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Abstract

In this thesis, we have investigated the peristaltic flow of Newtonian and non-Newtonian

nanofluid flows in a channel, uniform and non-uniform tube. We have modelled and

simplified the governing equations of such a fluid under the assumptions of long wave

length and low Reynolds number approximation. The momentum equation is solved by

utilizing the homotopy perturbation technique for velocity while the exact solutions are

computed for temperature and concentration equations. The analysis depicts the impact

of different situations such as endoscopic tube, magnetics field, convective boundary

conditions and viscous dissipation in the flow of nanofluids induced by pressure gradient.

The effects of different governing parameters on velocity and temperature fields are

analyzed graphically for peristaltic waves. The physics of the involved parameters and

important features of the modeled problems are discussed and analyzed with the help

of streamlines and plots for various quantities.



Chapter 1

Introduction

A process of symmetrical contraction and expansion of progressive waves on the walls of

the channel which mix and transport fluid in a channel is termed as peristalsis. In several

procedures of physiology and engineering, peristaltic flow concerns are broadly encoun-

tered in channel or tube. The applications of peristalsis covers swallowing food through

the esophagus, urine transportation from kidney to bladder, assessment of chyme in gas-

trointestinal tract, ovum movement in the female fallopian tube, vasomotion of narrow

blood vessels, movement of spermatozoa in human reproductive tract and water move-

ment from ground to above branches of grown-up trees [1–4].

Peristaltic flows have many biological and industrial applications such as blood pumps

in heart, lung machines and transportation of mordant fluids. For the viscous fluids,

Lithium and Sharpio [5] presented the earliest theoretical and experimental models for

peristaltic transport. Peristalsis during male reproductive system was examined exper-

imentally and numerically by Srivastava [6], Gupta [7], Guha [8] and Batra [9], where

a peristaltic flow has been modelled in the vas deferens by considering it to be a non

uniform tube. Many modern mechanical procedures have been investigated on the pri-

mary of the peristaltic pumping for transporting fluids without internal moving parts,

for example, the blood pump in the heart, lung machine and the peristaltic transport

of noxious fluid in the nuclear industry. It was also clarified that in the case of hyper-

thermia, the tissue can be destroyed when heated upto 420 − 450C. A mathematical

model of peristaltic hydromagnetic flow in a tube for the Johnson-Segalman fluid has

been studied by Hayat and Ali [10]. Hydromagnetic flow of fluid in a uniform pipe with

1
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variable thickness was investigated by Hakeem et al. [11]. Nadeem and Akbar [12] have

studied the peristaltic wave of a non-Newtonian fluid in a non uniform inclined pipe.

Peristaltic transportation of a non-Newtonian fluid in an inclined channel was discussed

by Vajravelu et al. [13].

Another important field of research related to peristalsis is known as Cilia, are mi-

croscopic hair-like structures are found in almost all groups of the animal kingdom. The

length of single cilium is 1− 10 micrometers and width is about less than 1 micrometer.

There are two types of cilia define as motile and non-motile cilia. A mathematical model

for the flow of a Casson fluid due to metachronal beating of cilia in a tube has been

presented by Ali et al. [14]. Gueron [15] has investigated the movement of the cilia,

its modeling and the dynamics of multi tissue connection. Metachronal beating of cilia

under the influence of Casson fluid and magnetic field has been analyzed by Akbar et al.

[16]. Peristaltic flow of Carreau fluid in a rectangular duct through a porous medium

was investigated by Ellahi et al. [17]. A model for the variation of viscous fluid due to

ciliary motion in the ducts diffusive of male propagative tract has been investigated by

Lardier and Shack [18]. Physiological breakdown of Carreau fluid due to ciliary motion

has been discussed by Nadeem et al. [19]. The relations of cilia and its impulsion have

achieved to a large extent by engineers and physicists [20, 21]. Numerical simulation of

peristaltic flow of a Carreau nanofluid in an asymmetric channel have been discussed by

Akbar et al. [22]. Further studies relating to the sort of ciliary motion have been found

in Refs. [23, 24].

Fluids can be characterized into Newtonian and non-Newtonian fluids, Newtonian fluids

are those in which the local stress is linearly proportional to the local strain. Some

examples of Newtonian fluids are water, mineral oil, gasoline, alcohol, kerosene, organic

solvents, glycerin, etc. The fluids similar to condensed milk, tomato paste, soup, sugar

solution and shampoos cannot be distinguished from the Newtons law of viscosity. Such

fluids collapse in the class of non- Newtonian fluids. The study of peristaltic flows of

non-Newtonian fluids are also important field of research and has attracted the atten-

tion of many researchers. The non-Newtonian fluids cannot be examined through one

constitutive equation because of their diverse rheological properties. Different models of

non-Newtonian fluids have been established, which are named as, Pseudoplastic, Dila-

tant, Bingham, Casson, Herschel-Bulkley and Jeffrey six-constant models. Viscoelastic
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fluids are such fluids that explains limited elastic improvement that lead to the exclusion

of a deforming stress. These fluids possess properties of both elastic solids and viscous

fluids. Non-Newtonian fluids are classified and introduced on the basis of their rheolog-

ical properties. Study of peristaltic flow of Newtonian and non-Newtonian fluids with

various flow geometries have been reported by many researcher such as [25, 26]. Jeffrey

six-constant fluid model [27] is a theoretically complicated non-Newtonian fluid model

of differential type which exhibits many properties and applications. More recently, the

study of convective heat transfer in nanofluids have great achievement and success due

to its wide application in various industrial processes.

The study of endoscope is another useful area of research in peristaltic mechanism.

Basically, endoscope is very essential instrument used for determining actual reasons for

many problems in human organs in which the fluids are moving by peristaltic pumping

such as, stomach, small intestine, etc. Also, there are no differentiation between endo-

scope and a catheter in a fluid dynamics. Further more, the use of a catheter in an artery

causes the change of the flow field and manage the pressure circulation accordingly. Ak-

bar et al. [28] ware discussed the endoscopic effects with entropy generation analysis

in peristalsis for the thermal conductivity of H0 + Cu (copper) nanofluids. Effects of

an endoscope and generalized Newtonian fluid on peristaltic motion were investigated

by Hakeem et al. [29]. Mekheimer et al. [30] have studied the peristaltic transport of

a particle fluid suspension through a uniform and non-uniform annulus. Physiological

breakdown of Jeffrey six-constant nanofluid flow in an endoscope with non-uniform wall

have been discussed by Nadeem et al. [31]. In another study, Nadeem et al. [32] have

discussed the effects of induced magnetic field on peristaltic flow of Jeffrey six-constant

fluid in a vertical symmetric channel .

The rate of heat transfer is dependent on the temperatures of the systems and the

properties of the prevailing medium through which the heat is transferred. Different

authors have discussed [33, 34] the effect of force on the heat convection and mass trans-

fer. Three different types of heat transfer are conduction, convection and radiation.

Convection is defined as the transfer of heat by the movement of molecules of fluid from

hot place to cold place or by the bulk motion of fluid. Conduction is the flow of heat

through liquids and solids by the collision and vibration of free electronics molecules.

In other words, the transfer of heat from one body to another body due to the only
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collision of molecules which are in contact is called conduction. Radiation is that pro-

cess in which heat is transferred directly by electromagnetic radiations. In liquids and

gases, convection and radiation play very important role in the transfer of heat but in

solids convection is totally absent and radiation is usually negligible. Thus for solid

materials conduction play major role in the transfer of heat. Vajravelu et al. [35] have

analyzed the peristaltic flow and heat transfer in a vertical porous annulus with long

wave approximation. The heat transfer over an unsteady stretching surface with vari-

able heat flux in the presence of a heat source or sink has been discussed by Vajravelu

et al. [36]. Manca [37] numerically analyzed the forced convection flow of nanofluid in

a ribbed channel. Akbar et al. [38] have analyzed the heat transfer on physiological

driven movement with CNT and variable viscosity in the flow of nanofluids. Few re-

cent studies on peristaltic flow through heat transport have been found in Refs. [39, 40].

Study of peristaltic flow in the presence of magnetic field has also achieved a lot of

importance in daily life and engineering sciences. Some previous papers dealing with

MHD flows of peristaltic are discussed [41–43]. Effects of MHD on the peristaltic flows

for different modes of heat transfer like conduction, convection and radiations are re-

ported in the Refs. [44–48]. For other studies regarding MHD flows, are can consult the

Refs. [49–51].

Since the first investigation done by the Choi [52], the study of nanofluids have attracted

the attention of many researchers due to its tremendous applications in various fields of

life such as biomedical devices, treatment of tumor, nuclear reactor, microchips, cooling,

radiators and nanomedicines etc. Only few researches are available on the peristaltic

flows of nanofluids (see [53–58]).

1.1 Thesis contribution

The present thesis investigates the peristaltic flows of Jeffrey six-constant fluid, Sisko

fluid and Carreu fluid for different flow geometries. We have presented the modelling of

various non-Newtonian fluids, simplifications and the analytical solutions of the modelled

problems. The physical features of various pertinent parameters are also discussed with

the help of streamlines and plots for various quantities.



Chapter 1 5

1.2 Scheme of the thesis

This thesis consists of further seven chapters shortly described as:

Chapter 2: In this chapter, we have examined the endoscopic effects of peristaltic

flow of Jeffrey six-constant fluid model in the presence of magnetohydrodynamics. The

effect of convective heat transfer and nanoparticles are also taken into account. The

governing equations of non-Newtonian fluid along with heat and nanoparticles are mod-

elled and simplified by using low Reynolds number and long wavelength assumptions.

The velocity equation is solved by utilizing the homotopy perturbation technique while

the exact solutions are computed for temperature and concentration equations. The ob-

tained expressions for the velocity, temperature and nanoparticles concentration profiles

are plotted and the impact of various physical parameters are investigated for different

peristaltic waves. The contents of this chapter are published in the international journal

AIP advances.

Chapter 3: This chapter deals with the simulation of mixed convection flow for physio-

logical breakdown of Jeffrey six-constant fluid in an inclined tube. Influence of convective

boundary conditions are also examined. The governing equations of non-Newtonian fluid

along with heat are modelled and simplified by using low Reynolds number and long

wavelength assumptions. The velocity equation is solved by utilizing the homotopy per-

turbation technique while the exact solutions are computed for temperature equations.

The obtained expressions for the velocity and temperature profiles are plotted and the

impact of various physical parameters are investigated for different peristaltic waves.

The contents of this chapter are published in Bulletin of the polish Academy of Science.

Chapter 4: This chapter deals with the peristaltic flow of sisko fluid with convec-

tive boundary conditions in a uniform tube. The effects of viscous dissipation are also

taken into account. The governing equations of non-Newtonian fluid along with heat and

nanoparticles are modelled and simplified by using low Reynolds number and long wave-

length assumptions. The velocity equation is solved by utilizing the homotopy perturba-

tion technique while the exact solutions are computed for temperature and concentration

equations. The solutions depend on Brikman number Bκ and magnetohydrodynamics

M . The obtained expressions for the velocity, temperature and concentration profiles
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are plotted and the impact of various physical parameters are investigated for different

peristaltic waves.

Chapter 5: This chapter deals with the physiological flow of Carreau fluid due to

ciliary motion inside a symmetric channel. The main purpose of this chapter is to

present a mathematical model of ciliary motion in an annulus. In this analysis, the

symmetric channel of a non- Newtonian fluid is observed in an annulus with ciliated

tips. The governing equations of non-Newtonian fluid are modelled and simplified by

using low Reynolds number and long wavelength assumptions. The velocity equation is

solved by utilizing the homotopy perturbation technique in terms of a variant of small

dimensionless parameter p. The obtained expressions for the velocity profiles are plotted

and the impact of different physical parameters are investigated for different peristaltic

waves. The contents of this chapter are published in AIP advances.

