameters were also derived. The

design procedure was illustrated and the results compared to standard ones for

the following benchmark underactuated mechanical systems:

1. The Inertia-Wheel Pendulum

2. The TORA System

3. The Beam-and-Ball System

4. The Cart-Pole System

5. The Overhead Crane

Based on the results, the following conclusion are drawn.

1. The proposed framework addresses the control problem of underactuated

mechanical systems in a comprehensive way.

2. The designed control laws have enhanced stabilization and tracking (set-

point regulation) response for the above benchmark underactuated mechan-

ical systems.

3. The results are in agreement with and improved to standard results reported

in the literature.

4. Being sliding mode, the framework is robust to parametric variations and

disturbance in contrast to other works mentioned in the comparisons.

5. The design procedure is simple compared to other approaches the results

were compared to.
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Underactuated mechanical systems are more vulnerable to disturbances due to

absence of actuators for some of the configuration variables and the effects of dis-

turbances are more complex due to coupling. Both the matched and unmatched

disturbances are taken care of explicitly in the design procedure. A detailed anal-

ysis of the results supports the following findings.

1. Both the matched and unmatched disturbances affect both the actuated and

unactuated configuration variables.

2. The effect of the matched disturbance remains the same and can be fully

rejected by the controller by utilizing the discontinuous gain of the controller

embodied explicitly in the control law.

3. The effect of the unmatched disturbance is scaled to a lower or a higher value

depending on the elements of the inertia matrix of the system.

4. The unmatched disturbance cannot be rejected by the controller by utilizing

the discontinuous gain of the controller embodied explicitly in the control

law.

5. When both matched and unmatched disturbances are applied at the same

time, they may cancel their effects depending on the nature of the distur-

bances and the the elements of the inertia matrix of the system.

The proposed framework have the following limitations.

1. The control action suffers from chattering. Chattering is undesirable and, in

mechanical control systems especially, even practically not applicable.

2. Stability proof of the sling mode dynamics is based on Lyapunov indirect

method, and hence, the results are not global.

In Chapter 5, the application of HOSM control based on the Super-Twisting Algo-

rithm (STA) is proposed to reduce the chattering. In Chapter 6, nonlinear sliding

manifolds for underactuated mechanical systems and the application of smooth

HOSM control is proposed to achieve both smooth control and global results.



Chapter 5

HOSM Design for Underactuated

Mechanical Systems

This chapter investigates, the application of Higher Order Sliding Mode (HOSM)

control based on the Super-Twisting Algorithm (STA) for underactuated mechan-

ical systems to reduce the undesired chattering present in standard SMC deign

in the Chapter 4. The main results in this chapter are supported by [170]. The

STA based HOSM control is applied to the following benchmark underactuated

mechanical systems:

1. The Inertia-Wheel Pendulum

2. The TORA System

3. The Beam-and-Ball System

4. The Cart-Pole System

5. The Overhead Crane

108
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5.1 HOSMDesign for Class-I Underactuated Me-

chanical Systems

For the application of STA based HOSM control, consider Class-I underactuated

mechanical systems represented by

m11q̈1 +m12q̈2 + c1 + g1 = d1 (5.1a)

m21q̈1 +m22q̈2 + c2 + g2 = u+ d2 (5.1b)

Write (5.1) as

m̄11q̈1 + c̄1 + ḡ1 = u+ d̄1 (5.2a)

m̄22q̈2 + c̄2 + ḡ2 = u+ d̄2 (5.2b)

with the following definitions:

m̄11(q) = m21 −m22m
−1
12m11

c̄1(q, q̇) = c2 −m22m
−1
12 c1

ḡ1(q) = g2 −m22m
−1
12 g1

d̄1(q) = d2 −m22m
−1
12 d1

m̄22(q) = m22 −m21m
−1
11m12

c̄2(q, q̇) = c2 −m21m
−1
11 c1

ḡ2(q) = g2 −m21m
−1
11 g1

d̄2(q) = d2 −m21m
−1
11 d1

(5.3)

Furthermore, consider the state space representation 4.8 with definition 4.9.
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5.1.1 Control Law Design

For Class-I underactuated mechanical systems (4.5), define the following unactu-

ated and actuated control errors as before:

e1 = q1 − q1des (5.4a)

e2 = q2 − q2des (5.4b)

Next define the sliding variable σ as below:

σ = ė2 + γ1e2 + γ2ė1 + γ3e1 (5.5)

where γ1, γ2, and γ3 are design parameters.

Take the time derivative (5.5) along the dynamics (4.5) to obtain:

σ̇ = q̈2 + γ1q̇2 + γ2q̈1 + γ3q̇1 (5.6)

Using for q̈1 and q̈2 from (5.2a) and (5.2b) respectively, the above derivative be-

comes:

σ̇ = m̄−122

(
u+ d̄2 − c̄2 − ḡ2

)
+ γ1q̇2 + γ2m̄

−1
11

(
u+ d̄1 − c̄1 − ḡ1

)
+ γ3q̇1 (5.7)

or

σ̇ = −m̄−122 (c̄2 + ḡ2)− γ2m̄−111 (c̄1 + ḡ1) + γ1q̇2 + γ3q̇1 + (m̄−122 d̄2 + γ2m̄
−1
11 d̄1)

+ (m̄−122 + γ2m̄
−1
11 )u

(5.8)

or

σ̇ = −m̄−122 (c̄2 + ḡ2)− γ2m̄−111 (c̄1 + ḡ1) + γ1q̇2 + γ3q̇1 + (m̄−122 + γ2m̄
−1
11 )d2

− (m̄−122m21m
−1
11 + γ2m̄

−1
11m22m

−1
12 )d1 + (m̄−122 + γ2m̄

−1
11 )u

(5.9)

or

σ̇ = a(q) + b(q)u (5.10)
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where

a(q) = −m̄−122 (c̄2 + ḡ2)− γ2m̄−111 (c̄1 + ḡ1) + γ1q̇2 + γ3q̇1

+ (m̄−122 + γ2m̄
−1
11 )d2 − (m̄−122m21m

−1
11 + γ2m̄

−1
11m22m

−1
12 )d1

(5.11)

and

b(q) = (m̄−122 γ2m̄
−1
11 )u (5.12)

Consider the following assumptions.

Assumption 5.1. The function a(q) is assumed to bounded.

Assumption 5.2. Relative degree requires, b(q)|q=qdes 6= 0

Further, assume the existence of positive constants C, KM , Km, UM , and p, such

that: ∣∣∣ḃ(q)∣∣∣+ UM |ȧ(q)| ≤ C

0 ≤ Km ≤ b(q) ≤ KM∣∣∣∣a(q)

b(q)

∣∣∣∣ < pUM

0 < p < 1

(5.13)

Theorem 5.1. [147] The following sliding mode control law based on the Super-

Twisting Algorithm

u = −λ1|σ|1/2sign(σ) + w

ẇ = −λ2sign(σ)
(5.14)

with Kmλ2 > C and λ1 sufficiently large, guarantee the appearance of a 2-sliding

mode σ = σ̇ = 0 in system (5.10), which attracts the trajectories in finite time.

The control u enters in finite time the segment [−UM , Um] and stays there. It

never leaves the segment, if the initial value is inside at the beginning.

Proof. The proof of the theorem can be found in [147], and, elsewhere, in [175].

Once sliding mode is established in system (5.10) along the dynamics of (5.1)

according to Theorem 5.1, the sliding mode dynamics of Class-I underactuated

mechanical systems (5.1) are given by Lemma 4.6.
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5.1.2 Application to Class-I Underactuated Mechanical Sys-

tems

The STA based control law (5.14) is applied to the Inertia-Wheel Pendulum and

the TORA system. The Euler-Lagrange equations (5.1) of these systems are shown

in Table 4.1.

5.1.2.1 The Inertia-Wheel Pendulum

The sliding mode dynamics are given by Lemma 4.6 and their stability proof is

given by Proposition 4.7. We use the results of Lemma 4.6 and Proposition 4.7

and apply the STA control law (5.14) to IWP. The analysis of Assumption 5.2

is similar to that in Section 4.2.2.1. The physical parameters are the same as

in Section 4.2.2.1. Figure 5.1 shows simulation results for the IWP with STA

law (5.14) in the presence of matched and unmatched external disturbances and

parametric variations. These results are discussed in detail in tbe next section.

5.1.2.2 Performance Analysis of The IWP

Figure 5.1 shows closed loop response of the IWP with STA law (5.14) in the pres-

ence of matched and unmatched external disturbances and parametric variations.

The controller gains are chosen as λ1 = −0.01, λ2 = −0.02 and the sliding param-

eters as a = 4, b = 2, c = 2. Parametric variations is chosen as 25% decrease from

t = 4(s) to t = 6(s) and 25% increase from t = 6(s) to t = 8(s). The unmatched

disturbance d1(t) = 0.2 sin (πt) and the matched disturbance d2(t) = 0.2 sin (πt)

are applied to system at time intervals shown in Figures 5.1c.

The same stabilization results are achieved as were achieved with SMC law 4.12

in Figure 4.2. The settling time is reduced from 4 seconds to 2 seconds now. The

overshoot in Wheel velocity is reduced but the undershoot is increased. The main

striking difference is that chattering in the control action is now reduced.

There is no built-in mechanism in the control law for handling the disturbances.
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The adverse effects of the unmatched d1(t) and matched d2(t) disturbances on

system stability is shown in the Figure 5.1. The role of disturbances on the unac-

tuated variable q1 and actuated variable q2 is the same as analyzed and discussed

in Section 4.2.2.2 and shown in Figure 4.4.
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−0.01, λ2 = −0.02), q(0) = [π, 0, 0, 0]T ,
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5.1.2.3 The TORA System

The sliding mode dynamics are given by Lemma 4.6 and their stability proof is

given by Proposition 4.8. We use the results of Lemma 4.6 and Proposition 4.8

and apply the STA control law (5.14) to the TORA system. The analysis of

Assumption 5.2 is similar to that in Section 4.2.2.3. The physical parameters are

the same as in Section 4.2.2.3. Figure 5.2 shows simulation results for the TORA

system with STA law (5.14) in the presence of matched and unmatched external

disturbances and parametric variations. These results are discussed in detail in

tbe next section.

5.1.2.4 Performance Analysis of The TORA System

Figure 5.2 shows closed loop response of the TORA system with STA law (5.14)

in the presence of matched and unmatched external disturbances and parametric

variations. The controller gains are chosen as λ1 = 0.075, λ2 = 0.050, and the

sliding parameters as a = 12, b = 1, c = 12. Parametric variations is chosen as

25% decrease from t = 4(s) to t = 5(s) and 25% increase from t = 5(s) to t = 6(s).

The unmatched disturbance d1(t) = 0.05 sin
(√

k
m1
t
)

and the matched disturbance

d2(t) = 0.025 sin
(√

k
m1
t
)

are applied to system at time intervals shown in Figures

5.2c.

The same stabilization results are achieved as were achieved with SMC law 4.12 in

Figure 4.7. The controller successfully stabilizes the TORA system in less than 5

seconds with the nonlinear benchmark specifications [16] are met, i.e., the closed

loop system is stable and the control effort is less than 0.05 N-m (specifications

states less than 0.1 N-m continuous). Furthermore, chattering in the control ac-

tion is now reduced.

The adverse effects of the unmatched d1(t) and matched d2(t) disturbances on

system stability is shown in the Figure 5.2. The role of disturbances on the unac-

tuated variable q1 and actuated variable q2 is the same as analyzed and discussed

in Section 4.2.2.3 and shown in Figure 4.9.
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5.2 HOSM Design for Class-II Underactuated

Mechanical Systems

Consider Class-II underactuated mechanical systems represented by:

m11q̈1 +m12q̈2 + c1 + g1 = u+ d1 (5.15a)

m21q̈1 +m22q̈2 + c2 + g2 = d2 (5.15b)

Write (5.15) as

m̄11q̈1 + c̄1 + ḡ1 = u+ d̄1 (5.16a)

m̄22q̈2 + c̄2 + ḡ2 = u+ d̄2 (5.16b)

with the following definitions:

m̄11(q) = m11 −m12m
−1
22m21

c̄1(q, q̇) = c1 −m12m
−1
22 c2

ḡ1(q) = g1 −m12m
−1
22 g2

d̄1(q) = d1 −m12m
−1
22 d2

m̄22(q) = m12 −m11m
−1
21m22

c̄2(q, q̇) = c1 −m11m
−1
21 c2

ḡ2(q) = g1 −m11m
−1
21 g2

d̄2(q) = d1 −m11m
−1
21 d2

(5.17)

Furthermore, consider the state space representation 4.50 with definition 4.51.
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5.2.1 Control Law Design

For Class-II systems (5.15), define the following actuated and unactuated control

errors as before:

e1 = q1 − q1des (5.18a)

e2 = q2 − q2des (5.18b)

Next define the sliding variable σ as below:

σ = ė2 + γ1e2 + γ2ė1 + γ3e1 (5.19)

where γ1, γ2, and γ3 are design parameters.

Take the time derivative (5.19) along the dynamics (5.15) to obtain:

σ̇ = q̈2 + γ1q̇2 + γ2q̈1 + γ3q̇1 (5.20)

Using for q̈1 and q̈2 from (5.16a) and (5.16b) respectively, the above derivative

becomes, after some manipulation,:

σ̇ = a(q) + b(q)u (5.21)

where

a(q) = −m̄−122 (c̄2 + ḡ2)− γ2m̄−111 (c̄1 + ḡ1) + γ1q̇2 + γ3q̇1

+ (m̄−122 + γ2m̄
−1
11 )d1 − (m̄−122m21m

−1
11 + γ2m̄

−1
11m22m

−1
12 )d2

(5.22)

and

b(q) = (m̄−122 γ2m̄
−1
11 )u (5.23)

Consider the following assumptions.

Assumption 5.3. The function a(q) is assumed to be bounded.

Assumption 5.4. Relative degree requires, b(q)|q=qdes 6= 0
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Assume the existence of positive constants C, KM , Km, UM , and p, such that:

∣∣∣ḃ(q)∣∣∣+ UM |ȧ(q)| ≤ C

0 ≤ Km ≤ b(q) ≤ KM∣∣∣∣a(q)

b(q)

∣∣∣∣ < pUM

0 < p < 1

(5.24)

Now this case becomes as the case for Class-I underactuated mechanical systems

discussed previously and we can apply the STA control law in 5.1 Once sliding

mode is established in system (5.21) along the dynamics of (5.15), according to

Theorem 5.1, the sliding mode dynamics of Class-II underactuated mechanical

systems (5.15) are given by Lemma 4.10.

5.2.2 Application to Class-II Underactuated Mechanical

Systems

The STA based control law (5.14) is applied to the Beam-and-Ball system, the

Cart-Pole system, and the Overhead Crane.

5.2.2.1 The Beam-and-Ball System

The sliding mode dynamics are given by Lemma 4.10 and their stability proof is

given by Proposition 4.11. We use the results Lemma 4.10 and Proposition 4.11

and apply the STA control law (5.14) to the Beam-and-Ball systm. The analysis

of Assumption 5.4 is similar to that in Section 4.3.2.1. The physical parameters

are the same as in Section 4.3.2.1. Figures 5.3-5.5 shows simulation results for the

Beam-and-Ball system with STA control law (5.14) in the presence of matched

and unmatched external disturbances and parametric variations. These results

are discussed in detail in tbe next section
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5.2.2.2 Performance Analysis of The Beam-and-Ball System

Figures 5.3-5.5 show closed loop response of the Beam-and-Ball system with STA

control law (5.14). The sliding parameters are chosen as a = 1, b = 1, c = 0.5.

The controller gains are λ1 = −4.0, λ2 = −0.5. Parametric variations is chosen

as 35% decrease from t = 5(s) to t = 7(s) and 35% increase from t = 7(s) to

t = 9(s). The matched disturbance d1(t) = 0.5 sin (πt) and the unmatched distur-

bance d2(t) = 0.25 sin (πt) are applied to system at time intervals shown in Figure

5.5c.

The initial conditions in Figures 5.3 and 5.4 are the same as in HOCSMC [64].

Comparing to [64] the settling time, the overshoots/undershoots in the Ball po-

sition are considerable improved. Shown in [64], for these initial conditions, the

HOCSMC based on [63] becomes unstable. Furthermore, chattering in the control

action is now reduced.

Figures 5.5 shows closed loop response of the Beam-and-Ball system with STA con-

trol law (5.14) in the presence of parametric variations and external disturbance.

The adverse effects of the unmatched d2(t) disturbances on system stability are

prominent shown in the Figure 5.5. The role of disturbances on the actuated

variable q1 and unactuated variable q2 is the same as analyzed and discussed in

Section 4.3.2.2 and shown in Figure 4.15.
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5.2.2.3 The Cart-Pole System

The sliding mode dynamics are given by Lemma 4.10 and their stability proof is

given by Proposition 4.12. We use the results Lemma 4.10 and Proposition 4.12

and apply the STA control law (5.14) to the Cart-Pole system. The analysis of

Assumption 5.4 is similar to that in Section 4.3.2.3. The physical parameters are

the same as in Section 4.3.2.3. Figure 5.6 shows simulation results for the Cart-Pole

system with STA control law (5.14) in the presence of matched and unmatched

external disturbances and parametric variations. These results are discussed in

detail in the next section.

5.2.2.4 Performance Analysis of The Cart-Pole System

Figure 5.6 shows closed loop response of the Cart-Pole system with STA control

law (5.14). The sliding parameters are chosen as a = 1, b = .5, c = 0.5. The

controller gains are set to λ1 = −35.0, λ2 = −2.5. Parametric variations is

chosen as 35% decrease from t = 5(s) to t = 7(s) and 35% increase from t = 7(s)

to t = 9(s). The matched disturbance d1(t) = 2 sin (πt) and the unmatched

disturbance d2(t) = 2 sin (πt) are applied to system at time intervals shown in

Figure 5.6c.

Figure 5.6 shows closed loop response of the Cart-Pole system with STA control

law (5.14) in the presence of parametric variations and external disturbance. The

controller successfully stabilizes the Cart-Pole system in less than 10 seconds. The

initial conditions in Figure 5.6 is the same as in [94]. Comparing to [94] the

overshoot/undershoot in the Cart position and the Pole angle are considerably

improved. Similarly the undershoot in the control effort and the settling time are

improved. Furthermore, chattering in the control action is now reduced.

The effects of the unmatched d2(t) disturbance on system stability are prominent

shown in the Figure 5.6. The role of disturbances on the actuated variable q1 and

unactuated variable q2 is the same as analyzed and discussed in Section 4.3.2.4

and shown in Figure 4.20.
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5.2.2.5 The Overhead Crane

The sliding mode dynamics are given by Lemma 4.10 and their stability proof

is given by Corollary 4.13. We use the results Lemma 4.10 and Corollary 4.13

and apply the STA control law (5.14) to the Overhead Crane. The analysis of

Assumption 5.4 is similar to that in Section 4.3.2.5. The physical parameters

are the same as in Section 4.3.2.5. Figure 5.7 shows simulation results for the

Overhead Crane with STA control law (5.14) in the presence of matched and

unmatched external disturbances and parametric variations. These results are

discussed in detail in the next section.

5.2.2.6 Performance Analysis of The Overhead Crane

Figure 5.7 shows closed loop response of the Overhead Crane with STA control

law (5.14). The sliding parameters are chosen as a = 0.5, b = 0.5, c = 0.5. The

controller gains are set to λ1 = −100.0, λ2 = −0.5. Parametric variations is

chosen as 10% decrease from t = 5(s) to t = 7(s) and 10% increase from t = 7(s)

to t = 9(s). The matched disturbance d1(t) = 10 sin (πt) and the unmatched

disturbance d2(t) = 10 sin (πt) are applied to system at time intervals shown in

Figures 5.7c.

Figure 5.7 shows closed loop response of the Overhead Crane with STA law (5.14)

in the presence of parameter variations and external disturbance. The results are

not as good as achieved with SMC law (4.54) shown in Figure Figure 4.21. But

the improvement is reduction in the chattering.

The role of disturbances on the actuated variable q1 and unactuated variable q2 is

the same as analyzed and discussed in Section 4.3.2.6 and shown in Figure 4.22. It

is important that we have applied disturbance with amplitude 10 and time period

2 seconds. On the hand, the disturbance applied in [37] has amplitude 0.5373

and time period 0.5 seconds. Disturbance with such small amplitude and high

frequency are meaningless for a mechanical system with large physical parameters.

Such systems absorb these disturbances.
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Figure 5.7: The Overhead Crane - Closed loop response with STA control law
(5.14) (λ1 = −100.0, λ2 = −0.5), q(0) = [0, 0, 0, 0]T .
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5.3 Chapter Summary and Conclusions

The application of Higher Order Sliding Mode (HOSM) control based on the Super-

Twisting Algorithm (STA) was investigated for underactuated mechanical systems

to reduce the undesired chattering present in standard SMC deigned in the Chap-

ter 4. The STA based HOSM control was applied to the following benchmark

underactuated mechanical systems:

1. The Inertia-Wheel Pendulum

2. The TORA System

3. The Beam-and-Ball System

4. The Cart-Pole System

5. The Overhead Crane

Stabilization results similar to those achieved with SMC design were achieved with

the extra advantage that chattering is now reduced. But the following limitations

are still present.

1. Chattering is reduced but the control action is still not smooth.

2. Robustness is compromised as there is not built in mechanism for it in the

control law.

3. Stability proof of the sling mode dynamics is based on Lyapunov indirect

method and hence the results are not global.

In Chapter 6, novel nonlinear sliding manifolds are proposed for underactuated

mechanical systems with the application of smooth HOSM control to achieve both

smooth control and global results.



Chapter 6

Smooth HOSM Design for

Underactuated Mechanical

Systems

In this chapter, novel nonlinear sliding manifolds are proposed to achieve global

convergence of underactuated mechanical systems. Furthermore, to achieve chat-

tering free smooth control action, demanded for mechanical control systems, the

application of Smooth Higher Order Sliding Mode (HOSM) control is proposed.

Robustness is achieved using the well known disturbance observers. The main

results in this chapter are supported by [176]. The design procedure is applied to

the following benchmark underactuated mechanical systems:

A. Class-I Underactuated Mechanical Systems:

1. The Inertia-Wheel Pendulum

2. The TORA System

3. The Acrobot

B. Class-II Underactuated Mechanical Systems:

1. The Furuta Pendulum

128
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2. The Overhead Crane

3. The Cart-Pole System

4. The Pendubot

5. The Beam-and-Ball System

6.1 Problem Formulation

The dynamical equations of an n degrees of freedom mechanical control system

are as under:

M(q)q̈ + C(q, q̇)q̇ +G(q) = F (q)u+ d(q, q̇, t) (6.1)

where q ∈ <n is the generalized configuration vector, M(q) ∈ <n×n is the positive

definite symmetric inertia matrix, C(q, q̇) ∈ <n×n contains Coriolis and centrifugal

terms, G(q) ∈ <n×1 contains the gravitational terms, F (q) ∈ <n×m is the control

input matrix, u ∈ <m is the control input vector and d(q, q̇, t) ∈ <n is the uncer-

tainties term. The case, m = rank(F ) = n, represents a fully actuated mechanical

system, and, the case, m = rank(F ) < n, characterizes an underactuated mechan-

ical system.

We consider two classes of systems described by Eq. (6.1) with M(q2), first with

F (q) = [0, Im]T and second with F (q) = [Im, 0]T . For the first case, partitioning

the configuration vector q ∈ <n into unactuated q1 ∈ <n−m and actuated q2 ∈ <m

configuration vectors, the nominal dynamics in Eq.(6.1) take the form:

m11(q2)q̈1 +m12(q2)q̈2 + c1(q, q̇) + g1(q1, q2) = 0 (6.2a)

m21(q2)q̈1 +m22(q2)q̈2 + c2(q, q̇) + g2(q1, q2) = u (6.2b)

For the second case, partitioning the configuration vector q ∈ <n into actuated

q1 ∈ <m and unactuated q2 ∈ <n−m configuration vectors, the nominal dynamics
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in Eq. (6.1) take the form:

m11(q2)q̈1 +m12(q2)q̈2 + c1(q, q̇) + g1(q1, q2) = u (6.3a)

m21(q2)q̈1 +m22(q2)q̈2 + c2(q, q̇) + g2(q1, q2) = 0 (6.3b)

Remark 6.1. Systems described by Equation (6.2) in which the the Inertia Matrix

is independent of the unactuated configuration variable q1 were classified as Class-I

underactuated mechanical systems in [94].

Remark 6.2. The Inertia-Wheel Pendulum, the TORA system, and the Acrobot

are examples of underactuated mechanical systems described by Eq. (6.2) with

n = 2, m = 1.

Remark 6.3. Systems described by Equation (6.3) in which the the Inertia Matrix

depends on the unactuated configuration variable q2 were classified as Class-II

underactuated mechanical systems in [94].

Remark 6.4. The Furuta Pendulum, the Overhead Crane, the Cart-Pole system,

the Pendubot, and the Beam-and-Ball system are examples of underactuated me-

chanical systems described by Eq. (6.3) with n = 2, m = 1.

Remark 6.5. In general, the dynamics in Eq. (6.2) and Eq. (6.3) are a set of n

interconnected second order nonlinear subsystems and it is well known that the

direct state space representations of Eq. (6.2) and Eq. (6.3) are not suitable for

control design purposes even in the absence of uncertainties.

For notational simplicity, henceforth, omit the dependence of m11(q2), m12(q2),

m21(q2), m22(q2), c1(q, q̇), c2(q, q̇), g1(q1, q2) and g2(q1, q2) on states. The func-

tional dependence of these paramteres are shown in Chapter 3 for the application

examples.
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6.2 Smooth HOSM Design for Class-I Underac-

tuated Mechanical Systems

Consider Class-I underactuated mechanical systems described by:

m11(q2)q̈1 +m12(q2)q̈2 + c1(q, q̇) + g1(q1, q2) = 0 (6.4a)

m21(q2)q̈1 +m22(q2)q̈2 + c2(q, q̇) + g2(q1, q2) = u (6.4b)

Using the following collocated partial feedback linearizing control:

u = (m22 −m21m
−1
11m12)v + c2 + g2 −m21m

−1
11 (c1 + g1) (6.5)

where v is a new control input, and the nonlinear coordinate transformation [96]:

z1 = q1 + ψ(q2)

z2 = m11(q2)q̇1 +m12(q2)q̇2

ξ1 = q2

ξ2 = q̇2

ψ(q2) =

∫ q2

0

m−111 (θ)m12(θ)dθ

(6.6)

transforms the dynamics in Eq. (6.4) into the following strict feedback normal

form:

ż1 = m−111 (ξ1)z2

ż2 = −g1(z1 − ψ(ξ1), ξ1)

ξ̇1 = ξ2

ξ̇2 = v

(6.7)

which can be written, alternatively, as

z̈ = −m−111 (ξ)g1(z − ψ(ξ), ξ)−m−111 (ξ)ḿ11(ξ)żξ̇

ξ̈ = v
(6.8)
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where´denotes d/dq2.

In general, the normal form (6.8) comprises a block of (n − m) second order

nonlinear unactuated z−subsystems and a block of m second order linear actuated

ξ−subsystems. The beauty of the normal form is that, with ξ as output with

global uniform relative degree two, the first block represents the Lagrangian zero

dynamics for the second block. Treating ξ as control input for the first block, the

form reduces the control of the original underactuated nonlinear system (6.4) to

the control of the reduced order z−subsystem in (6.8).

Remark 6.6. The explicit transformation (6.6) applies to two degrees of freedom

underactuated mechanical systems. Higher order systems can be reduced to form

(6.8) through the procedure outlined in [94].

To stabilize the nonlinear underactuated dynamics in Eq. (6.4), we design sliding

manifold and sliding mode control to stabilize its transformed normal form in Eq.

(6.8) rewritten as:

z̈ = f(z, ż, ξ, ξ̇) (6.9a)

ξ̈ = v +D(z, ż, ξ, ξ̇, t) (6.9b)

where z ∈ <(n−m), ξ ∈ <m, and D(z, ż, ξ, ξ̇, t) represents the lumped effect of all

uncertainties after transformation.

The following assumptions are taken into account in the design of sliding manifold

and sliding mode control.

Assumption 6.1. The origin in the system state space is an equilibrium point of

the open loop Lagrangian zero dynamics subsystem (6.9a), i.e., f(0, 0, 0, 0) = 0.

The existence of well defined relative degree requires

Assumption 6.2.
∂f

∂ξ̇
6= 0.

Assumption 6.3.
∂f

∂ξ
6= 0.