Chapter 6: In this chapter, deals with the mathematical model of ciliary motion in an

annulus. The effect of convective heat transfer and nanoparticle are taken into account.

The governing equations of Jeffrey six-constant fluid along with heat and nanoparticle

are modelled and then simplified by using long wavelength and low Reynolds number

assumptions. The reduced equations are solved with the help of homotopy perturba-

tion method. The obtained expressions for the velocity, temperature and nanoparticles

concentration profiles are plotted and the impact of various physical parameters are in-

vestigated for different peristaltic waves. Streamlines has also been plotted at the last

part of the chapter. The contents of this chapter are sketched for publication in Brazil-

ian society of mechanical science and engineering

Chapter 7: In this chapter deals with the peristaltic motion of non-Newtonian Jef-

frey six-constant fluid is observed in an annulus with ciliated tips under the effect of

heat and mass transfer. The effects of viscous dissipation are also taken into account.

The governing equations of non-Newtonian fluid along with heat and nanoparticles are

modelled and simplified by using low Reynolds number and long wavelength assump-

tions. The velocity equation is solved by utilizing the perturbation technique while the

exact solutions are computed for temperature and concentration equations. The solu-

tions depend on brikman number, soret number and schmidth number. The obtained

expressions for the velocity, temperature and nanoparticles concentration profiles are
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plotted and the impact of various physical parameters are investigated for different peri-

staltic waves. The contents of this chapter are published in communication in theoretical

physics (CTP).

Chapter 8: Here, we summarizes the thesis and give the major conclusion occuring

from the entire research and recommendations for the future work.



Chapter 2

Physiological breakdown of

Jeffrey six-constant nanofluid flow

in an endoscope with nonuniform

wall

This chapter deals with the physiological breakdown of Jeffrey six-constant nanofluid

flow under the effect of endoscopics tube. The effect of convective heat transfer and

nanoparticles are also takn into account. The governing equations of non-Newtonian

fluid along with heat and nanoparticles are modelled and simplified by using low Reynolds

number and long wavelength assumptions. The velocity equation is solved by utilizing

the homotopy perturbation technique while the exact solutions are computed for tem-

perature and concentration equations. The solutions depend on thermophoresis number

Nt, local nanoparticles Grashof number Gr and Brownian motion number Nb. The ob-

tained expressions for the velocity, temperature and nanoparticles concentration profiles

are plotted and the impact of various physical parameters are investigated for different

peristaltic waves.

8
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2.1 Problem Formulation

We are taking into account the peristaltic nanofluid flow of an incompressible six-

constant Jeffrey fluid in a non-uniform vertical tube. The flow is generated by sinusoidal

wave trains propagating with constant speed c1 along the wall of the tube. Heat transfer

along with nanoparticle phenomena has been taken into account. The inner tube is rigid

and is maintained at temperature T0 while the outer tube has a sinusoidal wave traveling

down its walls and is maintained at temperature T1. The geometry of the wall surfaces

is shown in Figure 2.1 and mathematically defined as

R̄1 = a1, (2.1)

R̄2 = a2 + b sin

[
2π

λ
(Z̄ − c1t̄)

]
, (2.2)

Figure 2.1: Geometry of the problem.

where a1 is the radius of the inner tube, a2 is the radius of the outer tube at inlet,

λ is the wavelength, b is the wave amplitude and c1 is the wave speed. We consider

the cylindrical coordinate system (R̄, Z̄) in such a way that R is taken along the radial

direction and Z̄ is the axial direction.

The governing equations for a two dimensional and incompressible Jeffrey six-constant
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fluid model can be written as

∂Ū

∂R̄
+
Ū

R̄
+
∂W̄

∂Z̄
= 0, (2.3)

ρ

(
∂

∂t̄
+ Ū

∂

∂R̄
+ W̄

∂

∂Z̄

)
Ū = −∂P̄

∂R̄
+

1

R̄

∂

∂R̄

(
R̄τ̄R̄R̄

)
+

∂

∂Z̄
(τ̄R̄Z̄) +

τ̄θ̄θ̄
R̄
, (2.4)

ρ

(
∂

∂t̄
+ Ū

∂

∂R̄
+ W̄

∂

∂Z̄

)
W̄ = −∂P̄

∂Z̄
+

1

R̄

∂

∂R̄

(
R̄τ̄R̄Z̄

)
+

∂

∂Z̄
(τ̄Z̄Z̄)

+ ρgα(T̄ − T̄0) + ρgα(C̄ − C̄0)− σB2
0W̄ , (2.5)(

∂

∂t̄
+ u

∂

∂R̄
+ W̄

∂

∂Z̄

)
T̄ = α

(
∂2T̄

∂R̄2
+

1

R̄

∂T̄

∂R̄
+
∂2T̄

∂Z̄2

)
+ τ

[
DB

(
∂C̄

∂R̄

∂T̄

∂R̄
+
∂C̄

∂Z̄

∂T̄

∂Z̄

)
+
DT̄

T̄0

((
∂T̄

∂R̄

)2

+

(
∂T̄

∂Z̄

)2
)]

, (2.6)

(
∂

∂t̄
+ u

∂

∂R̄
+ W̄

∂

∂Z̄

)
C̄ = DB

(
∂2C̄

∂R̄2
+

1

R̄

∂C̄

∂R̄
+
∂2C̄

∂Z̄2

)

+
DT̄

T̄0

(
∂2T̄

∂R̄2
+

1

R̄

∂T̄

∂R̄
+
∂2T̄

∂Z̄2

)
, (2.7)

where τ =
(ρc)p
(ρc)f

is the ratio among the efficient heat capacity of the nanoparticle material

and the heat capacity of the fluid. The transformations between the two frames are

r̄ = R̄, z̄ = Z̄ − c1t̄, (2.8)

ū = Ū , w̄ = W̄ − c1. (2.9)

The corresponding boundary conditions are defined as

w̄ = −c1,
¯̄T = T̄0, C̄ = C̄0, at r̄ = r̄1, (2.10)

w̄ = −c1,
¯̄T = T̄1, C̄ = C̄1, at r̄ = r̄2 = a2 + b sin

[
2π

λ

(
Z̄ − c1t̄

)]
. (2.11)

The constitutional equation for a Jeffrey six-constant fluid is defined as [32]

τ + ε1

[
dτ̄

dt
−W.τ̄ + τ̄ .W + d(τ̄ .D +D.τ̄) + bτ̄ : DI + cDtrτ̄

]
= 2µ

[
D + ε2

(
dD

dt
−W.D +D.W + 2dD.D + bD : DI

)]
. (2.12)
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Here

D(symmetric measurement of velocity gradient) =
∇V̄ + (∇V̄ )t1

2
,

W(antisymmetric measurement of velocity gradient) =
∇V̄ − (∇V̄ )t1

2
.

Introducing the following non-dimensional variables

R =
R̄

a2
, r =

r̄

a2
, r1 =

r̄1

a2
= ε, Z =

Z̄

λ
, z =

z̄

λ
, W =

W̄

c1
, w =

w̄

c1
, τ =

aτ̄

cµ0
,

U =
λŪ

a2c1
, u =

λū

a2c1
, t =

c1t̄

λ
, p =

a2
2p̄

c1λµ
, λ1 =

ε1c1

a2
, λ2 =

ε2c1

a2
,

Re =
ρa2c1

µ
, Ec =

c2

CpT0
, δ =

a

λ
, r2 =

r̄2

a2
= 1 +

λkz

a2
+ φ sin 2πz, Pr =

ν

α
,

θ =
(T̄ − T̄1)

(T̄0 − T̄1)
, α =

k

(ρc)f
, Nb =

(ρc)pDB(C̄0 − C̄1)

(ρc)f
, M =

√
σ

µ
B0a

2,

Br =
gαa3

2(C̄0 − C̄1)

υ2
, Nt =

(ρc)pDT (C̄0 − C̄1)

(ρc)fα
, σ =

(C̄ − C̄1)

(C̄0 − C̄1)
.

With the help of Eqs. (2.8) and (2.9), Eqs. (2.3)-(2.7) under the assumption of low

Reynolds number and long wavelength δ << 1 take the form

0 = −∂p
∂z

+
1

r

∂

∂r
(rτrz) +Grθ +Brσ −M2(w + 1), (2.13)

0 =
∂p

∂r
, (2.14)

0 =
1

r

∂

∂r

(
r
∂θ

∂r

)
+Nb

∂θ

∂r

∂σ

∂r
+Nt

(
∂θ

∂r

)2

, (2.15)

0 =
1

r

∂

∂r

(
r
∂σ

∂r

)
+
Nt

Nb

(
1

r

∂

∂r

(
r
∂θ

∂r

))
. (2.16)

The corresponding boundary conditions are reduced as

w = −1, θ = 1, σ = 1, at r = r1 = ε,

w = −1, θ = 0, σ = 0, at r = r2 = 1 +
λkz

a2
+ φ sin 2πz.

With the help of Eqs. (2.8) and (2.9), Eq. (2.12) under the assumption of low Reynolds

number and long wavelength δ << 1 take the form

τrz =

∂w
∂r

[
1 + λ1λ2

(
1− d(d+ b)− c

2(2d+ 3b)
) (

∂w
∂r

)2
)
]

[
1 + λ2

1

(
1− d(d+ b)− c

2(2d+ 3b)
) (

∂w
∂r

)2
)
] .



Chapter 2 12

Finally, in simplified form Eq. (2.13) can be written as

∂p

∂r
= 0, (2.17)

∂p

∂z
=

1

r

∂

∂r

(
r
∂w

∂r

)
+

1

r

∂

∂r

(
αα1r

(
∂w

∂r

)3
)

+
1

r

∂

∂r

(
α2α2r

(
∂w

∂r

)5
)

+Grθ +Brσ −M2(w + 1), (2.18)

0 =
1

r

∂

∂r

(
r
∂θ

∂r

)
+Nb

∂θ

∂r

∂σ

∂r
+Nt

(
∂θ

∂r

)2

, (2.19)

0 =
1

r

∂

∂r

(
r
∂σ

∂r

)
+
Nt

Nb

(
1

r

∂

∂r

(
r
∂θ

∂r

))
. (2.20)

The boundary conditions are reduced as

w = −1, θ = 1, σ = 1, at r = r1 = ε,

w = −1, θ = 0, σ = 0, at r = r2 = 1 +
λkz

a2
+ φ sin 2πz.

2.2 Solution of the problem

2.2.1 Exact Solution

The exact solutions for the temperature and the nanoparticle concentration satisfying

the relative boundary conditions are directly written as

θ(r, z) =
g3(z)

g1(z) Nb
+

g4(z)

r g1(z) Nb
, (2.21)

σ(r, z) = −Nt

Nb

[
g5(z) + g4(z)r−g1(z)Nb

]
+ g1(z) ln r + g2(z), (2.22)
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where

g1 =
1 + Nt

Nb

ln r1 − ln r2
, g2 =

ln r2

(
1 + Nt

Nb

)
ln r2 − ln r1

,

g3 =
r

Nb

(
1+

Nt
Nb

)
ln r1−ln r2

1 (Nb +Nt)rNb

(
1+

Nt
Nb

)
ln r1−ln r2

1 − r
Nb

(
1+

Nt
Nb

)
ln r1−ln r2

2

 (ln r1 − ln r2)

,

g4 = − r

Nb

(
1+

Nt
Nb

)
ln r1−ln r2

1 r

Nb

(
1+

Nt
Nb

)
ln r1−ln r2

2rNb

(
1+

Nt
Nb

)
ln r1−ln r2

1 − r
Nb

(
1+

Nt
Nb

)
ln r1−ln r2

2


, g5 =

g3

g1Nb
.

2.2.2 Homotopy Perturbation Method

The grouping of the perturbation method and homotopy analysis is called homotopy

perturbation method (HPM) (an analytical technique), which eliminates fixed pertur-

bation method while maintaining all their advantages.

We apply the homotopy perturbation method for solving the above problems. To il-

lustrate the basic idea of the method, we consider the following nonlinear differential

equation

A(u)− f(r) = 0, (2.23)

with the boundary condition of

B

(
u,
∂u

∂n

)
= 0, (2.24)

where A(u) is defined as follows

A(u) = L(u) +N(u). (2.25)

Homotopy perturbation structure is given as

H(v, p) = L(v)− L(u0) + pL(u0) + p[N(v)− f(r)], (2.26)
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or

H(v, p) = (1− p)[L(v)− L(u0)] + p[A(v)− f(r)] = 0, (2.27)

where

v(v, p) : Ω× [0, 1] −→ R, (2.28)

obviously considering Eqs. (2.26) and (2.27) we have

H(v, 0) = L(v)− L(u0) = 0, (2.29)

H(v, 1) = A(v)− f(r) = 0, (2.30)

where p ∈ [0, 1] is an embedding parameter and u0 is the first approximation that satisfies

the boundary condition.

v = v0 + pv1 + p2v2, (2.31)

and the best approximation is p = 1

v = v0 + v1 + v2. (2.32)

We use homotopy perturbation method to solve the Eq. (2.18)

H(q, w) = L(w)− L(w10) + qL(w10) + q

[
1

r

∂

∂r

(
αα1r

(
∂w

∂r

)3
)

+
1

r

∂

∂r

(
α2α2r

(
∂w

∂r

)5
)

+Grθ +Brσ −M2(w + 1)− ∂p

∂z

]
. (2.33)

We take linear operator L = 1
r
∂
∂r (r ∂∂r ) and the following initial guess which satisfy the

boundary conditions [27]

w10(r, z) = −1 + p0

[
A ln r +

r2

4
+B

]
. (2.34)

Let us define

w(r, q) = w0 + qw1 + q2w2 + q3w3 + . . .
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Making use of above expression and using the similar procedure as discussed in [20], the

expression for velocity profile can be written as

w =− 1 +

(
A1 ln[r] +

r2

4
+A2

)
p+A3

1

r4
ln[r] +A4

1

r2
ln[r]

+A5

(
r5 ln[r]

)
+A6

(
r4 ln[r]

)
+A7

(
r6 ln[r]

)
+A8

(
r3 ln[r]

)
+A9

(
r2 ln[r]

)
+A10 ln[r] +A11. (2.35)

where A1, A2, ..., A11 are constants and given in Appendix 4. The expression for pressure

gradient can be written as
dp

dz
=

16[F +A13]

A14
. (2.36)

Flow rate in dimensionless form can be written as

F = 2Q− φ2

2
− 1 + ε2. (2.37)

The expression for pressure rise ∆p and friction forces (at the wall) on the inner and

outer tubes are F (0) and F (i) in non-dimensional forms are defined as

∆p =

∫ 1

0

(
dp

dz

)
dz, (2.38)

F (0) =

∫ 1

0
r2

1

(
−dp
dz

)
dz, (2.39)

F (i) =

∫ 1

0
r2

2

(
−dp
dz

)
dz. (2.40)

Velocities streamfunction relation is defined as follow

u = −1

r

(
∂ψ

∂z

)
, w =

1

r

(
∂ψ

∂r

)
.

For the flow analysis, we have discussed three waveforms sinusoidal wave, trapezoidal

wave and multisinusoidal wave. The dimensionless equations can be written as follows:

1. Sinusoidal wave

h(z) = 1 +
λkz

a0
+ φ sin(2πz).
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2. Multisinusoidal wave

h(z) = 1 +
λkz

a0
+ φ sin(2mπz).

3. Trapezoidal wave

h(z) = 1 +
λkz

a0
+ φ

32

π2

∞∑
n=1

sin π
8 (2n− 1)

(2n− 1)2
sin(2π(2n− 1)z).

The coefficient of heat transfer at the wall can be computed with the help of the expres-

sion Z = hzθr.

2.3 Results and discussions

In this section, we have discussed the solution for the peristaltic flow of Jeffrey six-

constant nanofluid flow in an endoscope with diverging tube. The expressions for tem-

perature, velocity, pressure rise, pressure gradient and streamlines are calculated nu-

merically. Figures 2.2-2.3 show the variation in temperature profile for different values

of brownian motion parameter (Nb) and thermophoresis parameter (Nt). Figure 2.2 de-

picts that the temperature profile increases by increasing the values of brownian motion

parameter (Nb), due to increase in the collision between the particles which produces

heat. Figure 2.3 depicts the influence of thermophersis parameter (Nt) on temperature

field. An increase in thermophersis parameter results in the enhancement of temperature

field. Physically, the thermophersis parameter have a direct relation with temperature

gradient. So if we increases the thermophersis parameter (Nt), it means the temperature

gradient rises, which is responsible for the resulting increase in temperature field.

Figure 2.4 describes the impact of brownian motion parameter (Nb) on concentration

field. As the brownian motion parameter (Nb) is directly proportional to concentration

gradient, an increase in brownian motion parameter (Nb) enhances the concentration

field. Particles can diffuse under the effect of temperature gradient so increase in ther-

mophersis parameter (Nt) results in the reduction of concentration field which is exhib-

ited through Figure 2.5. Figure 2.6 show that velocity profile gets increasing function in

the region (0.2 ≤ r ≤ 0.58) whereas it get opposite behaviour in the rest of the region.

The impact of magnetohydrodynamics (M) on velocity distribution is incorporated in
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Figure 2.7. With an increase in magnetohydrodynamics the velocity profile decreases

for (0.2 ≤ r ≤ 0.58) and increases for (0.6 ≤ r ≤ 1.0). As magnetohydrodynamics cause

lorentz forces, which are resistive forces, so an increase in magnetohydrodynamics leads

to more resistance to the fluid resulting in reduction in fluid velocity.

Figures 2.8, 2.11 show the pressure rise (versus flow rate) for diverse value of α, r1,M .

In these figures, it is depicted that by increasing value of α pressure rise increases in the

region (Q ∈ [−3, 0.01]) whereas reflux occur in the last. The retrograde pumping region

can also be seen in Figures 2.8, 2.11 when Q < 0 and ∆p > 0 and free pumping region

can be seen when Q = 0 and ∆p = 0. Moreover, augmented pumping region can also

be seen in figures 2.8, 2.11 when Q > 0 and ∆p < 0. Figures 2.9, 2.10, 2.12, 2.13 show

the frictional forces (inner and outer tube) for diverse values of α, r1,M . From these

figures, it is depicted that the inner and outer tube frictional forces have an opposite

behaviour as compared to pressure rise. It is observed that the outer frictional forces is

smaller then the inner frictional forces. Figures 2.14-2.16 describe the behaviour of pres-

sure gradient for three different waveforms sinusoidal, multisinusoidal, and trapizoidal

waves. Figure 2.14 describe that increasing value of φ the pressure gradient decreases

in the region (0 ≤ Z ≤ 0.5) and increases in the region (0.6 ≤ Z ≤ 1) and reflux occur

in the region (1.1 ≤ Z ≤ 1.5). Figures 2.15-2.16 show that the behaviour for different

values of φ by considering the multisinusoidal wave and trapizoidal wave.

Figures 2.17-2.19 illustrate the streamlines for different wave shapes. When we move

from sinusoidal wave to multisinusoidal the number of the trapped bolus increase. Figure

2.19 show the pattern of streamlines for trapizoidal wave.
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Figure 2.2: Variation of temperature for Nb when Nt = 8, Z = 0.2, r1 = 0.1, a0 = 0.01
and λ = 0.1, φ = 0.02.

Figure 2.3: Variation of temperature for Nt when Nb = 8, Z = 0.2, r1 = 0.1, a0 = 0.01
and λ = 0.1, φ = 0.02.

Figure 2.4: Variation of concentration for Nb when Nt = 8, Z = 0.2, r1 = 0.1,
a0 = 0.01 and λ = 0.1, φ = 0.02.
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Figure 2.5: Variation of concentration for Nt when Nb = 8, Z = 0.2, r1 = 0.1,
a0 = 0.01 and λ = 0.1,φ = 0.02.

Figure 2.6: Variation of velocity for α when Nt = 8, Z = 0.2, r1 = 0.1 ,a0 = 0.01 and
λ = 0.1,φ = 0.02, Nb = 8, α1 = 8.

Figure 2.7: Variation of velocity for M when Nt = 8, Z = 0.2, r1 = 0.1, a0 = 0.01
and λ = 0.1, φ = 0.02, Nb = 8, α1 = 8, α = 0.03.
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Figure 2.8: Variation of pressure rise for α when Nt = 8, Z = 0.2, r1 = 0.1, a0 = 0.01
and λ = 0.1, φ = 0.02, α1 = 8, M = 0.9.

Figure 2.9: Variation of frictional force (inner tube) for α when Nt = 8, Z = 0.2,
r1 = 0.1, a0 = 0.01 and λ = 0.1, φ = 0.02, α1 = 8, Nb = 0.03, M = 0.9.

Figure 2.10: Variation of frictional force (outer tube) for α when Nt = 8, Z = 0.2,
r1 = 0.1, a0 = 0.01 and λ = 0.1, φ = 0.02, α1 = 8, M = 0.9.
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Figure 2.11: Variation of pressure rise for M when Nt = 8, Z = 0.2, r1 = 0.1,
a0 = 0.01 and λ = 0.1, φ = 0.02, α1 = 8, α = 0.03, Nb = 7.

Figure 2.12: Variation of frictional force (inner tube) for M when Nt = 8, Z = 0.2,
r1 = 0.1, a0 = 0.01 and λ = 0.1, φ = 0.02, α1 = 8, α = 0.03, Nb = 7.

Figure 2.13: Variation of frictional force (outer tube) for M when Nt = 8, Z = 0.2,
r1 = 0.1, a0 = 0.01 and λ = 0.1, φ = 0.02, α1 = 8, α = 0.03, Nb = 7.
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Figure 2.14: Pressure gradient dp
dz for sinusoidal wave when Nt = 8, Z = 0.2, r1 = 0.1,

a0 = 0.01 and λ = 0.1, Nb = 7, α1 = 8, α = 0.03, M = 0.9.

Figure 2.15: Pressure gradient dp
dz for multisinusoidal wave when Nt = 8, Z = 0.2,

r1 = 0.1, a0 = 0.01 and λ = 0.1, Nb = 7, α1 = 8, α = 0.03, M = 0.9.

Figure 2.16: Pressure gradient dp
dz for Trapizodioal wave when Nt = 8, Z = 0.2,

r1 = 0.1, a0 = 0.01 and λ = 0.1, Nb = 7, α1 = 8, α = 0.03, M = 0.9.
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Figure 2.17: Streamlines pattern for sinusoidal wave when Nt = 8, Z = 0.2, r1 = 0.1,
a0 = 0.01 and λ = 0.1, φ = 0.02, α1 = 8, α = 0.03, M = 0.9.

Figure 2.18: Streamlines pattern for multisinusoidal wave when Nt = 8, Z = 0.2,
r1 = 0.1, a0 = 0.01 and λ = 0.1, φ = 0.02, α1 = 8, α = 0.03, M = 0.9.

Figure 2.19: Streamlines pattern for Trapizodioal wave when Nt = 8, Z = 0.2,
r1 = 0.1, a0 = 0.01 and λ = 0.1, φ = 0.02, α1 = 8, α = 0.03, M = 0.9.