In addition, we have,
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Assumption 6.4. The transformed uncertainties D(z, ż, ξ, ξ̇, t) is bounded as∣∣∣D(z, ż, ξ, ξ̇, t)
∣∣∣ ≤ D0.

Remark 6.7. Most underactuated mechanical systems have natural (open loop)

equilibrium points including the origin and it is reasonable to expect that As-

sumption 6.1 will hold for these system. Assumptions 6.2, 6.3 are related to

system dynamics and must be checked for the system in case. The loss of well

defined relative degree at the origin for the Beam-and-Ball system is well known.

This is discussed in Section 6.3.2.9 for the Beam-and-Ball system. Assumption 6.4

is reasonable to hold in any practical scenario.

The next section presents the design of sliding manifold and sliding mode control

for the stabilization of system (6.9).

6.2.1 Nonlinear Sliding Manifolds and Control Law Design

Here assume that stabilization of (6.9b) does not imply stabilization of the overall

system (6.9). This is true in general and for underactuated mechanical systems in

specific. Hence, stabilization of (6.9) through stabilization of (6.9a) is investigated.

To make the z−subsystem (6.9a) stable, the following condition is needed to be

satisfied

f(z, ż, ξ, ξ̇) = −αż − βz (6.10)

with α > 0, β > 0 as design constants. To meet condition (6.10) design the sliding

manifold as:

σ = f(z, ż, ξ, ξ̇) + αż + βz (6.11)

When sliding mode is established, σ = 0, in (6.11), condition (6.10) is met and

the dynamics in (6.9a) become

z̈ + αż + βz = 0 (6.12)

which is a stable linear system for α > 0, β > 0 and hence z, ż converge to zero

with convergence rate determined by the choice of design constants α, β.
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To achieve the desired dynamics (6.12) for the z−subsystem a sliding mode control

law is needed to enforce sliding mode in the manifold (6.11). The design of sliding

mode control law depends on the relative degree of system (6.11). The relative

degree is determined whether sliding variable σ or the function f explicitly depends

on ξ̇ or not as investigated below.

Case A. The sliding variable σ explicitly depends on ξ̇:

In this case, the relative degree of system (6.11) is 1. Take the time derivative of

σ in (6.11) along the dynamics (6.9) to get:

σ̇ = a(z, ż, ξ, ξ̇) + w (6.13)

where

a(z, ż, ξ, ξ̇) =

(
∂f

∂z
+ β

)
ż +

(
∂f

∂ż
+ α

)
f(z, ż, ξ, ξ̇) +

∂f

∂ξ
ξ̇ +

∂f

∂ξ̇
D(z, ż, ξ, ξ̇, t)

(6.14)

w = b(z, ż, ξ, ξ̇)v (6.15)

b(z, ż, ξ, ξ̇) =
∂f

∂ξ̇
(6.16)

One choice for the control law to enforce sliding mode in relative degree 1 system

(6.13) is the following standard SMC law

w = −
((

∂f

∂z
+ β

)
ż +

(
∂f

∂ż
+ α

)
f(z, ż, ξ, ξ̇) +

∂f

∂ξ
ξ̇

+

∣∣∣∣∂f∂ξ̇
∣∣∣∣D0sign(σ) +Ksign(σ)

) (6.17)

where K is a strictly positive design constant.

The above standard SMC law, which consists of an equivalent control term and a

discontinuous term, can be proved by taking the Lyapunov function candidate V =
1

2
σ2 for (6.13) and taking its time derivative along the dynamics (6.9). However

the standard SMC law (6.17) suffers from chattering which is undesired especially

for mechanical control systems. Furthermore, the above standard SMC law can

not be applied if the relative degree of the system is not 1.
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To avoid chattering a control law is needed that is smooth and, furthermore, to

deal with internal uncertainties and external disturbances the control law must

be robust. The following well known Smooth Super-Twisting Algorithm (SSTA)

based sliding mode control law [153] is chosen to enforce sliding mode in relative

degree 1 system (6.13):

w = −s1 −K1|σ|m/(m+1)sign(σ) + w0

ẇ0 = −K2|σ|(m−1)/(m+1)sign(σ)
(6.18)

where m ≥ 1 and K1 > 0, K2 > 0 are design constants.

The term s1 = â(z, ż, ξ, ξ̇) in (6.18) is used to cancel the the uncertain bounded

term a(z, ż, ξ, ξ̇) in (6.13) and is estimated via the following observer [153] (m = 2):

ṡ0 = v0 + w

v0 = −λ0|Λ|1/3|s0 − σ|2/3sign(s0 − σ) + s1

ṡ1 = v1

v1 = −λ1|Λ|1/2|s1 − v0|1/2sign(s1 − v0) + s2

ṡ2 = −λ2|Λ|sign(s2 − v1)

(6.19)

where λ0, λ1, λ2 are design parameters and Λ > 0 is Lipshitz constant of ȧ(z, ż, ξ, ξ̇).

Lemma 6.8. The closed loop system (6.13), (6.18), (6.19) is finite time stable and

hence σ, σ̇ converge to 0 in finite time.

Proof. The proof can be found in [153].

Once sliding mode is established, σ = 0, condition (6.10) is met and z, ż converge

to zero in accordance with (6.12). With (z = 0, ż = 0) the Lagrangian zero

dynamics are given by (6.9a):

f(0, 0, ξ, ξ̇) = 0 (6.20)

If the first order zero dynamics in (6.20) are stable (see Assumption 4.1) then

stabilization of the z−subsystem (6.9a) will render the overall system (6.9) stable.
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Remark 6.9. Eqs. (6.13), (6.15) and (6.16) and hence the control laws (6.17) and

(6.18) needs the validity of Assumption 4.2.

Case B. The sliding variable σ does not explicitly depend on ξ̇

In this case the relative degree of system (6.11) is 2. Take twice the time derivative

of σ in (6.11) along the dynamics (6.9) to achieve:

σ̈ = a(z, ż, ξ, ξ̇) + w (6.21)

where

a(z, ż, ξ, ξ̇) =
∂2f

∂z2
ż2 +

∂2f

∂ż2
f 2 +

∂2f

∂ξ2
ξ̇2 + 2

∂2f

∂z∂ż
f ż + 2

∂2f

∂z∂ξ
żξ̇ + 2

∂2f

∂ż∂ξ
f ξ̇

+

(
∂f

∂z
+ β

)
f +

(
∂f

∂ż
+ α

)(
∂f

∂z
ż +

∂f

∂ż
f +

∂f

∂ξ
ξ̇

)
+
∂f

∂ξ
D(z, ż, ξ, ξ̇, t)

(6.22)

w = b(z, ż, ξ, ξ̇)v (6.23)

b(z, ż, ξ, ξ̇) =
∂f

∂ξ
(6.24)

The following Smooth Second Order Sliding Mode (SSOSM) control law [154] is

chosen to enforce sliding mode in relative degree 2 system (6.21):

w = −s2 −K1|σ|(ρ−2)/ρsign(σ)−K2|σ̇|(ρ−2)/(ρ−1)sign(σ̇) (6.25)

where ρ ≥ 2 and K1 > 0, K2 > 0 are design constants.

The term s2 = â(z, ż, ξ, ξ̇) in the control law (6.25) is used to cancel the the

uncertain bounded term a(z, ż, ξ, ξ̇) in (6.21) and is estimated via the observer

[154] (m = 2):

ṡ0 = s1

ṡ1 = v1 + w

v1 = −λ2|Λ|1/3|s1 − σ̇|2/3sign(s1 − σ̇) + s2

ṡ2 = −λ1|Λ|sign(s2 − v1)

(6.26)
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where λ2 and λ1 are design parameters and Λ > 0 is Lipshitz constant of ä(z, ż, ξ, ξ̇).

Further the observer also estimate σ̇ as s1 = ˆ̇σ.

Lemma 6.10. The closed loop system (6.21), (6.25), (6.26) is finite time stable

and hence σ, σ̇ converge to 0 in finite time.

Proof. The proof can be found in [154].

Once sliding mode is established, σ = 0, condition (6.10) is met and z, ż converge

to zero in accordance with (6.12). With (z = 0, ż = 0) the Lagrangian zero

dynamics are given by (6.9a):

f(0, 0, ξ) = 0 (6.27)

which is an algebraic equation. By Assumption 4.1 f(0, 0, 0) = 0 and the solution

to this equation is ξ = 0 and hence ξ tends to zero as well and, consequently, the

overall system (6.9) becomes stable.

Remark 6.11. Eqs. (6.21), (6.23) and (6.24) and hence the control law (6.25) needs

the validity of Assumption 4.3.

The next section presents illustrative design examples.

6.2.2 Application to Class-I Underactuated Mechanical Sys-

tems

We apply the results to the Inertia-Wheel Pendulum, the TORA system, and the

Acrobot.

6.2.2.1 The Inertia-Wheel Pendulum (IWP)

Figure 3.1c shows the schematics of IWP. Choose the physical parameters of IWP

according to [13, 94, 167] as:

m11 = I1 + I2 + m1l
2
1 + m2L

2
1 = 4.83×10−3 (kg.m2 ), m12 = m21 = m22 = I2 =
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32.0×10−6 (kg.m2 ), m1l1 +m2L1 = 38.7×10−3 (kg.m), and g = 9.8 (m.sec−2).

According to Eqs. (3.10) and (6.4), the nominal dynamics of the IWP are:

m11(q2)q̈1 +m12(q2)q̈2 − (m1l1 +m2L1)g sin(q1) = 0 (6.28a)

m21(q2)q̈1 +m22(q2)q̈2 = u (6.28b)

Using the input and state transformations in (6.5) and (6.6), the normal form in

Eq. (6.9) for the IWP is:

z̈ = k1 sin(z − k2ξ) (6.29a)

ξ̈ = v (6.29b)

where k1 = m−111 (m1l1 +m2L1)g, k2 = m−111m12.

Choose the nonlinear sliding manifold, in accordance with Eq. (6.11) as the fol-

lowing

σ = k1 sin(z − k2ξ) + αż + βz (6.30)

Note that σ does not explicitly depends on ξ̇, the relative degree of system (6.30)

is 2 and the design Case B is applicable.

In terms of coordinates (q1, q̇1, q2, q̇2) of the IWP (6.28) we have

σ = α (q̇1 + k2q̇2) + k1 sin(q1) + β (q1 + k2q2) (6.31)

σ̇ = (k1 cos(q1) + β) (q̇1 + k2q̇2) + k1α sin(q1)− k1k2q̇2 cos(q1) (6.32)

In Eq. (6.23), b(z, ż, ξ, ξ̇) in terms of (q1, q̇1, q2, q̇2) is:

b(q1, q̇1, q2, q̇2) = k1k2 cos(q1) (6.33)

The final real control u for the IWP (6.28) is given by (6.5) with v given by (6.23)

and w given by (6.25) and (6.26). Fig. 6.1 shows simulation results for the IWP

further discussed in the next section.
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6.2.2.2 Performance Analysis of The IWP

Figure 6.1 shows closed loop response of the IWP with control law (6.25) in the

presence of external disturbance and parametric variations. The controller gains

are chosen as K1 = 500, K2 = 400, observer gain as λ1 = 2, λ2 = 3 and the sliding

parameters as α = 3, β = 2. Parametric variations is chosen as 25% decrease from

t = 4(s) to t = 6(s) and 25% increase from t = 6(s) to t = 8(s). The matched

disturbance d(t) = 0.1 sin (πt) is applied to system at time intervals shown in

Figure 6.1c.

The controller successfully stabilizes the IWP from its downward position q1 = π/3

to the upward unstable equilibrium position q1 = 0 in 4 seconds. The Wheel comes

to rest in less than 7 seconds. The results are similar to those obtained with SMC

law 4.12 and STA (5.14) but the attractive region is limited to q1 = π/2 due to

singularity at q1 = π/2 in the control law Eq. (6.33). The controller is able to

keep the system stable at its unstable equilibrium position in the presence of wide

parametric variations. Disturbance rejection is also good and reflected by a similar

opposite corrective action in the control in the Figure 6.1e. Moreover, the control

action is smooth that is necessary for mechanical control systems, and hence, is

an obvious great advantage over standard SMC and STA control laws.
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Figure 6.1: IWP - Closed loop response with control law (6.25) (K1 = 500,
K2 = 400) and observer (6.26) (λ1 = 2, λ2 = 3), sliding parameters (α = 3,
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6.2.2.3 The TORA System

Figure 3.1b shows the schematics of the TORA system. Choose the physical

parameters of TORA as specified in [16] and used in [24]:

m1 = 1.3608 (kg), m2 = 0.096 (kg), I2 = 0.0002175 (kg.m2), r = 0.0592 (m),

k = 186.3 (N.m−1), ε = 0.200.

According to Eqs. (3.9) and (6.4), the nominal dynamics of the TORA are:

(m1 +m2)q̈1 +m2r cos(q2)q̈2 −m2r sin(q2)q̇
2
2 + kq1 = 0 (6.34a)

m2r cos(q2)q̈1 + (I2 +m2r
2)q̈2 +m2rg sin(q2) = u (6.34b)

Using the input and state transformations in (6.5) and (6.6), the normal form in

Eq. (6.9) for the TORA is:

z̈ = −k1z + k2 sin(ξ) (6.35a)

ξ̈ = v (6.35b)

where k1 =
k

m1 +m2

, k2 =
km2r

(m1 +m2)2
.

Note that in Eq. (6.35a), k1 > 0, and hence the first term −k1z on the right

hand side is naturally helpful in the stabilization of the system. Therefore leave

this term and choose the sliding manifold in accordance with Eq. (6.11) as the

following:

σ = k2 sin(ξ) + αż (6.36)

Note that σ does not explicitly depends on ξ̇, the relative degree of system (6.36)

is 2, and the design Case B is applicable.

In terms of coordinates (q1, q̇1, q2, q̇2) of the TORA (6.34) we have

σ = k2 sin(q2) + α

(
q̇1 +

m2r

m1 +m2

q̇2 cos(q2)

)
(6.37)

σ̇ = k2q̇2 cos(q2) + k2α sin(q2)− k1α
(
q1 +

m2r

m1 +m2

sin(q2)

)
(6.38)
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In Eq. (6.23), b(z, ż, ξ, ξ̇) in terms of (q1, q̇1, q2, q̇2) is:

b(q1, q̇1, q2, q̇2) = k2 cos(q2) (6.39)

The final real control u for the TORA (6.34) is given by (6.5) with v given by

(6.23) and w given by (6.25) and (6.26). Fig. 6.2 shows simulation results for the

TORA further discussed in the next section.