Chapter 2 24

2.4 Conclusion

In this chapter, we have analysed the physiological breakdown of Jeffrey six-constant

nanofluid flow in an endoscope with diverging tube. The main findings of the present

study are as follow:

• The temperature profile is enhanced for the increasing values of parameters Nt

and Nb.

• The nanoparticle concentration field is enhanced for the increasing values of ther-

mophoresis Nt and Brownian motion Nb.

• It is clear that frictional forces and pressure rise have an opposite behaviour while

compare to each other.

• The pressure gradient increases with the increasing value of φ.

• The trapped bolos increases with the increasing value of φ.
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Simulation of mixed convection

flow for physiological breakdown

of Jeffrey six-constant fluid model

with convective boundary

condition

This chapter deals with the simulation of mixed convection flow for physiological break-

down of Jeffrey six-constant fluid in an inclined tube. Influence of convective boundary

conditions is also examined. The governing equations of non-Newtonian fluid along with

heat are modelled and simplified by using low Reynolds number and long wavelength

assumptions. The momentum equation is solved by utilizing the homotopy perturbation

technique for velocity while the exact solutions are computed for temperature equation.

The obtained expressions for the velocity and temperature are plotted and the impact

of various physical parameters are investigated for different peristaltic waves.

3.1 Problem Formulation

We are taking into account the simulation of mixed convection flow for physiological

breakdown of Jeffrey six-constant fluid in an inclined tube. The flow is generated by
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sinusoidal wave trains propagating with constant speed c1 along the walls of the tube.

Figure 3.1: Geometry of the problem.

The equations for conservation of mass and momentum can be written as

∂Ū

∂R̄
+
Ū

R̄
+
∂W̄

∂Z̄
= 0, (3.1)

ρ

(
∂

∂t̄
+ Ū

∂

∂R̄
+ W̄

∂

∂Z̄

)
Ū = −∂P̄

∂R̄
+

1

R̄

∂

∂R̄
(R̄τ̄R̄R̄) +

∂

∂Z̄
(τ̄R̄Z̄)− τ̄θ̄θ̄

R̄

− ραg(T̄ − T̄0) cos η, (3.2)

ρ

(
∂

∂t̄
+ Ū

∂

∂R̄
+ W̄

∂

∂Z̄

)
W̄ = −∂P̄

∂Z̄
+

1

R̄

∂

∂R̄
(R̄τ̄R̄Z̄) +

∂

∂Z̄
(τ̄Z̄Z̄)

+ ραg(T̄ − T̄0) sin η, (3.3)

ρcp

(
∂

∂t̄
+ Ū

∂

∂R̄
+ W̄

∂

∂Z̄

)
T̄ = κ

(
∂2T̄

∂R̄2
+

1

R̄

∂T̄

∂R̄
+
∂2T̄

∂Z̄2

)
+Q0, (3.4)
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where τ =
(ρc)p
(ρc)f

is the ratio among the efficient heat capacity of the nanoparticle material

and the heat capacity of the fluid. The transformations between the two frames are

r̄ = R̄, z̄ = Z̄ − c1t̄, (3.5)

ū = Ū , w̄ = W̄ − c1. (3.6)

The corresponding boundary conditions are defined as

∂W̄

∂R̄
= 0,

∂T̄

∂R̄
= 0, at R̄ = 0, (3.7)

W̄ = 0, K
∂T̄

∂R̄
= −η(T̄ − T̄0), at R̄ = H̄ = a+ b sin

[
2π

λ
(Z̄ − c1t̄)

]
. (3.8)

The constitutive equation for a Jeffrey six-constant fluid model is defined as [32]

τ + ε1

[
dτ̄

dt
−W.τ̄ + τ̄ .W + d(τ̄ .D +D.τ̄) + bτ̄ : DI + cDtrτ̄

]
= 2µ

[
D + ε2

(
dD

dt
−W.D +D.W + 2dD.D + bD : DI

)]
. (3.9)

Here

D(symmetric part of velocity gradient) =
∇V̄ + (∇V̄ )t1

2
,

W(antisymmetric part of velocity gradient) =
∇V̄ − (∇V̄ )t1

2
.

Introducing the following non-dimensional variables

R =
R̄

a
, r =

r̄

a
, Z =

Z̄

λ
, z =

z̄

λ
, W =

W̄

c1
, w =

w̄

c1
, τ =

aτ̄

cµ0
,

U =
λŪ

ac1
, u =

λū

ac1
, t =

c1t̄

λ
, λ1 =

ε1c1

a
, λ2 =

ε2c1

a
,

Re =
ac1ρ

µ0
, δ =

a

λ
, h =

h̄

a
= 1 + ε sin(2πz), Pr =

µ0Cp
k

,

B =
Q0a

2

kT0
, θ =

T̄ − T̄0

T̄0
, α =

k

(ρc)f
, Gr =

gβρa2T̄0

cµ
, p =

a2p̄

c1λµ0
.
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Making use of non-dimensional variables Eqs. (3.1) - (3.4), we obtain

∂u

∂r
+
u

r
+
∂w

∂z
= 0, (3.10)

δ3Re

(
u
∂u

∂r
+ w

∂u

∂z

)
= −∂p

∂r
+ δ2 ∂

∂z
(τrz) +

δ

r

∂

∂r
(rτrr)

− δ

r
τθθ − δGr (cos η) θ, (3.11)

δRe

(
u
∂w

∂r
+ w

∂w

∂z

)
= −∂P

∂z
+

1

r

∂

∂r
(rτrz) + δ

∂

∂z
(τzz)

+Gr (sin η) θ, (3.12)

δRePr

(
u
∂θ

∂r
+ w

∂θ

∂z

)
=

[
1

r

∂θ

∂r
+
∂2θ

∂r2

]
+B. (3.13)

The corresponding boundary conditions are reduced as

∂w

∂r
= 0,

∂θ

∂r
= 0, at r = 0, (3.14)

w = −1,
∂θ

∂r
+ κθ = 0, at r = h = 1 + ε sin(2πz). (3.15)

With the help of Eqs. (3.5) and (3.6), Eqs. (3.10) - (3.13) under the assumption of low

Reynolds number and long wavelength δ << 1 take the form

0 = −∂p
∂z

+
1

r

∂

∂r
(rτrz) +Gr(sin η)θ, (3.16)

0 =
∂p

∂r
, (3.17)

0 =

[
1

r

∂θ

∂r
+
∂2θ

∂r2

]
+B. (3.18)

The boundary conditions are reduced as

∂w

∂r
= 0,

∂θ

∂r
= 0, at r = 0,

w = −1,
∂θ

∂r
+ κθ = 0, at r = h = 1 + ε sin(2πz).
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Finally, the Eq. (3.16) can be written as

0 =
∂p

∂r
, (3.19)

∂p

∂z
=

1

r

∂

∂r

(
r
∂w

∂r

)
+

1

r

∂

∂r

(
αα1r

(
∂w

∂r

)3
)

+
1

r

∂

∂r

(
α2α2r

(
∂w

∂r

)5
)

+Gr(sin η)θ, (3.20)

0 =

[
1

r

∂θ

∂r
+
∂2θ

∂r2

]
+B. (3.21)

The boundary conditions are reduced as

∂w

∂r
= 0,

∂θ

∂r
= 0, at r = 0,

w = −1,
∂θ

∂r
+ κθ = 0, at r = h = 1 + ε sin(2πz).

3.2 Solution of the problem

3.2.1 Exact Solution

The exact solutions for the temperature satisfying the relative boundary conditions are

directly written as:

θ = −Br
2

4
+

1

κ

(
Bh

2
+
Bκh2

4

)
. (3.22)

3.2.2 Homotopy Perturbation Method

We use homotopy perturbation method to solve the Eq. (3.20)

H(q, w) = L(w)− L(w10) + qL(w10) + q

[
1

r

∂

∂r

(
αα1r

(
∂w

∂r

)3
)

+
1

r

∂

∂r

(
α2α2r

(
∂w

∂r

)5
)

+Gr sin ηθ − ∂p

∂z

]
. (3.23)
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We take linear operator L = 1
r
∂
∂r (r ∂∂r ) and the following initial guess which satisfy the

boundary conditions [27]

w10(r, z) = −1 + p0

[
r2 − h2

4

]
. (3.24)

Let us define

w(r, q) = w0 + qw1 + q2w2 + q3w3 + . . .

Making use of above expression and using the similar procedure as discussed in [20], the

expression for velocity profile can be written as

w =− 1 +

(
r2 − h2

4

)
dp

dz
+m5(r2 − h2) +m6(r4 − h4) +m7(r6 − h6) +m8(r8 − h8)

+m9(r10 − h10) +m10(r12 − h12) +m11(r14 − h14) +m12(r16 − h16)

+m13(r18 − h18) +m14(r20 − h20) +m15(r22 − h22) +m16(r24 − h24), (3.25)

wherem5,m6, ...,m17 are constants and given in Appendix 4. The expression for pressure

gradient is defined as
dp

dz
=

16

−h4
[F +m17] . (3.26)

Flow rate in the dimensionless form can be written as

F = Q− 1

2

(
1 +

ε2

2

)
. (3.27)

The pressure rise ∆p can be written as

∆p =

∫ 1

0

(
dp

dz

)
dz. (3.28)

Velocities in terms of streamfunctions are defined as

u = −1

r

(
∂ψ

∂z

)
, w =

1

r

(
∂ψ

∂r

)
.
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3.3 Results and discussions

In this section, we have discussed the simulation of mixed convection flow for physiolog-

ical breakdown of Jeffrey six-constant fluid model with convective boundary condition.

We examined the behaviour for different parameters on velocity, temperature, pressure

gradient, pressure rise, and streamlines. Figures 3.2 show the temperature profile for

different values of Biot number (κ) on temperature profile and heat source or sink pa-

rameter (B) respectively. Figure 3.2 shows that with the increase in heat source or

sink parameter (B) temperature profile increases. From figure 3.3 it is seen that with

the increase in Biot number (κ) temperature profile decreases. Increased in Brinkman

number means greater viscous dissipation, thus by increasing Brinkman number, the

collision in the flow causes an enhancement in the internal energy of the fluid, which is

responsible for the resulting enhancement in the temperature field. Figures 3.4-3.7 show

the impact of Jeffrey six-constant parameter (α), heat source or sink parameter (B),

Biot number (κ), Grashof number (Gr) on the velocity profile. Figures 3.4-3.5 illustrate

that with an increase in the value of α and κ the velocity profile in the centre of the tube

decreases whereas it gets opposite behaviour near the tube or near the peristaltic wave.

In Figures 3.6-3.7 it is depicted that, at the centre of the tube, the velocity profile is

minimum whereas it gets opposite behaviour near the tube or near the peristaltic wave.

Figures 3.8-3.13 show the pressure rise for diverse values of α, λ1, λ2 (fluid parameters).

In these figures, it is depicted that by increasing value of λ1 pressure rise increases in

the region (Q ∈ [−2,−0.5]) whereas reflux occur in the last. Three different regions can

be recognized from this figure.

The retrograde pumping region can also be seen in Figures 3.8, 3.10, 3.12 when Q < 0

and ∆p > 0 and free pumping region can be seen when Q = 0 and ∆p = 0. Moreover,

augmented pumping region can also be seen in figures 3.8, 3.10, 3.12 when Q > 0 and

∆p < 0. Figures 3.9, 3.11, 3.13 show the forces have an opposite behaviour as well as the

pressure rise. Figures 3.14-3.16 describe the behaviour of pressure gradient for different

waveforms like Sinusoidal, Multisinusoidal, and trapizoidal wave. Figure 3.14 describe

that increasing value of ε the pressure gradient decreases in the region (0 ≤ Z ≤ 0.5)

and increases in the region (0.6 ≤ Z ≤ 1) and reflux occur in the region (1.1 ≤ Z ≤ 1.5).