6.2.2.4 Performance Analysis of The TORA System

Figure 6.2 shows closed loop response of the TORA system with control law (6.25)

in the presence of parameter variations and external disturbance. The controller

gains are chosen as K1 = 20, K2 = 25, observer gain as λ1 = 1.5, λ2 = 2 and

the sliding parameters as α = 1.5, β = 0. Parametric variations is chosen as 25%

decrease from t = 4(s) to t = 6(s) and 25% increase from t = 6(s) to t = 8(s).

The matched disturbance d(t) = 0.025 sin
(√

k
m1
t
)

is applied to system at time

intervals shown in Figure 6.2c.

Stabilization is achieved similar to that achieved with SMC law 4.12 and STA

(5.14). The controller successfully stabilizes the TORA ststem in less than 5

seconds with the nonlinear benchmark specifications [16] are met, i.e., the closed

loop system is stable and the control effort is less than 0.05 N-m (specifications

states less than 0.1 N-m continuous). The controller is able to withstand wide

parametric variations The effects of the disturbance on system stability are less

compared to STA but greater than SMC. The great advantage is the smooth

control action.
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Figure 6.2: TORA - Closed loop response with control law (6.25) (K1 = 20,
K2 = 25) and observer (6.26) (λ1 = 1.5, λ2 = 2), sliding parameters (α = 1.5,

β = 0), q(0) = [0.025, 0, 0, 0]T
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6.2.2.5 The Acrobot

Figure 3.1a shows the schematics of Acrobot. Choose the physical parameters of

Acrobot according to [27] as:

m1 = 1 (kg), m2 = 1 (kg), L1 = 1 (m), L2 = 2 (m), `1 = 0.5 (m), `2 = 1 (m),

I1 = 0.083 (kg.m2), I2 = 0.33 (kg.m2).

Expression for the nominal dynamics of the Acrobot are achieved by putting the

following in Eq. (6.4):

m11(q2) = m1`
2
1 +m2(L

2
1 + `22) + I1 + I2 + 2m2L1`2 cos(q2)

m12(q2) = m2`
2
2 + I2 +m2L1`2 cos(q2)

m21(q2) = m12

m22(q2) = m2`
2
2 + I2

c1(q1, q̇1, q2, q̇2) = −m2L1`2 sin(q2)(2q̇1q̇2 + q̇22)

c2(q1, q̇1, q2, q̇2) = m2L1`2 sin(q2)q̇
2
1

g1(q1, q2) = −(m1`1 +m2L1)g sin(q1)−m2`2g sin(q1 + q2)

g2(q1, q2) = −m2`2g sin(q1 + q2)

(6.40)

Using the input and state transformations in (6.5) and (6.6), the normal form in

Eq. (6.9) for the Acrobot is:

z̈ =
1

a+ b cos(ξ)

(
k1 sin(ϕ1(z, ξ)) + k2 sin(ϕ2(z, ξ)) + b sin(ξ)ξ̇ż

)
(6.41a)

ξ̈ = v (6.41b)
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where

ϕ1(z, ξ) = z − ξ

2
− w1 tan−1

(
w2 tan

(
ξ

2

))
ϕ2(z, ξ) = z +

ξ

2
− w1 tan−1

(
w2 tan

(
ξ

2

))
w1 =

2c− a√
a2 − b2

w2 =

√
a− b
a+ b

a = m1`
2
1 +m2(L

2
1 + `22) + I1 + I2

b = 2m2L1`2

c = m2`
2
2 + I2

k1 = (m1`1 +m2L1)g

k2 = m2`2g

(6.42)

Note that in Eq. (6.41a), the denominator term (a+b cos(ξ)) is strictly positive for

−π
2
< ξ < π

2
(always positive for the physical parameters used to avoid singularities

in the transformations!), and hence, to achieve the stable system in Eq. (6.12),

choose the sliding manifold in accordance with Eq. (6.11) as the following:

σ = k1 sin(ϕ1(z, ξ)) + k2 sin(ϕ2(z, ξ)) + αż + βz (6.43)

The last term b sin(ξ)ξ̇ż in Eq. (6.41a) is taken into account in controller synthesis

but excluded in the design of sliding manifold in Eq. (6.43) for the following

reasons:

1. including this term in the sliding manifold makes Assumption 6.3 invalid.

2. being a third order, is small near the origin.

3. the coefficient α of ż in the sliding manifold (6.43) can be chosen sufficiently

large to dominate the state dependent coefficient b sin(ξ)ξ̇ of ż in this term.

Reasons (ii) and (iii) are crude assumptions but simulation results justify their

validity.
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Note that σ does not explicitly depends on ξ̇, the relative degree of system (6.43)

is 2, and the design Case B is applicable.

In terms of coordinates (q1, q̇1, q2, q̇2) of the Acrobot (6.40) we have

σ = k1 sin(q1) + k2 sin(q1 + q2) + αq̇1 +
αq̇2 (1 + h0)

2

+ β
(
q1 +

q2
2

+ w1 tan−1 (w2 tan (q2/2))
) (6.44)

σ̇ = k1q̇1 cos(q1) + k2(q̇1 + q̇2) cos(q1 + q2) + βq̇1 +
βq̇2 (1 + h0)

2
+ αh1 (6.45)

In Eq. (6.23), b(z, ż, ξ, ξ̇) in terms of (q1, q̇1, q2, q̇2) is:

b(z, ż, ξ, ξ̇) =
1

2
k1(−1− h0) cos(q1) +

1

2
k2(+1− h0) cos(q1 + q2)

+
αb (2q̇1 + q̇2 (1 + h0)) sin(q2)

2a+ 2b cos(q2)

(6.46)

where

h0 =
w1w2 sec2 (q2/2)

1 + w2
2 tan2 (q2/2)

h1 =
b sin(q2)q̇2 (2q̇1 + q̇2 (1 + h0))h2 + 2k1 sin(q1) + 2k2 sin(q1 + q2)

2a+ 2b cos(q2)

The final real control u for the Acrobot (6.40) is given by (6.5) with v given by

(6.23) and w given by (6.25) and (6.26). Fig. 6.3 shows simulation results for the

Acrobot further discussed in the next section.

6.2.2.6 Performance Analysis of The Acrobot

Figure 6.3 shows closed loop response of the Acrobot with control law (6.25) in

the presence of external disturbance and parameter variations. The controller

gains are chosen as K1 = 75, K2 = 50, observer gain as λ1 = 1, λ2 = 3 and

the sliding parameters as α = 8, β = 16. Parametric variations is chosen as 25%

decrease from t = 4(s) to t = 6(s) and 25% increase from t = 6(s) to t = 8(s). A

large magnitude disturbance d(t) = 4 sin (πt) is applied to system at time intervals

shown in Figure 6.3c.
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The controller successfully stabilizes the Acrobot from the the initial position

q(0) =
[
−π

6
, 0, π

3
, 0
]T

to the upward unstable equilibrium position q1 = 0 in 5

seconds. The controller keep the system stable at its unstable position even in

the presence of wide parametric variations and large external disturbance. The

control action is smooth.
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Figure 6.3: Acrobot - Closed loop response with control law (6.25) (K1 = 75,
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6.3 Smooth HOSM Design for Class-II Under-

actuated Mechanical Systems

Consider Class-II underactuated mechanical systems described by:

m11(q2)q̈1 +m12(q2)q̈2 + c1(q, q̇) + g1(q1, q2) = u (6.47a)

m21(q2)q̈1 +m22(q2)q̈2 + c2(q, q̇) + g2(q1, q2) = 0 (6.47b)

Using the following collocated partial feedback linearizing control:

u = (m12 −m11m
−1
21m22)v + c1 + g1 −m11m

−1
21 (c2 + g2) (6.48)

where v is a new control input, and the nonlinear coordinate transformation [96]:

z1 = q1 + ψ(q2)

z2 = m21(q2)q̇1 +m22(q2)q̇2

ξ1 = q2

ξ2 = q̇2

ψ(q2) =

∫ q2

0

m−121 (θ)m22(θ)dθ

(6.49)

transforms the dynamics in Eq. (6.47) into the following nontriangular quadratic

normal form:

ż1 = m−121 (ξ1)z2

ż2 = −g2(z1 − ψ(ξ1), ξ1) +
ḿ11(ξ1)

2m2
21(ξ1)

z22 +

(
ḿ21(ξ1)

m21(ξ1)
− m22(ξ1)ḿ11(ξ1)

m2
21(ξ1)

)
z2ξ2

+

(
m2

22(ξ1)

2m2
21(ξ1)

ḿ11(ξ1)−
m22(ξ1)

m21(ξ1)
ḿ21(ξ1) +

1

2
ḿ22(ξ1)

)
ξ22

ξ̇1 = ξ2

ξ̇2 = v

(6.50)
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which can be written, alternatively, as

z̈ = −m−121 (ξ)g2(z − ψ(ξ), ξ) +
1

2
ḿ11(ξ)m

−1
21 (ξ)

(
ż −m−121 (ξ)m22(ξ)ξ̇

)2
−m−221 (ξ)ḿ21(ξ)m22(ξ)ξ̇

2 +
1

2
m−121 (ξ)ḿ21(ξ)ξ̇

2

ξ̈ = v

(6.51)

where´denotes d/dq2.

In general, the normal form (6.51) comprises a block of (m) second order nonlin-

ear actuated z−subsystems and a block of n −m second order linear unactuated

ξ−subsystems. The beauty of the normal form is that, with ξ as output with

global uniform relative degree two, the first block represents the Lagrangian zero

dynamics for the second block. Treating ξ as control input for the first block, the

form reduces the control of the original underactuated nonlinear system (6.47) to

the control of the reduced order z−subsystem in (6.51).

Remark 6.12. The explicit transformation (6.49) applies to two degrees of freedom

underactuated mechanical systems. Higher order systems can be reduced to form

(6.51) through the procedure outlined in [94].

To stabilize the nonlinear underactuated dynamics in Eq. (6.47), design sliding

manifold and sliding mode control to stabilize its transformed normal form in Eq.

(6.51) rewritten as:

z̈ = f(z, ż, ξ, ξ̇) (6.52a)

ξ̈ = v +D(z, ż, ξ, ξ̇, t) (6.52b)

where z ∈ <(m), ξ ∈ <(n−m), and D(z, ż, ξ, ξ̇, t) represents the lumped effect of

all uncertainties after transformation.

The normal form (6.52) is the same as (6.9) and consider here the same Assump-

tions 6.1-6.4. Remark 6.7 is applicable here too.
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6.3.1 Nonlinear Sliding Manifold and Control Law Design

Since the general normal form (6.52) is the same as in (6.9), we apply the design

procedure in Section 6.2.1.

6.3.2 Application to Class-II Underactuated Mechanical

Systems

We apply the results the Furuta Pendulum, the Overhead Crane, the Cart-Pole

system, the Pendubot, and the Beam-and-Ball system.

6.3.2.1 The Furuta Pendulum

Figure 3.2b shows the schematics of Furuta Pendulum. Choose the physical pa-

rameters of Furuta Pendulum according to [94] as:

m1 = 1.0 (kg), L1 = 1.0 (m), `1 = 0.5 (m), m2 = 1.0 (kg), L2 = 1.5 (m), `2 = 0.75

(m) and g = 9.8 (m.s−2).

According to Eqs. (3.13) and (6.47), the nominal dynamics of the Furuta Pendu-

lum are:

(
I1 +m1`

2
1 +m2

(
L2
1 + `22 sin2(q2)

))
q̈1 +m2L1`2 cos(q2)q̈2

+2m2`
2
2 sin(q2) cos(q2)q̇1q̇2 −m2`2L1 sin(q2)q̇

2
2 = u (6.53a)

m2L1`2 cos(q2)q̈1 +
(
I2 +m2`

2
2

)
q̈2

−m2`
2
2 sin(q2) cos(q2)q̇

2
1 −m2`2g sin(q2) = 0 (6.53b)
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Using the input and state transformations in (6.48) and (6.49), the normal form

in Eq. (6.52) for the Furuta Pendulum is:

z̈ =

k1 + k2

(
ż − k3ξ̇

)2
cos(ξ)

+ k4
ξ̇2

cos(ξ)

 tan(ξ) (6.54a)

ξ̈ = v (6.54b)

where k1 =
g

L1

, k2 =
1

m2
2L

3
1`2

, k3 = (I2 +m2`
2
2) and k4 =

(I2 +m2`
2
2)

m2L1`2
.

Note that in (6.54a), the term in the parenthesis in front of tan(ξ) is strictly

positive for −π
2
< ξ <

π

2
, and hence to achieve the stable system in (6.12), Choose

the nonlinear sliding manifold, in accordance with Eq. (6.11) as the following:

σ = tan(ξ) + αż + βz (6.55)

Note that σ does not explicitly depends on ξ̇, the relative degree of system (6.55)

is 2 and the design Case B is applicable.

In terms of coordinates (q1, q̇1, q2, q̇2) of the Furuta Pendulum (6.53) we have

σ = αq̇1 + αk4q̇2 sec(q2) + βq1 + βk4ln (sec(q2) + tan(q2)) + tan(q2) (6.56)

σ̇ = αk2 (αq̇1 + αk4q̇2 sec(q2)− k3q̇2)2 sec(q2) tan(q2) + αk1 tan(q2)

+ αk4q̇
2
2 sec(q2) tan(q2) + q̇2 sec2(q2) + αβq̇1 + αβk4q̇2 sec(q2)

(6.57)

In Eq. (6.23), b(z, ż, ξ, ξ̇) in terms of (q1, q̇1, q2, q̇2) is:

b(q1, q̇1, q2, q̇2) = sec2(q2) + 2αq̇2(k4 + k2k
2
3) sec(q2) tan(q2)

− 2αk2k3(q̇1 + k4q̇2 sec(q2)) sec(q2) tan(q2)
(6.58)

The final real control u for the Furuta Pendulum (6.53) is given by (6.48) with

v given by (6.23) and w given by (6.25) and (6.26). Fig. 6.4 shows simulation

results for the Furuta Pendulum further discussed in the next section.



Smooth HOSM Design for Underactuated Mechanical Systems 153

6.3.2.2 Performance Analysis of The Furuta Pendulum

Figure 6.4 shows closed loop response of the Furuta Pendulum with control law

(6.25) in the presence of external disturbance parametric variations. The controller

gains are chosen as K1 = 25, K2 = 20, observer gain as λ1 = 1, λ2 = 3 and the

sliding parameters as α = 0.3061, β = 0.2041. Parametric variations is chosen as

25% decrease from t = 4(s) to t = 6(s) and 25% increase from t = 6(s) to t = 8(s).

The matched disturbance d(t) = 1 sin (πt) is applied to system at time intervals

shown in Figure 6.4c.

The controller successfully stabilizes the Furuta Pendulum to the upward unstable

equilibrium position q1 = 0 in 5 seconds. The controller is able to keep the

system stable at is unstable equilibrium position in the presence of wide parametric

variations. Disturbance rejection is also good and reflected by a similar opposite

corrective action in the control in the Figure 6.4e. The control action is smooth

that is necessary for mechanical control systems, and hence, is an obvious great

advantage compared to SMC and STA design.
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6.3.2.3 The Overhead Crane

Figure 3.2d shows the schematics of Overhead Crane. Choose the physical param-

eters of Overhead Crane according to [37] as:

M = 30.0 (kg), L = 2.0 (m), m = 20.0 (kg), and g = 9.8 (m.s−2).

According to Eqs. (3.15) and (6.47), the nominal dynamics of the Overhead Crane

are:

(M +m)q̈1 +mL cos(q2)q̈2 −mL sin(q2)q̇
2
2 = u (6.59a)

mL cos(q2)q̈1 +mL2q̈2 +mLg sin(q2) = 0 (6.59b)

Using the input and state transformations in (6.48) and (6.49), the normal form

in Eq. (6.52) for the Overhead Crane is:

z̈ =

(
−g + L

ξ̇2

cos(ξ)

)
tan(ξ) (6.60a)

ξ̈ = v (6.60b)

Note that in (6.60a), the term

(
−g + L

ξ̇2

cos(ξ)

)
is not strictly positive or negative.

To solve this problem the following assumptions and explanation are presented.

First, for practical crane systems, the payload swing angle q2 = ξ is usually less

than
π

18
radians and the payload swing velocity |q̇2| = |ξ̇| < 1 radians/second and

hence
ξ̇2

cos(ξ)
� 1. Second, assume L < g. Therefore

(
−g + L

ξ̇2

cos(ξ)

)
can be

assumed to be strictly negative.

With the above assumptions and explanation in hand, to achieve the stable system

in (6.12), choose the nonlinear sliding manifold, in accordance with Eq. (6.11) as

the following:

σ = tan(ξ)− αż − βz (6.61)
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Note that σ does not explicitly depends on ξ̇, the relative degree of system (6.61)

is 2 and the design Case B is applicable.

In terms of coordinates (q1, q̇1, q2, q̇2) of the Overhead Crane (6.59) we have

σ = −αq̇1 − αLq̇2 sec(q2)− βq1 − βLln (sec(q2) + tan(q2)) + tan(q2) (6.62)

σ̇ = sec2(q2)q̇2 − α
(
−g + Lq̇22 sec(q2)

)
tan(q2)− βq̇1 − βLq̇2 sec(q2) (6.63)

In Eq. (6.23), b(z, ż, ξ, ξ̇) in terms of (q1, q̇1, q2, q̇2) is:

b(q1, q̇1, q2, q̇2) = sec2(q2)− 2αLq̇2 sec(q2) tan(q2) (6.64)

The final real control u for the Overhead Crane (6.59) is given by (6.48) with v

given by (6.23) and w given by (6.25) and (6.26). Fig. 6.5 shows simulation results

for the Overhead Crane further discussed in the next section.

6.3.2.4 Performance Analysis of The Overhead Crane

Figure 6.5 shows closed loop response of the Overhead Crane with control law

(6.25) in the presence of external disturbance parametric variations. The controller

gains are chosen as K1 = 1, K2 = 1.6, observer gain as λ1 = 1, λ2 = 3 and the

sliding parameters as α = 0.2041, β = 0.1020. Parametric variations is chosen

as 10% decrease from t = 4(s) to t = 6(s) and 10% increase from t = 6(s) to

t = 8(s). A large matched disturbance d(t) = 10 sin (πt) is applied to system at

time intervals shown in Figure 6.5c.

The Crane successfully transports the payload to the desired position q1des = 20(m)

in less than 12 seconds while the payload swing angle q2 remains within the desired

range of |q2| <
π

18
= 0.1745 radians, i.e., within 10 degrees. Comparing to [37] the

results are considerably improved. A desired position of 20(m) instead of 14(m)

is achieved with the payload swing angle less than 10 degree instead of greater

than 10 degree. The peak control force is less than 100(N) instead of greater than

200(N) and the peak velocity of the Crane is less than 5(m/s). The controller
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withstands wide parametric variations and response is robust ro large external

disturbance. Moreover, the control action is smooth.
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Figure 6.5: The Overhead Crane - Closed loop response with control law (6.25)
(K1 = 1, K2 = 1.6) and observer (6.26) (λ1 = 1, λ2 = 3), sliding parameters

(α = 0.2041, β = 0.1020), q(0) = [0, 0, 0, 0]T
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6.3.2.5 The Cart-Pole System

Figure 3.2c shows the schematics of Cart-Pole system. Choose the physical pa-

rameters of Cart-Pole system according to [94] as:

m1 = 1.0 (kg), m2 = 1.0 (kg), `2 = 0.75 (m), and g = 9.8 (m.sec−2).

According to Eqs. (3.14) and (6.47), the nominal dynamics of the Cart-Pole system

are:

(m1 +m2)q̈1 +m2`2 cos(q2)q̈2 −m2`2 sin(q2)q̇
2
2 = u (6.65a)

m2`2 cos(q2)q̈1 + (I2 +m2`
2
2)q̈2 −m2`2g sin(q2) = 0 (6.65b)

Using the input and state transformations in (6.48) and (6.49), the normal form

in Eq. (6.52) for the Cart-Pole is:

z̈ =

(
g + k1

ξ̇2

cos(ξ)

)
tan(ξ) (6.66a)

ξ̈ = v (6.66b)

where k1 =
(I2 +m2`

2
2)

m2`2
.

Note that in (6.66a), the term

(
g + k1

ξ̇2

cos(ξ)

)
is strictly positive for −π

2
< ξ <

π

2
,

and hence to achieve the stable system in (6.12), choose the nonlinear sliding

manifold, in accordance with Eq. (6.11) as the following:

σ = tan(ξ) + αż + βz (6.67)

Note that σ does not explicitly depends on ξ̇, the relative degree of system (6.67)

is 2 and the design Case B is applicable.

In terms of coordinates (q1, q̇1, q2, q̇2) of the Cart-Pole (6.65) we have

σ = αq̇1 + αk1q̇2 sec(q2) + βq1 + βk1ln (sec(q2) + tan(q2)) + tan(q2) (6.68)
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σ̇ = sec2(q2)q̇2 + α
(
g + k1q̇

2
2 sec(q2)

)
tan(q2) + βq̇1 + βk1q̇2 sec(q2) (6.69)

In Eq. (6.23), b(z, ż, ξ, ξ̇) in terms of (q1, q̇1, q2, q̇2) is:

b(q1, q̇1, q2, q̇2) = sec2(q2) + 2αk1q̇2 sec(q2) tan(q2) (6.70)

The final real control u for the Cart-Pole (6.65) is given by (6.48) with v given by

(6.23) and w given by (6.25) and (6.26). Fig. 6.6 shows simulation results for the

Cart-Pole further discussed in the next section.

6.3.2.6 Performance Analysis of The Cart-Pole System

Figure 6.6 shows closed loop response of the Cart-Pole with control law (6.25) in

the presence of external disturbance parametric variations. The controller gains

are chosen as K1 = 20, K2 = 15, observer gain as λ1 = 3, λ2 = 5 and the sliding

parameters as α = 0.1531, β = 0.0510. Parametric variations is chosen as 25%

decrease from t = 4(s) to t = 6(s) and 25% increase from t = 6(s) to t = 8(s). The

matched disturbance d(t) = 5 sin (πt) is applied to system at time intervals shown

in Figure 6.6c.

The controller successfully stabilizes the Cart-Pole system in 12 seconds. The

initial conditions in Figure 6.6 is the same as in [94]. Comparing to [94] the

overshoot/undershoot in the Cart position and the Pole angle are considerably

improved. Similarly the settling time and the undershoot in the control effort

is improved. The controller is able to keep the system stable at its unstable

equilibrium position in the presence of wide parametric variations. Disturbance

rejection is also good and reflected by a similar opposite corrective action in the

control in the Figure 6.6e. Moreover, control action is smooth as needed for

mechanical control systems.
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Figure 6.6: The Cart-Pole - Closed loop response with control law (6.25)
(K1 = 20, K2 = 15) and observer (6.26) (λ1 = 3, λ2 = 5), sliding parameters

(α = 0.1531, β = 0.0510), q(0) = [5, 0, π/3, 0]T .
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6.3.2.7 The Pendubot

Figure 3.2a shows the schematics of Pendubot. Choose the physical parameters

of Pendubot similar to the Acrobot as:

m1 = 1 (kg), m2 = 1 (kg), L1 = 1 (m), L2 = 2 (m), `1 = 0.5 (m), `2 = 1 (m),

I1 = 0.083 (kg.m2), I2 = 0.33 (kg.m2).

Expression for the nominal dynamics of the Pendubot is achieved by putting the

following in Eq. (6.47):

m11(q2) = m1`
2
1 +m2(L

2
1 + `22) + I1 + I2 + 2m2L1`2 cos(q2)

m12(q2) = m2`
2
2 + I2 +m2L1`2 cos(q2)

m21(q2) = m12

m22(q2) = m2`
2
2 + I2

c1(q1, q̇1, q2, q̇2) = −m2L1`2 sin(q2)(2q̇1q̇2 + q̇22)

c2(q1, q̇1, q2, q̇2) = m2L1`2 sin(q2)q̇
2
1

g1(q1, q2) = −(m1`1 +m2L1)g sin(q1)−m2`2g sin(q1 + q2)

g2(q1, q2) = −m2`2g sin(q1 + q2)

(6.71)

Using the input and state transformations in (6.48) and (6.49), the normal form

in Eq. (6.52) for the Pendubot is:

z̈ =
1

c+ b cos(ξ)

k sin(ϕ(z, ξ))− b sin(ξ)

(ż − cξ̇

c+ b cos(ξ)

)2

− cξ̇2

c+ b cos(ξ)


(6.72a)

ξ̈ = v (6.72b)
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where

ϕ(z, ξ) = z + ξ − w1 tan−1
(
w2 tan

(
ξ

2

))
w1 =

2c√
c2 − b2

w2 =

√
c− b
c+ b

a = m1`
2
1 +m2(L

2
1 + `22) + I1 + I2

b = m2L1`2

c = m2`
2
2 + I2

k = m2`2g

(6.73)

Note that in Eq. (6.72a), the denominator term (c+b cos(ξ)) is strictly positive for

−π
2
< ξ < π

2
(always positive for the physical parameters used to avoid singularities

in the transformations!), and hence to achieve the stable system in (6.12), choose

the nonlinear sliding manifold, in accordance with Eq. (6.11) as the following:

σ = k sin(ϕ(z, ξ)) + αż + βz (6.74)

The last term in Eq. (6.72a) is taken into account in controller synthesis but

excluded in the design of sliding manifold in Eq. (6.74) for the following reasons:

1. including this term in the sliding manifold makes Assumption 6.3 invalid.

2. being higher order, is small near the origin.

Reason (ii) is a crude assumption but simulation results justify its validity.

Note that σ does not explicitly depends on ξ̇, the relative degree of system (6.74)

is 2 and the design Case B is applicable.

In terms of coordinates (q1, q̇1, q2, q̇2) of the Pendubot (6.71) we have

σ = k sin(q1 + q2) + α(q̇1 + h0q̇2) + β
(
q1 + w1 tan−1 (w2 tan (q2/2))

)
(6.75)

σ̇ = k(q̇1 + q̇2) cos(q1 + q2) + β(q̇1 + h0q̇2) + αh1 (6.76)
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In Eq. (6.23), b(z, ż, ξ, ξ̇) in terms of (q1, q̇1, q2, q̇2) is:

b(q1, q̇1, q2, q̇2) =
2αbc sin(q2) ((q̇1 + h0q̇2) (a+ 2b cos(q2))− cq̇2 + (a+ 2b cos(q2))q̇2)

(a+ 2b cos(q2))3

+ k(1− h0) cos(q1 + q2)

(6.77)

where

h0 =
1

2

w1w2 sec2 (q2/2)

1 + w2
2 tan2 (q2/2)

h1 =
−b sin(q2) (((q̇1 + h0q̇2) (a+ 2b cos(q2))− cq̇2)2 − c(a+ 2b cos(q2))q̇

2
2)

(a+ 2b cos(q2))3

+
k(a+ 2b cos(q2))

2 sin(q1 + q2)

(a+ 2b cos(q2))3

The final real control u for the Pendubot (6.71) is given by (6.48) with v given by

(6.23) and w given by (6.25) and (6.26). Fig. 6.7 shows simulation results for the

Pendubot further discussed in the next section.

6.3.2.8 Performance Analysis of The Pendubot

Figure 6.7 shows closed loop response of the Pendubot with control law (6.25) in

the presence of external disturbance parametric variations. The controller gains

are chosen as K1 = 125, K2 = 100, observer gain as λ1 = 3, λ2 = 5 and the sliding

parameters as α = 8, β = 16. Parametric variations is chosen as 25% decrease

from t = 4(s) to t = 6(s) and 25% increase from t = 6(s) to t = 8(s). The matched

disturbance d(t) = 5 sin (πt) is applied to system at time intervals shown in Figure

6.7c.

The controller successfully stabilizes the Pendubot in less than 4 seconds. The

controller is able to keep the system stable at its unstable equilibrium position in

the presence of wide parametric variations. System response is robust to a large

disturbance. Moreover, control action is smooth.
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6.3.2.9 The Beam-and-Ball System

Figure 3.2e shows the schematics of Beam-and-Ball system. Choose the physical

parameters of Beam-and-Ball system according to [63, 64] as the following:

m = 0.05 (kg), I1 = 0.02 (kg.m2), I2 = 2×10−6 (kg.m2), r = 0.01 (m), g = 9.8

(m.s−2).