Figures 3.15-3.16 show that the behaviour for different values of ε by considering the

multisinusoidal wave and trapizoidal wave.

Figures 3.17-3.18 illustrate the streamlines for different wave shapes. When we move
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from sinusoidal wave to multisinusoidal the number of the trapped bolus increase. Figure

3.18 show the pattern of streamlines for trapizoidal wave.
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Figure 3.2: Variation of temperature for B when Z = 0.23, ε = 0.22, κ = 2.55.

Figure 3.3: Variation of temperature for κ when Z = 0.23, ε = 0.22, B = 2.55.

Figure 3.4: Variation of velocity for α when Z = 0.23, ε = 0.22, κ = 2.55, η = π
4 ,

B = 0.22, Gr = 1.5, α1 = 0.4, α2 = 0.6.
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Figure 3.5: Variation of velocity for κ when Z = 0.23, ε = 0.22, α = 0.22, η = π
4 ,

B = 0.22, α1 = 0.22, α2 = 0.4, Gr = 1.5.

Figure 3.6: Variation of velocity for B when Z = 0.23, ε = 0.22, κ = 2.55, η = π
4 ,

α = 0.22, α1 = 0.22, α2 = 0.4, Gr = 1.5.

Figure 3.7: Variation of velocity for Gr when Z = 0.23, ε = 0.22, η = π
4 , α = 0.22,

α1 = 0.22, α2 = 0.4, B = 0.22.
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Figure 3.8: Variation of pressure rise for λ1 when Z = 0.23, ε = 0.01, η = π
4 ,

α1 = 0.22, α2 = 0.4, Gr = 1.5, B = 1.5.

Figure 3.9: Variation of frictional forces for λ1 when Z = 0.23, ε = 0.01, η = π
4 ,

α1 = 0.22, α2 = 0.4, Gr = 1.5, B = 1.5.

Figure 3.10: Variation of pressure rise for α when Z = 0.23, ε = 0.01, η = π
4 ,

α1 = 0.22, α2 = 0.4, Gr = 1.5, B = 1.5.
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Figure 3.11: Variation of frictional forces for α when Z = 0.23, ε = 0.01, η = π
4 ,

α1 = 0.22, α2 = 0.4, Gr = 1.5, B = 1.5.

Figure 3.12: Variation of pressure rise for λ2 when Z = 0.23, ε = 0.01, η = π
4 ,

α1 = 0.22, α2 = 0.4, Gr = 1.5, B = 1.5.

Figure 3.13: Variation of frictional forces for λ2 when Z = 0.23, ε = 0.01, η = π
4 ,

α1 = 0.22, α2 = 0.4, Gr = 1.5, B = 1.5.
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Figure 3.14: Pressure gradient dp
dz for sinusoidal wave when Z = 0.23, η = π

4 , α1 =
0.22, α2 = 0.4, Gr = 1.5, B = 1.5.

Figure 3.15: Pressure gradient dp
dz for multisinusoidal wave when Z = 0.23, η = π

4 ,
α1 = 0.22, α2 = 0.4, Gr = 1.5, B = 1.5.

Figure 3.16: Pressure gradient dp
dz for trapizodioal wave when Z = 0.23, η = π

4 ,
α1 = 0.22, α2 = 0.4, Gr = 1.5, B = 1.5.
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Figure 3.17: Streamlines pattern for sinusoidal wave Z = 0.23, ε = 0.01, η = π
4 ,

α1 = 0.22, α2 = 0.4, Gr = 1.5, B = 1.5.

Figure 3.18: Streamlines pattern for multisinusoidal wave Z = 0.23, ε = 0.01, η = π
4 ,

α1 = 0.22, α2 = 0.4, Gr = 1.5, B = 1.5.

Figure 3.19: Streamlines pattern for trapizodioal Z = 0.23, ε = 0.01, η = π
4 , α1 =

0.22, α2 = 0.4, Gr = 1.5, B = 1.5.
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3.4 Conclusion

In this chapter, we have analyzed the simulation of mixed convection flow for physiolog-

ical breakdown of Jeffrey six-constant fluid model with convective boundary condition

in an inclined tube. The main findings of the present study are as follows:

• Temperature profile decreases for increasing values of the Biot number.

• It is clear that frictional forces and pressure rise have an opposite behaviour while

compare to each other.

• The pressure gradient increases with the increasing value of ε.

• Streamlines bolas take the form of the shape of the geometry.
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Physiological breakdown of Sisko

fluid with convective boundary

condition in a uniform tube

This chapter deals with the peristaltic flow of Sisko fluid with convective boundary con-

ditions in a uniform tube. The effects of viscous dissipation are also taken into account.

The governing equations of non-Newtonian fluid along with heat and nanoparticles are

modelled and simplified by using low Reynolds number and long wavelength assump-

tions. The velocity equation is solved by utilizing the homotopy perturbation technique

while the exact solutions are computed for temperature and concentration equations.

The solutions depend on Brinkman number (Bκ) and Magnetohydrodynamics (M). The

obtained expressions for the velocity, temperature and concentration profiles are plotted

and the impact of various physical parameters are investigated for different peristaltic

waves

4.1 Mathematical Formulation

We are taking into account the peristaltic flow of Sisko fluid with convective boundary

conditions in a uniform tube. The flow is generated by sinusoidal wave trains propagat-

ing with constant speed c1 along the wall of the tube. Viscous dissipation effects are

also taken into account. The geometry of the wall surfaces is shown in Figure 4.1 and

40
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mathematically defined as

Figure 4.1: A physical sketch of the problem.

H̄ = a+ b sin

[
2π

λ

(
Z̄ − c1t̄

)]
, (4.1)

where a is the radius of the tube, b is the wave amplitude, λ represent the wavelength,

c1 is the propagation speed and t̄ is the time.

For an incompressible fluid the law of conservation of mass and momentum in the absence

of body forces can be written as

∂Ū

∂R̄
+
Ū

R̄
+
∂W̄

∂Z̄
= 0, (4.2)

ρ

(
∂

∂t̄
+ Ū

∂

∂R̄
+ W̄

∂

∂Z̄

)
Ū = −∂P̄

∂R̄
+

1

R̄

∂

∂R̄
(R̄S̄R̄R̄) +

∂

∂Z̄
(S̄R̄Z̄)− S̄θ̄θ̄

R̄
, (4.3)

ρ

(
∂

∂t̄
+ Ū

∂

∂R̄
+ W̄

∂

∂Z̄

)
W̄ = −∂P̄

∂Z̄
+

1

R̄

∂

∂R̄
(R̄S̄R̄Z̄) +

∂

∂Z̄
(S̄Z̄Z̄)− σB2

0W̄ , (4.4)

ρCp

(
∂

∂t̄
+ Ū

∂

∂R̄
+ W̄

∂

∂Z̄

)
T̄ = S̄R̄R̄

∂Ū

∂R̄
+ S̄R̄Z̄

∂W̄

∂R̄
+ S̄R̄Z̄

∂Ū

∂Z̄
+ S̄Z̄Z̄

∂Ū

∂R̄

+ S̄θ̄θ̄
Ū

R̄
+ K̄

(
∂2T̄

∂R̄2
+

1

R̄

∂T̄

∂R̄
+
∂2T̄

∂Z̄2

)
, (4.5)

(
∂

∂t̄
+ Ū

∂

∂R̄
+ W̄

∂

∂Z̄

)
C̄ = D

(
∂2C̄

∂R̄2
+

1

R̄

∂C̄

∂R̄
+
∂2C̄

∂Z̄2

)

+
Dk̄T
T̄0

(
∂2T̄

∂R̄2
+

1

R̄

∂T̄

∂R̄
+
∂2T̄

∂Z̄2

)
. (4.6)
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The transformation relation between the two frames are

r̄ = R̄, z̄ = Z̄ − c1t̄,

ū = Ū , w̄ = W̄ − c1.

The corresponding boundary conditions are defined as

∂W̄

∂R̄
= 0,

∂T̄

∂R̄
= 0,

∂C̄

∂R̄
= 0, at R̄ = 0,

W̄ = 0, K
∂T̄

∂R̄
= −η(T̄ − T̄0), C̄ = C̄0, at R̄ = H̄ = a+ b sin

[
2π

λ
(Z̄ − ct̄)

]
.

The constitutive equation for a Sisko fluid model is defined as

S̄ =

[
a1 + b1

(√
Π̄
)n−1

]
Ā1,

Ā1 = L̄+ L̄T , L̄ = ∇V̄ , Π̄ =
1

2
trĀ1

2
.

The non-dimensional constants are defined as

R =
R̄

a
, r =

r̄

a
, Z =

Z̄

λ
, z =

z̄

λ
, W =

W̄

c1
, w =

w̄

c1
, S =

aS̄

c1µ0
,

U =
λŪ

ac1
, u =

λū

ac1
, t =

c1t̄

λ
, λ1 =

ε1c1

a
, λ2 =

ε2c1

a
,

Re =
ac1ρ

µ0
, δ =

a

λ
, h =

h̄

a
= 1 + ε sin(2πz), Pr =

µ0Cp
k

,

Ec =
c2

CpT0
, θ =

T̄ − T̄0

T̄0
, Π =

aΠ̄

c1
, α =

k

(ρc)f
, p =

a2p̄

c1λµ0
,

ST =
ρDkT T̄0

µT0C̄0
, SH =

µ

Dρ
, σ =

C̄ − C̄o
C̄o

, M =

√
σ

µ
B0a

2.

With the help of above non-dimensional variables and under the assumption of low

Reynolds number Re << 1 and long wavelength δ << 1 approximation, the equations
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can be written as

0 =
∂u

∂r
+
u

r
+
∂w

∂z
, (4.7)

0 =
∂p

∂r
, (4.8)

0 = −∂p
∂z

+
1

r

∂

∂r
(rSrz)−M2(w + 1), (4.9)

0 =
1

r

∂

∂r

(
r
∂θ

∂r

)
+Bk

∂w

∂r
(Srz) , (4.10)

0 =
1

SH

1

r

∂

∂r

(
r
∂σ

∂r

)
+ ST

1

r

∂

∂r

(
r
∂θ

∂r

)
. (4.11)

The boundary conditions are reduced as

∂w

∂r
= 0,

∂θ

∂r
= 0,

∂σ

∂r
= 0, at r = 0,

w = −1,
∂θ

∂r
+ κθ = 0, σ = 0, at r = h = 1 + ε sin(2πz).

The stress tensor can be defined as

Srr = 2δ

[
1 + b

(
∂w

∂r

)n−1
]
∂u

∂r
,

Srz =

[
1 + b

(
∂w

∂r

)n−1
](

∂u

∂z
δ2 +

∂w

∂r

)
,

Szz = 2δ

[
1 + b

(
∂w

∂r

)n−1
]
∂w

∂z
.

Finally, in simplified form Eqs. (4.7)-(4.11) can be written as

∂p

∂r
= 0, (4.12)

∂p

∂z
=

1

r

∂

∂r

(
r

[
1 + b

(
∂w

∂r

)n−1
]
∂w

∂r

)
−M2(w + 1), (4.13)

1

r

∂

∂r

(
r
∂θ

∂r

)
+Bk

∂w

∂r
(Srz) = 0, (4.14)

1

SH

1

r

∂

∂r

(
r
∂σ

∂r

)
+ ST

1

r

∂

∂r

(
r
∂θ

∂r

)
= 0. (4.15)
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The boundary conditions are reduced as

∂w

∂r
= 0,

∂θ

∂r
= 0,

∂σ

∂r
= 0, at r = 0,

w = −1,
∂θ

∂r
+ κθ = 0, σ = 0, at r = h = 1 + ε sin(2πz).