Using Eq. (3.16) with d = 0 in Eq. (6.47) gives the nominal dynamics of the

Beam-and-Ball system, as in [63, 64]:

(
I1 +mq22

)
q̈1 + 2mq̇1q2q̇2 +mgq2 cos(q1) = u (6.78a)(

m+
I2
r2

)
q̈2 −mq2q̇21 +mg sin(q1) = 0 (6.78b)

Using the control input transformation

u =
(
I1 +mq22

)
v + 2mq̇1q2q̇2 +mgq2 cos(q1) (6.79)

where v is a new control input and writing [z1, z2, ξ1, ξ2]
T = [q2, q̇2, q1, q̇1]

T , the

normal form in Eq. (6.52) for the Beam-and-Ball system is:

z̈ = k0ξ̇
2z − k0g sin(ξ) (6.80a)

ξ̈ = v (6.80b)

where k0 =
1

1 +
I2
mr2

= 0.7143.

Choose the nonlinear sliding manifold, in accordance with Eq. (6.11) as the fol-

lowing:

σ = −k0g sin(ξ) + αż + βz (6.81)

The first term k0ξ̇
2z in (6.80a) is taken into account in controller synthesis but

excluded in the design of sliding manifold in (6.81) for the following reasons:

1. including this term in the sliding manifold results in undefined relative degree

at the origin and Assumption 6.3 becomes invalid.
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2. being third order, is small near the origin.

3. To achieve the stable system in (6.12), the coefficient β of z in the slid-

ing manifold (6.81) can be chosen sufficiently large to dominate the strictly

positive state dependent coefficient k0ξ̇
2 of z in (6.80a). The Beam veloc-

ity q̇1 = ξ̇ is usually less than 2 radians/second, and hence, k0ξ̇
2 < 2 and

choosing β ≥ 2 is sufficient.

Reasons (ii) and (iii) are crude assumptions but simulation results justify their

validity.

Note that σ does not explicitly depends on ξ̇, the relative degree of system (6.81)

is 2 and the design Case B is applicable.

In terms of coordinates (q1, q̇1, q2, q̇2) of the Beam-and-Ball (6.78) we have

σ = −k0g sin(q1) + αq̇2 + βq2 (6.82)

σ̇ = −k0gq̇1 cos(q1) + αk0q̇
2
1q2 − αk0g sin(q1) + βq̇2 (6.83)

In Eq. (6.23), b(z, ż, ξ, ξ̇) in terms of (q1, q̇1, q2, q̇2) is:

b(q1, q̇1, q2, q̇2) = 2k0αq2q̇2 − k0g cos(q1) (6.84)

The final real control u for the Beam-and-Ball system (6.78) is given by (6.79)

with v given by (6.23) and w given by (6.25) and (6.26). Figures 6.8-6.10 shows

simulation results for the Beam-and-Ball further discussed in the next section.

6.3.2.10 Performance Analysis of The Beam-and-Ball System

Figures 6.8 and 6.9 show closed loop response of the Beam-and-Ball system with

control law (6.25) in the presence of external disturbance parametric variations.

The controller gains are chosen as K1 = 5, K2 = 6, observer gain as λ1 = 4, λ2 = 5

and the sliding parameters as α = 1.5, β = 1.5. Parametric variations is chosen as

25% decrease from t = 4(s) to t = 6(s) and 25% increase from t = 6(s) to t = 8(s).
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The matched disturbance d(t) = 0.25 sin (πt) is applied to system at time intervals

shown in Figures 6.8c-6.9c.

The initial condition, in Figure 5.3, is the same as in HOCSMC [64]. Comparing

to [64], the settling time and the overshoots/undershoots in the Ball position are

considerable improved. Shown in [64], for this initial condition, the HOCSMC

based on [63] becomes unstable. Figure 5.4 shows repose for a larger initial con-

dition.

System response is robust to wide parametric variations but is sensitive to small

disturbance. The effects of applied disturbance on stability are made visible in

simulation. Small variations in Beam angle due to disturbance cause large vari-

ation in Ball position, which is unactuated, and then the control takes action by

changing the Beam angle to bring the Ball back to desired position.. Furthermore,

the control action is smooth.

Figure 5.5 shows tracking response of the Beam-and-Ball system with control law

(6.25). The Ball perfectly tracks the desired square wave signal of amplitude 5(m).

The settling time is 6 seconds and the control effort is within range. Comparing

to SMC tracking in Figure 4.16, the results are improved with the extra advantage

of that the control action is now smooth.
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Figure 6.8: The Beam-and-Ball - Closed loop response with control law (6.25)
(K1 = 5, K2 = 6) and observer (6.26) (λ1 = 4, λ2 = 5), sliding parameters

(α = 1.5, β = 1.5), q(0) = [−0.6, 0, 1.0, 0]T .
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Figure 6.9: The Beam-and-Ball - Closed loop response with control law (6.25)
(K1 = 5, K2 = 6) and observer (6.26) (λ1 = 4, λ2 = 5), sliding parameters

(α = 1.5, β = 1.5), q(0) = [1.5, 0, 10.0, 0]T .
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Figure 6.10: The Beam-and-Ball - Closed loop tracking response with control
law (6.25) (K1 = 5, K2 = 6) and observer (6.26) (λ1 = 4, λ2 = 5), sliding

parameters (α = 1.5, β = 1.5), q(0) = [0, 0, 0, 0]T .
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6.4 Comparison of Proposed Control Design Strate-

gies

This section provides a comparison the proposed control design strategies. Figures

6.11-6.15 show and compare the responses of the standard sliding mode control

(SMC), the Super-Twisting Algorithm (STA), and Smooth Second Order Sliding

Mode (SSOSM) controls for the Inertia-Wheel Pendulum, TORA, the Beam-and-

Ball, the Cart-Pole, and the Overhead Crane.

The simulation results show satisfactory response for the all the three control

strategies. However, the SMC has excessive chattering in the control action which

is not suitable for mechanical control systems. The chattering is significantly

reduced in the STA and further smoothed by the SSOSM. The SMC has the

advantage of finite time convergence of the sliding variable which is asymptotic

for the STA and SSOSM. Furthermore, the system response is robust to matched

disturbance.

For the IWP the overshoot in the wheel position is high for the SSOSM. For

the TORA the three responses are almost the same. For the Beam-and-Ball the

undershoots are high for the SMC. For the Cart-Pole the overshoot is high for the

SMC. For the Overhead Crane the overshoot is high for the STA.
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Figure 6.11: IWP - Comparison of SMC law (4.12) (Γ = 2000.0), STA law
(5.14) (λ1 = −0.01, λ2 = −0.02) and SSOSM law (6.25) (K1 = 500, K2 = 400),

q(0) = [π/3, 0, 0, 0]T .
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Figure 6.12: TORA - Comparison of SMC law (4.12) (Γ = 1), STA law
(5.14) (λ1 = 0.075, λ2 = 0.050) and SSOSM law (6.25) (K1 = 500, K2 = 400),

q(0) = [0.025, 0, 0, 0]T
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Figure 6.13: The Beam-and-Ball - Comparison of SMC law (4.12) (Γ = 2.5),
STA law (5.14) (λ1 = −4.0, λ2 = −0.5) and SSOSM law (6.25) (K1 = 5,

K2 = 6), q(0) = [1.3, 0, 3.0, 0]T .
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Figure 6.14: The Cart-Pole - Comparison of SMC law (4.12) (Γ = 0.75), STA
law (5.14) (λ1 = −35.0, λ2 = −2.5) and SSOSM law (6.25) (K1 = 20, K2 = 15),

q(0) = [5, 0, π/3, 0]T .
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Figure 6.15: The Overhead Crane - Comparison of SMC law (4.12) (Γ = 0.45),
STA law (5.14) (λ1 = −80.0, λ2 = −0.5) and SSOSM law (6.25) (K1 = 1,

K2 = 1.6), q(0) = [0, 0, 0, 0]T
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6.5 Novelty Highlights

Table 6.1: Lagrangian Zero Dynamic Function f(z, ż, ξ, ξ̇) in Eqs. (6.9), (6.52)

System f(z, ż, ξ, ξ̇)

IWP k1 sin(z − k2ξ)
TORA −k1z + k2 sin(ξ)

Acrobot 1
a+b cos(ξ)

(
k1 sin(ϕ1(z, ξ)) + k2 sin(ϕ2(z, ξ)) + b sin(ξ)ξ̇ż

)
Beam-and-Ball k0ξ̇

2z − k0g sin(ξ)

Cart-Pole
(
g + k1

ξ̇2

cos(ξ)

)
tan(ξ)

Overhead Crane
(
−g + L ξ̇2

cos(ξ)

)
tan(ξ)

Furuta Pendulum

(
k1 + k2

(ż−k3ξ̇)
2

cos(ξ)
+ k4

ξ̇2

cos(ξ)

)
tan(ξ)

Pendubot 1
c+b cos(ξ)

(
k sin(ϕ(z, ξ))− b sin(ξ)

((
ż − cξ̇

c+b cos(ξ)

)2
− cξ̇2

c+b cos(ξ)

))

Table 6.2: Nonlinear Sliding Manifolds in Transformed Coordinates (z, ż, ξ, ξ̇)

System σ(z, ż, ξ, ξ̇)

IWP k1 sin(z − k2ξ) + αż + βz

TORA k2 sin(ξ) + αż

Acrobot k1 sin(ϕ1(z, ξ)) + k2 sin(ϕ2(z, ξ)) + αż + βz

Beam-and-Ball −k0g sin(ξ) + αż + βz

Cart-Pole tan(ξ) + αż + βz

Overhead Crane tan(ξ)− αż − βz
Furuta Pendulum tan(ξ) + αż + βz

Pendubot k sin(ϕ(z, ξ)) + αż + βz

Table 6.3: Nonlinear Sliding Manifolds in Actual Coordinates (q1, q̇1, q2, q̇2)

System σ(q1, q̇1, q2, q̇2)

IWP α (q̇1 + k2q̇2) + k1 sin(q1) + β (q1 + k2q2)

TORA k2 sin(q2) + α
(
q̇1 + m2r

m1+m2
q̇2 cos(q2)

)
Acrobot k1 sin(q1) + k2 sin(q1 + q2) + αq̇1 + αq̇2 (1 + h0) /2 + β

(
q1 +

q2
2

+ w1 tan−1 (w2 tan (q2/2))
)

BB −k0g sin(q1) + αq̇2 + βq2
CP αq̇1 + αk1q̇2 sec(q2) + βq1 + βk1ln (sec(q2) + tan(q2)) + tan(q2)
OC −αq̇1 − αLq̇2 sec(q2)− βq1 − βLln (sec(q2) + tan(q2)) + tan(q2)
FP αq̇1 + αk4q̇2 sec(q2) + βq1 + βk4ln (sec(q2) + tan(q2)) + tan(q2)

Pendubot k sin(q1 + q2) + α(q̇1 + h0q̇2) + β
(
q1 + w1 tan−1 (w2 tan (q2/2))

)
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Table 6.4: Control Coefficient b(q1, q̇1, q2, q̇2) in Eq. (6.24)

System b(q1, q̇1, q2, q̇2)

IWP k1k2 cos(q1)
TORA k2 cos(q2)

Acrobot 1
2k1(−1− h0) cos(q1) + 1

2k2(+1− h0) cos(q1 + q2) +
αb (2q̇1 + q̇2 (1 + h0)) sin(q2)

2a+ 2b cos(q2)
BB 2k0αq2q̇2 − k0g cos(q1)
CP sec2(q2) + 2αk1q̇2 sec(q2) tan(q2)
OC sec2(q2)− 2αLq̇2 sec(q2) tan(q2)
FP sec2(q2) + 2αq̇2(k4 + k2k

2
3) sec(q2) tan(q2)− 2αk2k3(q̇1 + k4q̇2 sec(q2)) sec(q2) tan(q2)

Pendubot
2αbc sin(q2) ((q̇1 + h0q̇2) (a+ 2b cos(q2))− cq̇2 + (a+ 2b cos(q2))q̇2)

(a+ 2b cos(q2))3
+ k(1− h0) cos(q1 + q2)
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6.6 Chapter Summary and Conclusions

We presented a comprehensive robust and smooth control design framework for

underactuated mechanical systems. The framework builds on the design of novel

nonlinear sliding manifolds for underactuated mechanical systems and the appli-

cation of smooth HOSM control to achieve both smooth control and global results.

The design framework was applied and the results were compared to standard ones

for the following benchmark underactuated mechanical systems:

A. Class-I Underactuated Mechanical Systems:

1. The Inertia-Wheel Pendulum

2. The TORA System

3. The Acrobot

B. Class-II Underactuated Mechanical Systems:

1. The Furuta Pendulum

2. The Overhead Crane

3. The Cart-Pole System

4. The Pendubot

5. The Beam-and-Ball System

Based on the results, the following conclusions are drawn.

1. The proposed smooth HOSM framework addresses the control problem of

underactuated mechanical systems in a comprehensive way.

2. The framework makes the complex control design problem of underactuated

mechanical systems much simple.
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3. The framework achieves global convergence of underactuated mechanical

systems.

4. The designed control laws have enhanced stabilization and tracking (set-

point regulation) response for benchmark underactuated mechanical sys-

tems.

5. The results are in agreement with and improved to standard results reported

in the literature.

6. The framework is robust to wide parametric variations and disturbance in

contrast to other works.

7. The control action is smooth.

8. The design procedure is simple compared to other approaches.

The design framework presented in this chapter utilizes no local assumptions and

hence achieves global results. But the nature of dynamics and singularities are

hurdles in the global convergence of underactuated mechanical systems as was

noted for the IWP. Similarly, other pendulum-like underactuated mechanical sys-

tems such as the Furuta Pendulum, the Acrobot, the Pendubot, and the Cart-Pole

system suffer from this problem. In Chapter 7, Swingup Control laws are designed

for underactuated mechanical systems and use the smooth HOSM control laws

developed in this chapter as balancing control and hence achieve global swingup

and stabilization.