4.2 Solution Methodology

We use homotopy perturbation method to solve the Eq. (4.13)

H(q, w) = L(w)− L(w10) + qL(w10) + q

[
b

r

(
∂w

∂r

)n
+ nb

(
∂w

∂r

)n−1(∂2w

∂r2

)
+ −M2(w + 1)− ∂p

∂z

]
. (4.16)

We choose linear operator L = 1
r
∂
∂r

(
r ∂∂r
)

and initial guess which satisfy the required

boundary conditions are

w10(r, z) = −1 + p0

[
r2 − h2

4

]
. (4.17)

H(q, w) for case 1 (n = 0, shear thinning fluid)

H(q, w) = L(w)− L(w10) + qL(w10) + q

[
b

r
−M2(w + 1)− ∂p

∂z

]
. (4.18)

H(q, w) for case 2 (n = 1, b = 0, Newtonian fluid)

H(q, w) = L(w)− L(w10) + qL(w10) + q

[
−M2(w + 1)− ∂p

∂z

]
. (4.19)

H(q, w) for case 3 (n = 2, shear thickening fluid)

H(q, w) = L(w)− L(w10) + qL(w10) + q

[
b

r

(
∂w

∂r

)2

+ 2b

(
∂w

∂r

)(
∂2w

∂r2

)
+ −M2(w + 1)− ∂p

∂z

]
. (4.20)

According to HPM, we solve for case 3 (n = 2, shear thickening fluid)

w(r, q) = w0 + qw1 + q2w2 + q3w3 + . . .
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p(r, q) = p1 + qp2 + q2p3 + q3p4 + . . .

The velocity field for q → 1 takes the form

w =− 1 +

(
r2 − h2

4

)
dp

dz
+A1(r2 − h2) +A2(r3 − h3) +A3(r4 − h4)

+A4(r5 − h5) +A5(r6 − h6) +A6(r7 − h7) +A7(r9 − h9). (4.21)

The exact solutions for the temperature satisfying the relative boundary conditions are

directly written as

θ =
1

κ

(
−Bκh3

16
− 1

40
bBκh

4 +
1

48
MBκh

5 +
27

2240
bBκh

6Mp0 +
1

20
bBκh

4p2
0

)
+

1

κ

(
11

6144
M2Bκh

7p2
0 −

9

1120
bBκh

6Mp3
0 −

5

512
b2Bκh

7Mp3
0 −

1

96
b2Bκh

5p4
0

)
+

1

κ

(
3

224
b3Bκh

6p4
0 +

1

1280
b2Bκh

4M2p4
0 +

11

5376
b3Bκh

8Mp5
0 +

1

512
b4Bκh

7p6
0

)
.

(4.22)

The exact solutions for the concentration equation satisfying the relative boundary con-

ditions are directly written as

σ =
1

64
BκSTSHP

2
0 (r4 − h4) +

1

32
BκSTSHP0p1(r4 − h4)− 1

576
BκSTSHP

4
0 (r6 − h6)α1

+
1

64
BκSTSHP

2
1 (r4 − h4)− 1

32
STSHP0p2(r4 − h4) +

1

288
STSHP

3
0 p1(r6 − h6)α1

+
1

288
BκSTSHP

3
0 p1(r6 − h6)− 3

2048
STSHP

4
0 , (4.23)

where A1, A2, ..., A8 are constants and given in Appendix 4. The expression for pressure

gradient can be written as
dp

dz
=

16

−h4
[F +A8] . (4.24)

Flow rate in the dimensionless form can be written as

F = Q− 1

2

(
1 +

ε2

2

)
. (4.25)

The pressure rise ∆p can be written as

∆p =

∫ 1

0

(
dp

dz

)
dz. (4.26)
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Velocities in terms of streamfunctions are defined as

u = −1

r

(
∂ψ

∂z

)
, w =

1

r

(
∂ψ

∂r

)
.

For the flow analysis, we have considered three waveforms sinusoidal wave, trapezoidal

wave and multisinusoidal wave. The dimensionless equations can be written as

1. Sinusoidal wave

h(z) = 1 + ε sin(2πz).

2. Multisinusoidal wave

h(z) = 1 + ε sin(2mπz).

3. Trapezoidal wave

h(z) = 1 + ε

[
32

π2

∞∑
n=1

sin π
8 (2n− 1)

(2n− 1)2
sin(2π(2n− 1)z)

]
.

4.3 Results and discussions

In this section, we have analyzed the physiological breakdown of Sisko fluid model with

convective boundary condition in a uniform tube through graphs. We have presented the

solution attained by HPM by framing velocity, pressure rise, pressure gradient, tempera-

ture, concentration and streamline graphs for diverse values of the parameters power law

index (n) , fluid parameter b, magnetohydrodynamics (M), Biot number κ , (Brinkman

number) (Bk), (Soret number) ST ,(Schmidt number) SH respectively. Figures 4.2-4.5

show that with the increase in b, Bk,M temperature profile increases. From figure 4.5 it

is seen that with the increase in κ temperature profile decreases. Figures 4.6-4.9 show

that with the increase in b, Bk,M, ST concentration profile increases. From figure 4.10

it is seen that with the increase in SH concentration profile decreases. An increase in

Soret number (ST ) enhances the concentration profile. Physically, when we increase the

Soret number (ST ), it gives rise to diffuse the nanoparticles in the fluid, due to convec-

tion, which leads to increase the concentration profile. An increase in Schmidth number

reduces the concentration profile. It is due to the fluid that an increase in Schmidth

number (SH) to reduces the diffusion of nanoparticles in the fluids flow, which is respon-

sible for the reduction of concentration field.
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Figure 4.11 shows that increases the value of M while the velocity profile in the centre

of the tube decreases as well as it gets opposite behaviour nearest of the tube or near the

peristaltic wave. Figures 4.12-4.13 show that shear stress gets increase function in the

region (0.5 ≤ r ≤ 0) whereas it get opposite behaviour in the region (−1 ≤ r ≤ −0.49).

Figures 4.14-4.19 show the pressure rise (versus flow rate) for diverse value of M, b, ε.

From figure 4.14, it is depicted that by increasing value of M pressure rise increasing

in the region (Q ∈ [−2, 0.5]) whereas reflux occur in the last. The retrograde pumping

region can also be seen in Figure 4.14 when Q < 0 and ∆p > 0 and free pumping region

can be seen when Q = 0 and ∆p = 0. Moreover, augmented pumping region can also be

seen in figure 4.14 when Q > 0 and ∆p < 0. From figure 4.16, 4.18 it is seen that with

the increase in ε pressure rise decreases in the region (Q ∈ [−2,−0.4]) whereas reflux

occur in the last. Figures 4.15, 4.17, 4.19 show the friction force for diverse values of

M, b, ε. From these figures it is depicted that the friction force have an opposite be-

haviour as compared to pressure rise.

Figures 4.20-4.22 describe the behaviour of pressure gradient for different waveforms like

Sinusoidal, Multisinusoidal, trapizoidal. Figure 4.20 describe that increasing value of ε

the pressure gradient decreases in the region (0 ≤ Z ≤ 0.5) and increases in the region

(0.6 ≤ Z ≤ 1) and reflux occur in the region (1.1 ≤ Z ≤ 1.5).

Figures 4.21-4.22 show that the behaviour for different values of ε by considering the

multisinusoidal wave, trapizoidal. Figures 4.23-4.24, it is depicted that by increasing

value of b,M pressure rise increasing. Figures 4.25-4.34 illustrate the streamlines for

different wave shapes. It is distinguish that the streamlines of the flow are affected in a

related behaviour by increasing the value of ε. In fact it is pragmatic that the strength

of trapped bolus appear in the wider part of the tube decreases by increasing the value

of ε.
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Figure 4.2: Variation of temperature for b when Z = 0.23, ε = 0.22, κ = 2.55,
M = 0.09, Bk = 0.23.

Figure 4.3: Variation of temperature for Bk when Z = 0.23, ε = 0.22, κ = 2.55,
M = 0.09, b = 0.23.

Figure 4.4: Variation of temperature for M when Z = 0.23, ε = 0.22, κ = 2.55,
b = 0.01, Bk = 0.23.
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Figure 4.5: Variation of temperature graph for κ when Z = 0.23, ε = 0.22, b = 0.01,
M = 0.09, Bk = 0.23.

Figure 4.6: Variation of nanoparticle concentration graph for Bk when M = 0.09,
Z = 0.2, ST = 0.8, λ = 0.1, ε = 0.22, SH = 0.8.

Figure 4.7: Variation of nanoparticle concentration graph for M when Bk = 0.09,
Z = 0.2, ST = 0.8, λ = 0.1, ε = 0.22, SH = 0.8.
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Figure 4.8: Variation of nanoparticle concentration graph for b when M = 0.09,
Z = 0.2, ST = 0.8, λ = 0.1, ε = 0.22, SH = 0.8.

Figure 4.9: Variation of nanoparticle concentration graph for SH when M = 0.09,
Z = 0.2, ST = 0.8, λ = 0.1, ε = 0.22, b = 0.01.

Figure 4.10: Variation of nanoparticle concentration graph for ST when M = 0.09,
Z = 0.2, b = 0.01, λ = 0.1, ε = 0.22, SH = 0.8.
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Figure 4.11: Variation of velocity graph for M when b = 0.01, Z = 0.2, ST = 0.8,
λ = 0.1, ε = 0.22, SH = 0.8.

Figure 4.12: Variation of shear stress graph for b when M = 0.09, Z = 0.2, ST = 0.8,
λ = 0.1, ε = 0.22, SH = 0.8.

Figure 4.13: Variation of shear stress graph for M when b = 0.01, Z = 0.2, ST = 0.8,
λ = 0.1, ε = 0.22, SH = 0.8.
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Figure 4.14: Variation of pressure rise graph for b when M = 0.09, Z = 0.2, ST = 0.8,
λ = 0.1, ε = 0.22, SH = 0.8.

Figure 4.15: Variation of frictional forces graph for b when M = 0.09, Z = 0.2,
ST = 0.8, λ = 0.1, ε = 0.22, SH = 0.8.

Figure 4.16: Variation of pressure rise graph for ε when M = 0.09, Z = 0.2, ST = 0.8,
λ = 0.1, b = 0.01, SH = 0.8.



Chapter 4 53

Figure 4.17: Variation of frictional forces graph for ε when M = 0.09, Z = 0.2,
ST = 0.8, λ = 0.1, b = 0.01, SH = 0.8.

Figure 4.18: Variation of pressure rise for M when b = 0.01, Z = 0.2, ST = 0.8,
λ = 0.1, ε = 0.22, SH = 0.8.

Figure 4.19: Variation of frictional forces for M when b = 0.01, Z = 0.2, ST = 0.8,
λ = 0.1, ε = 0.22, SH = 0.8.
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Figure 4.20: Pressure gradient dp
dz for sinusoidal wave when M = 0.09, Z = 0.2,

ST = 0.8, λ = 0.1, b = 0.01, SH = 0.8.

Figure 4.21: Pressure gradient dp
dz for multisinusoidal wave when M = 0.09, Z = 0.2,

ST = 0.8, λ = 0.1, b = 0.01, SH = 0.8.

Figure 4.22: Pressure gradient dp
dz for Trapizoidal wave when M = 0.09, Z = 0.2,

ST = 0.8, λ = 0.1, b = 0.01, SH = 0.8.
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Figure 4.23: Pressure gradient dp
dz for b when M = 0.09, Z = 0.2, ST = 0.8, λ = 0.1,
ε = 0.01, SH = 0.8.