Chapter 7

Swingup and Balancing of

Underactuated Mechanical

Systems

In this chapter, the swingup control problem of underactuated mechanical sys-

tems is addressed. Pendulum-like underactuated mechanical systems such as the

IWP, the Acrobot, Furuta Pendulum, and the Pendubot need swingup, from the

downward stable equilibrium position to bring the system near the upward un-

stable equilibrium position, and then switching to a balancing control to stabilize

the system. Although not the primary focus of this research, Swingup Controls

are designed for these system in a more classical way and use the smooth HOSM

controls developed in chapter 6 as balancing controls to demonstrate successful

swingup and balancing. The design concepts are illustrated for the following un-

deractuated mechanical systems:

A. Class-I Underactuated Mechanical Systems:

1. The Inertia-Wheel Pendulum

2. The Acrobot

B. Class-II Underactuated Mechanical Systems:

182
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1. The Furuta Pendulum

2. The Pendubot

7.1 Class-I Underactuated Mechanical Systems

Consider Class-I underactuated mechanical systems described by:

m11(q2)q̈1 +m12(q2)q̈2 + c1(q, q̇) + g1(q1, q2) = 0 (7.1a)

m21(q2)q̈1 +m22(q2)q̈2 + c2(q, q̇) + g2(q1, q2) = u (7.1b)

The Inertia-Wheel Pendulum with Eq. (3.10) and the Acrobot with Eq. (3.8) are

described by Eq. (7.1).

7.1.1 Inertia-Wheel Pendulum (IWP)

The dyanmics of IWP are described by (7.1) with the following

m11(q2) = I1 + I2 +m1l
2
1 +m2L

2
1

m12(q2) = I2

m21(q2) = m12(q2)

m22(q2) = m12(q2)

c1(q, q̇) = 0

c2(q, q̇) = 0

g1(q1, q2) = −(m1l1 +m2L1)g sin(q1)

g2(q1, q2) = 0

(7.2)

Noted that smooth HOSM control w given by (6.25) cannot stabilize the IWP

from below the horizontal axis due to singularity at cos(q1 = π
2
) = 0 in Eq. (6.33).

To stabilize the IWP from the downward stable equilibrium position q1 = π to the

upward unstable equilibrium position q1 = 0, we design Swingup Control. The



Swingup and Balancing of Underactuated Mechanical Systems 184

controller w in Eq. (6.25) can then be used as a balancing controller. We use the

same physical parameters for the IWP as in the previous chapters.

To stabilize the Pendulum position from q1 = π to q1 = 0, partially linearize the

dynamics of IWP with respect to q1. Solving Eq. (7.1a) for q̈2 as

q̈2 = −m−112 (c1 + g1 +m11q̈1) (7.3)

putting the result in Eq. (7.1b) and using the following noncollocated Partial

Feedback Linearizng control

u = uPFL = (m21 −m22m
−1
12m11)vswingup + c2 + g2 −m22m

−1
12 (c1 + g1) (7.4)

where vswingup is a new control to be designed, the dynamics of the IWP become:

q̈1 = vswingup (7.5a)

m12q̈2 + c1 + g1 = −m11vswingup (7.5b)

Equation (7.5a) is linear, a double integrator, and is simple to stabilize. Choose

the following state feedback control law

vswingup = −Kdq̇1 −Kpq1 (7.6)

with Kd, Kp as positive design constants. The control vswingup combined with

uPFL (7.4) can stabilize q1 from q1 = π to q1 = 0, however the q2−dynamics,

obviously, become unstable. Once q1 is stabilized, vswingup becomes zero, which is

obvious, however, the PFL control uPFL also becomes zero in accordance with the

expression in Eq. (7.4). This implies the q2−dynamics, in accordance with Eq.

(7.3) (equivalently Eq. (7.5b)), become

q̈2 = 0 (7.7)

Figure 7.1 shows closed loop response of the with vswingup (7.6) with Kd = 11, Kp =

30 for the initial condition q(0) = [π, 0, 0, 0]T . The q1−dynamics are stabilized as
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shown in Fig. 7.1a. The linear double integrator behavior (7.7) of the q2−dynamics

is shown Fig. 7.1a. The system closed with state feedback law (7.6) is more

vulnerable to the adverse effects of the disturbance.

The strategy is to use vswingup (7.6) to swing up the pendulum and once q1 becomes

within the domain of attraction of the HOSM control w in Eq. (6.25), the control

action is switched to stabilize the system. Figure 7.2 shows a successful swing

up, from q1 = π to q1 = 0, and balancing in the presence of external disturbance.

The HOSM control (6.25) takes control of the system motion at q(t = .5) =

[0.7652,−3.044, 1151, 4487]T , σ(t = .5) = 151.5 and balance it to q(t) = [0, 0, 0, 0]T

in 8 seconds. System response with HOSM control is robust to disturbance.
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Figure 7.1: IWP - Closed loop response with control law (7.6) (Kd = 11,
Kp = 30), q(0) = [π, 0, 0, 0]T
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Figure 7.2: IWP - Swingup with control law (7.6) (Kd = 11, Kp = 30) and
balancing with HOSM control law (6.25) (K1 = 500, K2 = 400) and observer
(6.26) (λ1 = 2, λ2 = 3), sliding parameters (α = 3, β = 2), q(0) = [π, 0, 0, 0]T
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7.1.2 The Acrobot

The dynamics of Acrobot are described by (7.1) with the following

m11(q2) = m1`
2
1 +m2(L

2
1 + `22) + I1 + I2 + 2m2L1`2 cos(q2)

m12(q2) = m2`
2
2 + I2 +m2L1`2 cos(q2)

m21(q2) = m12

m22(q2) = m2`
2
2 + I2

c1(q, q̇) = −m2L1`2 sin(q2)(2q̇1q̇2 + q̇22)

c2(q, q̇) = m2L1`2 sin(q2)q̇
2
1

g1(q) = −(m1`1 +m2L1)g sin(q1)−m2`2g sin(q1 + q2)

g2(q) = −m2`2g sin(q1 + q2)

(7.8)

The Acrobot has the following four natural equilibrium points:

P1: (q1, q̇1, q2, q̇2) = (0, 0, 0, 0), both link 1 and link 2 up; unstable

P2: (q1, q̇1, q2, q̇2) = (0, 0, π, 0), link 1 up and link 2 down; unstable

P3: (q1, q̇1, q2, q̇2) = (π, 0, π, 0), link 1 down and link 2 up; unstable

P4: (q1, q̇1, q2, q̇2) = (π, 0, 0, 0), both link 1 and link 2 sown; stable

The control objective is to drive the system from P4 to P1 and balance it there

afterward.

Note that the synthesis of smooth HOSM control w given by (6.25) for the Ac-

robot is based on the assumption −π
2
< ξ = q2 <

π
2
, and hence cannot stabilize the

Acrobot from below the horizontal axis q2 = π
2
). To stabilize the Acrobot from the

downward stable equilibrium position q1 = π to the upward unstable equilibrium

position q1 = 0, design Swingup Control. The controller w in Eq. (6.25) can then

be used as a balancing controller. We use the same physical parameters for the

Acrobot as in the previous chapters.

To stabilize the Pendulum from P4 to P1, the following two approaches are pre-

sented for the swingup problem and discuss their merits and demerits.

Partial linearization w.r.t q1:
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To stabilize the the first link position from q1 = π to q1 = 0, partially linearize the

dynamics of the Acrobot with respect to q1. Solving Eq. (7.1a) for q̈2 as

q̈2 = −m−112 (c1 + g1 +m11q̈1) (7.9)

putting the result in Eq. (7.1b) and using the following noncollocated Partial

Feedback Linearizng (PFL) control

u = uPFL1 = (m21 −m22m
−1
12m11)vswingup + c2 + g2 −m22m

−1
12 (c1 + g1) (7.10)

where vswingup is a new control to be designed, the dynamics of the Acrobot become:

q̈1 = vswingup (7.11a)

m12q̈2 + c1 + g1 = −m11vswingup (7.11b)

Equation (7.11a) is linear, a double integrator, and is simple to stabilize. Choose

the following control law

vswingup = −Kdq̇1 −Kpq1 (7.12)

with Kd, Kp as positive design constants. The control vswingup combined with

uPFL1 (7.10) can stabilize q1 from q1 = π to q1 = 0, however the q2−dynamics,

obviously, become unstable. Once q1 is stabilized, vswingup becomes zero and the

q2−dynamics, in accordance with Eq. (7.9) (equivalently, Eq. (7.11b)), become

(
m2`

2
2 + I2 +m2L1`2 cos(q2)

)
q̈2 −m2`2

(
g + L1q̇

2
2

)
sin(q2) = 0 (7.13)

Linearization and stabilization w.r.t. to q1 led to the above complex dynamics in

Eq. (7.13) for q2 that strongly depend on the velocity, i.e., q̇22. Figure 7.3 shows

closed loop response of the Acrobot with vswingup (7.12) with Kd = 3.0, Kp = 2.0

for the initial condition q(0) = [π, 0, 0, 0]T . The nonlinear behavior in Eq. (7.13)

is shown Fig. 7.3b.
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A simple choice of Kd, and Kp resulting in stable and real only closed loop poles

(-2,-1 in this case) of (7.11a) can achieve the desired response for q1−dynamics

as shown in Fig. 7.3a. But as predicted by Eq. (7.13) and verified by Fig.

7.3b, the response of q2−dynamics exhibits large peak in velocity and in control

efforts. This response is not helpful in stabilization by the HOSM controller.

For a successful swingup and stabilization using this case needs some oscillatory

behavior and crucially depends on the values of Kd, and Kp. Figure 7.4 shows such

a response of the Acrobot using vswingup (7.12) with Kd = 1.0, Kp = 20.0 for the

initial condition q(0) = [π, 0, 0, 0]T . Figure 7.5 shows a successful using vswingup

(7.12) with Kd = 1.0, Kp = 20.0 and then balancing by HOSM control (6.25) in

the presence of external disturbance for the initial condition q(0) = [π, 0, 0, 0]T .

Figures 7.3 and 7.4 show that system response is more sensitive to disturbance

under state feedback control law (7.12). Figures 7.5 shows the great advantage

of using HOSM control that rejects the same disturbance. 7.4b shows how the

disturbance induces a positive shift of 4π in the Link 2 position q2 and make it

stable around it. This is a positive sign of sinusoidal disturbance and is used as

control input to excite oscillatory motion and capture by balancing control.

As we noted that the strong dependence q̇22 in (7.13) results in the control effort.

The reason is that this dependecne results in strong peaks in the Coriolis term

c1(q, q̇) in Eq. (7.8) that in turn results in strong peaks in the uPFL control in Eq.

(7.10). So the best approach is to stabilize the q2−dynamics first to get red of this

strong dependence q̇22 and in Coriolis term and further in control effort. This is

achieved in the next paragraph.
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Figure 7.3: Acrobot - Closed loop response with control law (7.12) (Kd = 3,
Kp = 2), q(0) = [π, 0, 0, 0]T
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Figure 7.5: Acrobot - Swingup with control law (7.12) (Kd = 1, Kp = 20)
and balancing with HOSM control law (6.25) (K1 = 75, K2 = 50) and observer
(6.26) (λ1 = 1, λ2 = 3), sliding parameters (α = 8, β = 16), q(0) = [π, 0, 0, 0]T
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Partial linearization w.r.t q2:

Partially linearize the dynamics of the Acrobot with respect to q2. Solving Eq.

(7.1a) for q̈1 as

q̈1 = −m−111 (c1 + g1 +m12q̈2) (7.14)

putting the result in Eq. (7.1b) and using the following collocated Partial Feedback

Linearizng (PFL) control

u = uPFL2 = (m22 −m21m
−1
11m12)vswingup + c2 + g2 −m21m

−1
11 (c1 + g1) (7.15)

where vswingup is a new control to be designed, the dynamics of the Acrobot become:

m11q̈1 + c1 + g1 = −m12vswingup (7.16a)

q̈2 = vswingup (7.16b)

Equation (7.16b) is linear, a double integrator, and is simple to stabilize. Choose

the following control law

vswingup = −Kdq̇2 −Kpq2 (7.17)

with Kd, Kp as positive design constants. The control vswingup combined with

uPFL2 (7.15) can stabilize q2, however the q1−dynamics, obviously, become unsta-

ble. Once q2 is stabilized, vswingup becomes zero and the q1−dynamics, in accor-

dance with Eq. (7.14) (equivalently, Eq. (7.16a)), become

(
m1`

2
1 +m2(L

2
1 + `22) + I1 + I2 + 2m2L1`2

)
q̈1−g (m1`1 +m2L1 +m2`2) sin(q1) = 0

(7.18)

Linearization and stabilization w.r.t. to q2 led to the above dynamics in Eq. (7.18)

for q1 that represent the simple pendulum. Figure 7.6 shows closed loop response

of the Acrobot with vswingup (7.17) with Kd = 12.0, Kp = 36.0 for the initial con-

dition q(0) = [π, 0, 2π, 0]T . The pendulum behavior in Eq. (7.18) is shown Fig.

7.6a.
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A simple choice of Kd, and Kp resulting in stable and real only closed loop poles

(-6,-6 in this case) of (7.16b) can achieve the desired response for q2−dynamics as

shown in Fig. 7.6b and a pendulum behavior for q1 that is helpful in stabilization

by the HOSM controller. Figure 7.7 shows a successful using vswingup (7.17) with

Kd = 12.0, Kp = 36.0 and then balancing by the balancing by HOSM control (6.25)

in the presence of external disturbance for the initial condition q(0) = [π, 0, 2π, 0]T .

Figure 7.6 shows that system response is more sensitive to disturbance under state

feedback control law (7.17). Figures 7.7 shows the great advantage of using HOSM

control that rejects the same disturbance. Figure 7.6a shows how the disturbance

induces a negative shift of 2π in the Link 1 position q1 crossing the upward equi-

librium point q1 = 0 and making it attractive for the balancing controller. Again

note the advantage of sinusoidal disturbance as control input to excite oscillatory

motion and capture by balancing control.
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Figure 7.6: Acrobot - Closed loop response with control law (7.17) (Kd = 12,
Kp = 36), q(0) = [π, 0, 2π, 0]T
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Figure 7.7: Acrobot - Swingup with control law (7.17) (Kd = 12, Kp = 36)
and balancing with HOSM control law (6.25) (K1 = 75, K2 = 50) and observer
(6.26) (λ1 = 1, λ2 = 3), sliding parameters (α = 8, β = 16), q(0) = [π, 0, 2π, 0]T
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7.2 Class-II Underactuated Mechanical Systems

Consider Class-II underactuated mechanical systems described by:

m11(q2)q̈1 +m12(q2)q̈2 + c1(q, q̇) + g1(q1, q2) = u (7.19a)

m21(q2)q̈1 +m22(q2)q̈2 + c2(q, q̇) + g2(q1, q2) = 0 (7.19b)

The Furuta Pendulum with Eq. (3.13) and the Pendubot with Eq. (3.12) are

described by Eq. (7.19).