Figure 4.24: Pressure gradient dp
dz for M when ε = 0.22, Z = 0.2, ST = 0.8, λ = 0.1,
b = 0.01, SH = 0.8.

Figure 4.25: Streamlines pattern for sinusoidal wave M = 0.09, Z = 0.2, ST = 0.8,
λ = 0.1, b = 0.01, SH = 0.8.
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Figure 4.26: Streamlines pattern for multisinusoidal wave M = 0.09, Z = 0.2, ST =
0.8, λ = 0.1, b = 0.01, SH = 0.8.

Figure 4.27: Streamlines pattern for Trapizoidal wave M = 0.09, Z = 0.2, ST = 0.8,
λ = 0.1, b = 0.01, SH = 0.8.

Figure 4.28: Streamlines pattern for b = 0.01 when M = 0.09, Z = 0.2, ST = 0.8,
λ = 0.1, ε = 0.01, SH = 0.8.
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Figure 4.29: Streamlines pattern for b = 0.02 when M = 0.09, Z = 0.2, ST = 0.8,
λ = 0.1, ε = 0.01, SH = 0.8.

Figure 4.30: Streamlines pattern for b = 0.03 when M = 0.09, Z = 0.2, ST = 0.8,
λ = 0.1, ε = 0.01, SH = 0.8.

Figure 4.31: Streamlines pattern for b = 0.04 when M = 0.09, Z = 0.2, ST = 0.8,
λ = 0.1, ε = 0.01, SH = 0.8.
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Figure 4.32: Streamlines pattern for M = 1 when ε = 0.09, Z = 0.2, ST = 0.8,
λ = 0.1, b = 0.01, SH = 0.8.

Figure 4.33: Streamlines pattern for M = 2 when ε = 0.09, Z = 0.2, ST = 0.8,
λ = 0.1, b = 0.01, SH = 0.8.

Figure 4.34: Streamlines pattern for M = 3 when ε = 0.09, Z = 0.2, ST = 0.8,
λ = 0.1, b = 0.01, SH = 0.8.
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4.4 Conclusion

In this chapter, we have analysed the peristaltic flow of non-Newtonian fluid with con-

vective boundary conditions in a uniform tube. The viscous dissipation effects are also

taken into account. The main findings of the present study are as follow:

• The temperature profile is enhanced for the increasing values of sisko fluid param-

eter (b), Magnetohydrodynamics (M) and Brinkman number (Bk) and decreases

by increasing the values of κ.

• The concentration field is increases by increasing the values of b,M,Bk and de-

creases by increasing the values of SH .

• The pressure gradient increases with the increasing value of b,M .

• There is an opposite behavior between pressure rise and the frictional forces.

• The velocity profile decreases with the increasing value of M .

• Streamlines bolas take the form of the shape of the geometry.
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Physiological flow of Carreau

fluid due to ciliary motion

This chapter deals with the physiological flow of Carreau fluid due to ciliary motion inside

a symmetric channel. The main purpose of this chapter is to present a mathematical

model of ciliary motion in an annulus. In this analysis, the symmetric channel of a non-

Newtonian fluid is observed in an annulus with ciliated tips. The governing equations

of non-Newtonian fluid are modelled and simplified by using low Reynolds number and

long wavelength assumptions. The velocity equation is solved by utilizing the homotopy

perturbation technique in terms of a variant of small dimensionless parameter p. The

obtained expressions for the velocity profiles are plotted and the impact of different

physical parameters are investigated for different peristaltic waves.

5.1 Model of the Problem

We have considered the ciliary motion phenomenon for the two dimensional flow of an

incompressible fluid in an annulus. A metachronal wave is travelling with a constant

velocity c1 that is generated due to collective beating of cilia along the walls of the

channel whose inner surfaces are ciliated. We are considering the cartesian coordinates

X,Y . Here X-axis is taken along the center of the body and Y -axis is the normal

direction. The geometry of the problem is shown in Figure 6.1.

60
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Figure 5.1: A physical sketch of the problem

The fundamental equations of continuity, momentum in the absence of body forces can

be written as

∂Ū

∂X̄
+
∂V̄

∂Ȳ
= 0, (5.1)

ρ

[
∂Ū

∂t̄
+ Ū

∂Ū

∂X̄
+ V̄

∂Ū

∂Ȳ

]
= − ∂P̄

∂X̄
+
∂τ̄xx
∂X̄

+
∂τ̄xy
∂Ȳ

+
∂τ̄xz
∂Z̄

, (5.2)

ρ

[
∂V̄

∂t̄
+ Ū

∂V̄

∂X̄
+ V̄

∂V̄

∂Ȳ

]
= −∂P̄

∂Ȳ
+
∂τ̄yx
∂X̄

+
∂τ̄yy
∂Ȳ

+
∂τ̄yz
∂Z̄

, (5.3)

where P̄ represents the pressure and Ū , V̄ represents the velocity components. The

constitutional equation for a Carreau fluids defined as

τ = [µ∞ + (µ0 − µ∞)]
[
1 + (Γγ)2

]n−1
2 Υ, (5.4)

Υ =

√
1

2

∑∑
ΥijΥij =

√
1

2
ΠΥij , (5.5)

where Π is the second invariant of the strain tensor γij . We examine the constitutive

equations in the case when µ∞ = 0 and ΓΥ << 1. Therefore, we write the extra stress

component as

τ = µ0

[
1 +

(
n− 1

2

)
Γ2Υ2

]
Υ, (5.6)
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where

Υij = T̄ = (∇.V) + (∇.V)t . (5.7)

The envelops of the cilia tips can be expressed mathematically as

Ȳ = j(X̄, t̄) = ±
[
d+ dε cos(

2π

λ
)(X̄ − ct̄)

]
= ±l, (5.8)

X̄ = k(X̄, t̄) = X̄0 + εαd sin

(
2π

λ

)(
X̄ − ct̄

)
= ±l, (5.9)

The horizontal velocities of the cilia are

Ū0 = −
(

2π
λ

) (
ε α d c cos

(
2π
λ

)
(X̄ − ct̄)

)
1−

(
2π
λ

) (
ε α d c cos

(
2π
λ

)
(X̄ − ct̄)

) , (5.10)

V̄0 = −
(

2π
λ

) (
ε α d c sin

(
2π
λ

) (
X̄ − ct̄

))
1− (2π

λ )(ε α d c cos(2π
λ )(X̄ − ct̄))

. (5.11)

The non-dimensional variables are stated as

X =
X̄

λ
, Y =

Ȳ

d
, h =

l

d
, γ =

d

λ
,

t =
ct̄

λ
, V =

V̄

γc
, V0 =

V̄0

γc
, p =

d2p̄

cλµ0
,

U =
Ū

c
, U0 =

Ū0

c
, Re =

ρcd

µ0
, Υ =

dῩ

c
,

We =
Γc

d
, τxx =

d

µ0c
τ̄xx, τxy =

d

µ0c
τ̄xy,

τyx =
d

µ0c
τ̄yx, τyy =

d

µ0c
τ̄yy.

The transformation between two frames are

X = x+ t, Y = y,

U = u+ 1, V = v.
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Under the assumption of low Reynolds number and long wavelength γ << 1 are esti-

mated

∂u

∂x
+
∂v

∂y
= 0, (5.12)

Reγ

[
u
∂u

∂x
+ v

∂u

∂y

]
= −∂p

∂x
+ γ

∂τxx
∂x

+
∂τxy
∂y

, (5.13)

Reγ
3

[
u
∂v

∂x
+ v

∂v

∂y

]
= −∂p

∂y
+ γ2∂τyx

∂x
+ γ2∂τyy

∂y
. (5.14)

The extra stress tensor can be written as

τxx = 2γ

[
1 +

(
n− 1

2

)
W 2
e γ

2

](
∂u

∂x

)
,

τxy = τyx =

[
1 +

(
n− 1

2

)
W 2
e γ

2

](
∂u

∂y
+ γ2 ∂v

∂x

)
,

τyy = 2γ

[
1 +

(
n− 1

2

)
W 2
e γ

2

](
∂v

∂y

)
.

The boundary conditions are reduced as

u0 = −1− 2ξπγδ cos(2πx)

1− 2πξδγ cos(2πx)
, (5.15)

v0 =
2πξδγ sin(2πx)

1− 2πξδγ cos(2πx)
, at y = ±h = ± [1 + ξ cos(2πx)] , (5.16)

where ξ represents the length of cilia, δ is eccentricitry of path and γ is ratio.

5.2 Solution Methodology

We use the homotopy perturbation method to solve the Eq. (5.13)

− dP

dx
+
∂τxy
∂y

= 0, (5.17)

− dP

dx
+
∂2u

∂y2
+

3(n− 1)W 2
e

2

(
∂u

∂y

)2 ∂2u

∂y2
= 0. (5.18)
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The boundary conditions are reduced as

∂u

∂y
= 0, at y = 0,

u0 = −1− 2ξπγδ cos(2πx), at y = h = 1 + ε cos(2πx),

since the above boundary value problem is non-linear. Thus it is appropriate to solve

it analytically with the help of homotopy perturbation method. According to HPM, we

determine L is the linear operator and N is the non-linear operator as

L =
∂2(.)

∂y2
, (5.19)

N = −dP
dx

+
∂2(.)

∂y2
+

3(n− 1)W 2
e

2

(
∂(.)

∂y

)2 ∂2(.)

∂y2
. (5.20)

We construct a homotopy υ(r, p) : Ω× [0, 1] → R which satisfy

H(υ, p) = (1− p)[L(υ)− L(w0)] + p[L(υ) +N(υ)− g(r)] = 0. (5.21)

Thus it is appropriate to solve it analytically with the help of Homotopy perturbation

method (HPM )

(1− p)
[
∂2υ

∂y2
− ∂2w0

∂y2

]
+ p

[
−dP
dx

+
∂2(υ)

∂y2
+

3(n− 1)W 2
e

2

(
∂(υ)

∂y

)2 ∂2(υ)

∂y2

]
= 0. (5.22)

The corresponding boundary conditions are defined as

∂u

∂y
= 0, at y = 0,

u0 = −1− 2ξπγδ cos(2πx), at y = h = 1 + ε cos(2πx).

Let us define

υ = υ0 + pυ1 + p2υ2 + ...

P = P1 + pP2 + p2P3 + ...

q = q0 + pq1 + p2q2 + ...
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We take the initial guess which is satisfy the boundary conditions

w0 = u0 +

(
y2 − h2

2

)
dP0

dx
. (5.23)

The solutions for the velocity satisfying the relative boundary condition are directly

written as

u = u0 +

(
y2 − h2

2

)
dP

dx
+

(n− 1)W 2
e (y4 − h4)

(
dp0
dx

)3

4
(5.24)

− 3

8
(n− 1)W 2

e (y4 − h4)

(
dp0

dx

)2 dp1

dx
+

1

8
(n− 1)2W 4

e (y6 − h6)

(
dp0

dx

)5

.

Volume of the flow rate in dimensionless form is defined as

q =

∫ h

0
udy. (5.25)

The expression for volume flow rate is defined as

q = u0h−
h3

3
(
dp

dx
) +

2(n− 1)W 2
e h

4
(
dp0
dx

)3

5
+

3

10
(n− 1)W 2

e h
5

(
dp0

dx

)2 dp1

dx
(5.26)

− 3

28
(n− 1)2W 4

e h
7

(
dp0

dx

)5

.

The expression for pressure gradient is defined as

dp

dx
=

3

h3

−Q+ u0h−
h3

3

(
dp

dx

)
+

2(n− 1)W 2
e h

4
(
dp0
dx

)3

5

 (5.27)

+

[
3

10
(n− 1)W 2

e h
5

(
dp0

dx

)2 dp1

dx
− 3

28
(n− 1)2W 4

e h
7

(
dp0

dx

)5
]
.