7.2.1 The Furuta Pendulum

The dynamics of Furuta Pendulum are described by (7.19) with the following

m11(q2) = I1 +m1l
2
1 +m2L

2
1 +m2l

2
2 sin2(q2)

m12(q2) = m2L1l2 cos(q2)

m21(q2) = m12(q2)

m22(q2) = I2 +m2l
2
2

c1(q, q̇) = 2m2l
2
2 sin(q2) cos(q2)q̇1q̇2 −m2L1l2 sin(q2)q̇

2
2

c2(q, q̇) = −m2l
2
2 sin(q2) cos(q2)q̇

2
1

g1(q1, q2) = 0

g2(q1, q2) = −m2l2g sin(q2)

(7.20)

Note that the HOSM control in (6.25) cannot stabilize the Furuta Pendulum glob-

ally first due to the assumption −π
2
< ξ = q2 <

π

2
in its synthesis and second due

to a singularity in the PFL control in (6.48) at q2 =
π

2
. For global stabilization

we design swingup control law.

The above mentioned singularity problem also dictate us to partially linearize the

dynamics of Furuta Pendulum with respect to q1. Solving Eq. (7.19b) for q̈2 as

q̈2 = −m−122 (c2 + g2 +m21q̈1) (7.21)
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putting the result in (7.19a) and using the following collocated Partial Feedback

Linearizng control

u = uPFL = (m11 −m12m
−1
22m21)vswingup −m12m

−1
22 (c2 + g2) + c1 + g1 (7.22)

where vswingup is a new control to be designed, the dynamics of the Furuta Pen-

dulum become:

q̈1 = vswingup (7.23a)

m22q̈2 + c2 + g2 = −m21vswingup (7.23b)

To stabilize (7.23a), choose the following control law

vswingup = −Kdq̇1 −Kpq1 (7.24)

with Kd > 0, Kp > 0 as design constants. Once q1 is stabilized, vswingup becomes

zero and the q2−dynamics become:

(
I2 +m2`

2
2

)
q̈2 −m2`2g sin(q2) = 0 (7.25)

Fig. 7.8 shows closed loop response of the Furuta Pendulum with vswingup (7.24)

with Kd = 8, Kp = 10 for the initial condition q(0) = [−5, 0, π, 0]T . The pendulum

behavior in (7.25) is shown Fig. 7.8b. Fig. 7.9 shows a successful swing up from

q2 = π to q2 = 0 using vswingup (7.24) and then balancing by HOSM control (6.25)

in the presence of external disturbance. Fig. 7.8

Fig. 7.8 shows the effect of disturbance is prominent on system response under

the state feedback control and Fig. 7.9 shows the system response is robust to the

same disturbance under the HOSM control.
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Figure 7.8: Furuta Pendulum - Closed loop response with control law (7.24)
(Kd = 8, Kp = 10), q(0) = [−5, 0, π, 0]T
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7.2.2 Pendubot

The dynamics of Pendubot are described by (7.19) with the following

m11(q2) = m1`
2
1 +m2(L

2
1 + `22) + I1 + I2 + 2m2L1`2 cos(q2)

m12(q2) = m2`
2
2 + I2 +m2L1`2 cos(q2)

m21(q2) = m12

m22(q2) = m2`
2
2 + I2

c1(q, q̇) = −m2L1`2 sin(q2)(2q̇1q̇2 + q̇22)

c2(q, q̇) = m2L1`2 sin(q2)q̇
2
1

g1(q) = −(m1`1 +m2L1)g sin(q1)−m2`2g sin(q1 + q2)

g2(q) = −m2`2g sin(q1 + q2)

(7.26)

The Pendubot has the following four natural equilibrium points:

P1: (q1, q̇1, q2, q̇2) = (0, 0, 0, 0), both link 1 and link 2 up; unstable

P2: (q1, q̇1, q2, q̇2) = (0, 0, π, 0), link 1 up and link 2 down; unstable

P3: (q1, q̇1, q2, q̇2) = (π, 0, π, 0), link 1 down and link 2 up; unstable

P4: (q1, q̇1, q2, q̇2) = (π, 0, 0, 0), both link 1 and link 2 sown; stable

The control objective is to drive the system from P4 to P1 and balance it there

afterward.

Note that the synthesis of smooth HOSM control v given by (6.25) for the Pen-

dubot is based on the assumption −π
2
< ξ = q2 <

π
2
, and hence cannot stabilize

the Pendubot from below the horizontal axis q2 = π
2
). To stabilize the Pendubot

from the downward stable equilibrium position q1 = π to the upward unstable

equilibrium position q1 = 0, we design Swingup Control. The controller v in Eq.

(6.25) can then be used as a balancing controller. We use the same physical pa-

rameters for the Pendubot as in the previous chapters.

To stabilize the Pendulum from P4 to P1, the following two approaches are pre-

sented for the swingup problem and discuss their merits and demerits.

Partial linearization w.r.t q1:
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To stabilize the the first link position from q1 = π to q1 = 0, partially linearize the

dynamics of the Pendubot with respect to q1. Solving Eq. (7.19b) for q̈2 as

q̈2 = −m−122 (c2 + g2 +m21q̈1) (7.27)

putting the result in Eq. (7.19a) and using the following collocated Partial Feed-

back Linearizng (PFL) control

u = uPFL1 = (m11 −m12m
−1
22m21)vswingup + c1 + g1 −m12m

−1
22 (c2 + g2) (7.28)

where vswingup is a new control to be designed, the dynamics of the Pendubot

become:

q̈1 = vswingup (7.29a)

m22q̈2 + c2 + g2 = −m21vswingup (7.29b)

Equation (7.29a) is linear, a double integrator, and is simple to stabilize. Choose

the following control law

vswingup = −Kdq̇1 −Kpq1 (7.30)

with Kd, Kp as positive design constants. The control vswingup combined with

uPFL1 (7.28) can stabilize q1 from q1 = π to q1 = 0, however the q2−dynamics,

obviously, become unstable. Once q1 is stabilized, vswingup becomes zero and the

q2−dynamics, in accordance with Eq. (7.27) (equivalently, Eq. (7.29b)), become

(
m2`

2
2 + I2

)
q̈2 −m2`2g sin(q2) = 0 (7.31)

Linearization and simple stabilization w.r.t. to q1 led to the above pendulum

dynamics in Eq. (7.31). Figure 7.10 shows closed loop response of the Pendubot

with vswingup (7.30) with Kd = 10.0, Kp = 125.0 for the initial condition q(0) =

[π, 0, 0, 0]T . The Pendulum behavior in Eq. (7.31) is shown Fig. 7.10b.

A simple choice of Kd, and Kp resulting in stable and real only closed loop poles of
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(7.29a) can achieve the desired response for q1−dynamics as shown in Fig. 7.10a.

Figure 7.11 shows a successful using vswingup (7.30) withKd = 10.0, Kp = 125.0 and

then balancing by the HOSM control (6.25) in the presence of external disturbance

for the initial condition q(0) = [π, 0, 0, 0]T .

Fig. 7.10 shows the visible effect of disturbance on system response under the

state feedback control (7.30) and Fig. 7.11 shows the system response is robust to

the same disturbance under the HOSM control (6.25).
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Figure 7.10: Pendubot - Closed loop response with control law (7.30) (Kd =
10, Kp = 125), q(0) = [π, 0, 0, 0]T



Swingup and Balancing of Underactuated Mechanical Systems 206

T ime(s)
0 2 4 6 8 10 12 14 16 18 20

q 1
(r
a
d
),

q̇ 1
(r
a
d
/
s)

-4

0

4
q1
q̇1

control switching

(a) Link 1 position q1 (rad) and velocity q̇1 (rad/s)

T ime(s)
0 2 4 6 8 10 12 14 16 18 20

q 2
(r
a
d
),

q̇ 2
(r
a
d
/
s)

-9
-6
-3
0
3
6
9

q2
q̇2

control switching

(b) Link 2 position q2 (rad) and velocity q̇2 (rad/s)

T ime(s)
0 2 4 6 8 10 12 14 16 18 20

d
(t
)

-5

0

5

d(t)

(c) Disturbance d(t) = 5 sin (πt)

T ime(s)
0 2 4 6 8 10 12 14 16 18 20

σ

-250

-125

0

125

250

σ

control switching

(d) Sliding surface σ

T ime(s)
0 2 4 6 8 10 12 14 16 18 20

u
(N

−
m
)

-400

-200

0

200

ucontrol switching

(e) Control effort u (N-m)
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Partial linearization w.r.t q2:

Partially linearize the dynamics of the Pendubot with respect to q2. Solving Eq.

(7.19b) for q̈1 as

q̈1 = −m−121 (c2 + g2 +m22q̈2) (7.32)

putting the result in Eq. (7.19a) and using the following noncollocated Partial

Feedback Linearizng (PFL) control

u = uPFL2 = (m12 −m11m
−1
21m22)vswingup + c1 + g1 −m11m

−1
21 (c2 + g2) (7.33)

where vswingup is a new control to be designed, the dynamics of the Pendubot

become:

m21q̈1 + c2 + g2 = −m22vswingup (7.34a)

q̈2 = vswingup (7.34b)

Equation (7.34b) is linear, a double integrator, and is simple to stabilize. Choose

the following control law

vswingup = −Kdq̇2 −Kpq2 (7.35)

with Kd, Kp as positive design constants. The control vswingup combined with

uPFL2 (7.33) can stabilize q2, however the q1−dynamics, obviously, become unsta-

ble. Once q2 is stabilized, vswingup becomes zero and the q1−dynamics, in accor-

dance with Eq. (7.32) (equivalently, Eq. (7.34a)), become

(
m2`

2
2 + I2 +m2L1`2

)
q̈1 −m2`2g sin(q1) = 0 (7.36)

Linearization and simple stabilization w.r.t. to q2 led to the above dynamics in

Eq. (7.36) for q1 that represents a simple pendulum. Figure 7.12 shows closed

loop response of the Pendubot with vswingup (7.35) with Kd = 4.3, Kp = 6.0 for

the initial condition q(0) =
[
π, 0, π

2
, 0
]T

. The pendulum behavior in Eq. (7.36) is

shown Fig. 7.12a.
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A simple choice of Kd, and Kp resulting in stable closed loop poles of (7.34b)

can achieve the desired response for q2−dynamics as shown in Fig. 7.12b and a

pendulum behavior for q1 that is helpful in stabilization by the HOSM control.

Figure 7.13 shows a successful using vswingup (7.35) with Kd = 4.3, Kp = 6.0 and

then balancing by the HOSM control (6.25) in the presence of external disturbance

for the initial condition q(0) =
[
[π, 0, π

2
, 0
]T

.

Fig. 7.12 shows the adverse effect of even a smaller disturbance on system response

under the state feedback control (7.35) and Fig. 7.13 shows the system response

is robust to even a larger disturbance under the HOSM control (6.25). Having a

large attractive region and robustness to large disturbance are the two main and

crucial properties of a balancing control.
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7.3 Chapter Summary and Conclusions

Swingup control problem of underactuated mechanical systems was addressed us-

ing classical considerations of the partial feedback linearization. The result were

applied to the IWP, the Acrobot, Furuta Pendulum, and the Pendubot. Successful

swingups with the designed Swingup Control laws and balancing with the HOSM

control were demonstrated for the following systems.

A. Class-I Underactuated Mechanical Systems:

1. The Inertia-Wheel Pendulum

2. The Acrobot

B. Class-II Underactuated Mechanical Systems:

1. The Furuta Pendulum

2. The Pendubot



Chapter 8

Conclusion and Future Work

A comprehensive robust control design framework for underactuated mechanical

systems was developed on the basis of sliding mode control theory. First, con-

ventional linear sliding surfaces were introduced. Then novel nonlinear sliding

manifolds based on the Lagrangian zero dynamics were introduced. The proposed

framework provides the following sliding mode solutions to the control problem of

underactuated mechanical systems:

1. Standard SMC design for underactuated mechanical systems

2. HOSM design for underactuated mechanical systems

3. Smooth HOSM design for underactuated mechanical systems

4. Swingup control design for underactuated mechanical systems

The framework was applied to the following benchmark underactuated mechanical

systems:

1. The Inertia-Wheel Pendulum

2. The TORA System

3. The Acrobot

212
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4. The Furuta Pendulum

5. The Overhead Crane

6. The Cart-Pole System

7. The Pendubot

8. The Beam-and-Ball System

8.1 Conclusion

Based on the results, the following conclusions are drawn.

1. The proposed framework addresses the control problem of underactuated

mechanical systems in a comprehensive way.

2. The designed control laws have enhanced stabilization and tracking (set-

point regulation) response for the above benchmark underactuated mechan-

ical systems.

3. The results are in agreement and improved to standard results reported in

the literature.

4. Being sliding mode, the framework is robust to parametric variations and

disturbance in contrast to other works mentioned in the comparisons.

5. The design procedure is simple compared to other approaches the results

were compared to.

6. Chattering free and smooth control action needed for mechanical control

systems is achieved with HOSM techniques.

Underactuated mechanical systems are more vulnerable than fully actuated sys-

tem to disturbances due to absence of actuators for some of the configuration

variables and the effects of disturbances are more complex due to coupling. Both
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the matched and unmatched disturbances are taken care of explicitly in the design

procedure. A detailed analysis of the results supports the following findings.

1. The effect of the matched disturbance remains the same and can be fully

rejected by the controller by utilizing the discontinuous gain of the controller

embodied explicitly in the control law.

2. The effect of the unmatched disturbance is scaled to a lower or a higher value

depending on the elements of the inertia matrix of the system.

3. The unmatched disturbance cannot be rejected by the controller by utilizing

the discontinuous gain of the controller embodied explicitly in the control

law.

4. When both matched and unmatched disturbances are applied at the same

time, they may cancel their effects depending on the nature of the distur-

bances and the the elements of the inertia matrix of the system.

8.2 Future Work

Based on the research work, the following directions are recommended for future

work.

1. Extension and application of the theory to higher order underactuated me-

chanical systems.

2. Application of sliding mode control theory to swingup control problems of

underactuated mechanical systems.

3. Application of sliding mode observation techniques to underactuated me-

chanical systems.

4. Practical implementation of the theory on prototype underactuated mechan-

ical systems.
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