The ∆p is defined as

∆p =

∫ 1

0

dP

dx
dx. (5.28)

Velocities in terms of streamfunction are defined as

∂Ψ

∂x
= −υ, ∂Ψ

∂y
= u. (5.29)
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The streamfunction is defined as

Ψ = u0y +

(
y3

6
− yh2

2

)
dP

dx
+

(n− 1)W 2
e (y

5

5 − h
4y)
(
dp0
dx

)3

4
(5.30)

− 3

8
(n− 1)W 2

e (
y5

5
− h4y)

(
dp0

dx

)2 dp1

dx
.

5.3 Results and discussions

In this section, we have discussed the solution for Physiological flow of Carreau fluid

due to ciliary motion. The expression for velocity, pressure rise, pressure gradient and

streamlines are calculated numerically. Figures 5.2-5.5 show the velocity profile for

diverse values of n (power law index), We (Weissenberg number), Q , ξ , δ and γ.

Figures 5.2-5.3 show that with the increase in n (power law index), We (Weissenberg

number) velocity profile decreases. Figure 5.4 show that velocity profile gets increasing

function in the region (−1 ≤ y ≤ −0.5, 0.5 ≤ y ≤ 1.0) whereas it get opposite behaviour

in the region (−0.6 ≤ y ≤ 0.6). From figure 5.5 it is seen that with the increase in Q

velocity profile also increases. Figures 5.6-5.8 show the pressure gradient for different

values of Q,n. It is depicted that with the increase in n and Q pressure gradient

decreases. From figure 5.9 it is seen that pressure gradient gets decreasing function

in the region (−0.7 ≤ x ≤ −0.3, 0.3 ≤ y ≤ 0.7) whereas it get opposite behaviour in

the region (−0.2 ≤ x ≤ 0.2). Figures 5.10-5.11 it is depicted that at the centre of the

channel pressure gradient decreases whereas it get opposite behaviour nearest of the

channel. Figures 5.12-5.15 show the pressure rise for diverse values of n (power law

index), We (Weissenberg number), Q, ξ, δ and γ. It is depicted that with the increase

in n,We, γ, δ pressure rise increases. From figure 5.16 it is depicted that by increasing

value of ξ (length of cilia tips) pressure rise increases in the region (Q ∈ [−1.5, 0.01])

whereas reflux occur in the last.

The retrograde pumping region can also be seen in Figure 5.16 when Q < 0 and ∆p > 0

and free pumping region can be seen when Q = 0 and ∆p = 0. Moreover, augmented

pumping region can also be seen in figure 5.16 when Q > 0 and ∆p < 0. Figures 5.17-

5.28 illustrate the streamlines for different value of ξ,Q,We. It is distinguish that the

streamlines of the flow are affected in a related behaviour by increasing the value of We.
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In fact it is pragmatic that the strength of trapped bolus appear in the wider part of

the tube increases by increasing the value of We.
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Figure 5.2: Variation of velocity for n when Q = 0.3, ξ = 0.7, δ = 0.8, γ = 0.7,
We = 0.9.

Figure 5.3: Variation of velocity for We when δ = 0.3, ξ = 0.7, γ = 0.8, Q = 0.7,We =
0.9.

Figure 5.4: Variation of velocity for ξ when δ = 0.3, n = 0.7, γ = 0.8, Q = 0.7,We =
0.9.
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Figure 5.5: Variation of velocity for Q when δ = 0.3, ξ = 0.6, γ = 0.8, n = 0.2,We =
0.9.

Figure 5.6: Variation of pressure gradient for n when δ = 0.3, ξ = 0.6, γ = 0.8, Q =
0.7,We = 0.9.

Figure 5.7: Variation of pressure gradient for Q when δ = 0.3, ξ = 0.6, γ = 0.8, n =
0.6,We = 0.9.
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Figure 5.8: Variation of pressure gradient for We when γ = 0.3, Q = 0.6, n = 0.8, δ =
0.5, ξ = 0.6.

Figure 5.9: Variation of pressure gradient for ξ when γ = 0.3, Q = 0.6, n = 0.8,We =
0.5, δ = 0.9.

Figure 5.10: Variation of pressure gradient for δ when γ = 0.6, Q = 0.5, ξ = 0.8, n =
0.5,We = 0.9.
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Figure 5.11: Variation of pressure gradient for γ when ξ = 0.1, δ = 0.1, Q = 0.1,We =
0.5, n = 0.3.

Figure 5.12: Variation of pressure gradient for n when Q = 0.1,We = 0.1, γ = 0.1, ξ =
0.5, δ = 0.3.

Figure 5.13: Variation of pressure rise for We when Q = 0.1, n = 0.1, ξ = 0.1, δ =
0.5, b = 0.3.



Chapter 5 72

Figure 5.14: Variation of pressure rise for δ when Q = 0.1, n = 0.1, ξ = 0.1, γ =
0.5, b = 0.3.

Figure 5.15: Variation of pressure rise for γ when Q = 0.1, ξ = 0.1, b = 0.1, n =
0.5,We = 0.3.

Figure 5.16: Variation of pressure rise for ξ when Q = 0.1, b = 0.1,We = 0.1, n =
0.5, γ = 0.3.
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Figure 5.17: Streamlines for different value of Q = 0.1, ξ = 0.1n = 0.1,We = 0.1, Q =
0.5, γ = 0.3.

Figure 5.18: Streamlines for different value of Q = 0.1,We = 0.1n = 0.1, γ = 0.1, δ =
0.5, ξ = 0.3.

Figure 5.19: Streamlines for different value of Q = 0.1,We = 0.1n = 0.1, γ = 0.1, δ =
0.5, ξ = 0.3.
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Figure 5.20: Streamlines for different value of Q = 0.1,We = 0.1n = 0.1, γ = 0.1, δ =
0.5, ξ = 0.3.

Figure 5.21: Streamlines for different value of Q = 0.1,We = 0.1n = 0.1, γ = 0.1, δ =
0.5, ξ = 0.3.

Figure 5.22: Streamlines for different value of Q = 0.1,We = 0.1n = 0.1, γ = 0.1, δ =
0.5, ξ = 0.3.
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Figure 5.23: Streamlines for different value of Q = 0.1,We = 0.1n = 0.1, γ = 0.1, δ =
0.5, ξ = 0.3.

Figure 5.24: Streamlines for different value of Q = 0.1,We = 0.1n = 0.1, γ = 0.1, δ =
0.5, ξ = 0.3.

Figure 5.25: Streamlines for different value of Q = 0.1,We = 0.1n = 0.1, γ = 0.1, δ =
0.5, ξ = 0.3.
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Figure 5.26: Streamlines for different value of Q = 0.1,We = 0.1n = 0.1, γ = 0.1, δ =
0.5, ξ = 0.3.

Figure 5.27: Streamlines for different value of Q = 0.1,We = 0.1n = 0.1, γ = 0.1, δ =
0.5, ξ = 0.3.

Figure 5.28: Streamlines for different value of Q = 0.1,We = 0.1n = 0.1, γ = 0.1, δ =
0.5, ξ = 0.3.
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5.4 Conclusion

In this chapter, we have analysed the Physiological flow Carreau fluid inner a symmetric

metachronal wave due to cillary motion. The main findings of the present study are as

follow:

• Velocity profile in the centre of the channel decreases as well as it gets opposite

behaviour nearest of the channel.

• By increasing value of ξ pressure rise increases in the region (Q ∈ [−1.5, 0.01])

whereas reflux occur in the last.

• Pressure gradient decreases with the increasing value of Q,n.

• Streamlines bolas take the form of the shape of the geometry.
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Metachronal wave analysis for

Non-Newtonian fluid under

thermophersis and brownian

motion effects

6.1 Introduction

The main purpose of this chapter is to present a mathematical model of ciliary mo-

tion in an annulus. The effect of convective heat transfer and nanoparticle are taken

into account. The governing equations of Jeffrey six-constant fluid along with heat

and nanoparticle are modelled and then simplified by using long wavelength and low

Reynolds number assumptions. The reduced equations are solved with the help of ho-

motopy perturbation method. The obtained expressions for the velocity, temperature

and nanoparticles concentration profiles are plotted and the impact of various physical

parameters are investigated for different peristaltic waves.

6.2 Model of the Problem

We have considered the ciliary motion phenomenon for the two dimensional flow of

an incompressible fluid in an annulus. We are considering the cylindrical coordinates

78
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system (R,Z). The geometry of the problem is shown in Figure 6.1.

Figure 6.1: A physical sketch of the problem

The fundamental equations of continuity, momentum and nanoparticle concentration

are

∂Ū

∂R̄
+
Ū

R̄
+
∂W̄

∂Z̄
= 0, (6.1)

ρ

(
∂

∂t̄
+ Ū

∂

∂R̄
+ W̄

∂

∂Z̄

)
Ū = −∂P̄

∂R̄
+

1

R̄

∂

∂R̄
(R̄τ̄R̄R̄) +

∂

∂Z̄
(τ̄R̄Z̄) +

τ̄θ̄θ̄
R̄
, (6.2)

ρ

(
∂

∂t̄
+ Ū

∂

∂R̄
+ W̄

∂

∂Z̄

)
W̄ = −∂P̄

∂Z̄
+

1

R̄

∂

∂R̄
(R̄τ̄R̄Z̄) +

∂

∂Z̄
(τ̄Z̄Z̄)

+ ρgα(T̄ − T̄0) + ρgα(C̄ − C̄0)− σB2
0W̄ , (6.3)(

∂

∂t̄
+ Ū

∂

∂R̄
+ W̄

∂

∂Z̄

)
T̄ = α

(
∂2T̄

∂R̄2
+

1

R̄

∂T̄

∂R̄
+
∂2T̄

∂Z̄2

)
+ τ

[
DB

(
∂C̄

∂R̄

∂T̄

∂R̄
+
∂C̄

∂Z̄

∂T̄

∂Z̄

)
+
DT̄

T̄0

((
∂T̄

∂R̄

)2

+

(
∂T̄

∂Z̄

)2
)]

, (6.4)

(
∂

∂t̄
+ Ū

∂

∂R̄
+ W̄

∂

∂Z̄

)
C̄ = DB

(
∂2C̄

∂R̄2
+

1

R̄

∂C̄

∂R̄
+
∂2C̄

∂Z̄2

)

+
DT̄

T̄0

(
∂2T̄

∂R̄2
+

1

R̄

∂T̄

∂R̄
+
∂2T̄

∂Z̄2

)
, (6.5)

where τ =
(ρc)p
(ρc)f

is the ratio among the heat capacity of the nanoparticle material and

the heat capacity of the nanofluid.
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The constitutional equation for a Jeffrey six-constant fluid is defined as [32]

τ + ε1

[
dτ̄

dt
−W.τ̄ + τ̄ .W + d(τ̄ .D +D.τ̄) + bτ̄ : DI + cDtrτ̄

]
= 2µ

[
D + ε2

(
dD

dt
−W.D +D.W + 2dD.D + bD : DI

)]
. (6.6)

Here

D(symmetric measurement of velocity gradient) =
∇V̄ + (∇V̄ )t1

2
,

W(antisymmetric measurement of velocity gradient) =
∇V̄ − (∇V̄ )t1

2
.

Let us examine that the envelops of the cilia tips can be denoted mathematically as

R̄ = H̄ = f̄(Z̄, t̄) =

[
a+ ε a cos

(
2π

λ

)(
Z̄ − c1t̄

)]
, (6.7)

Z̄ = ḡ(Z̄, Z̄0, t̄) = Z̄0 + εαa sin

(
2π

λ

)(
Z̄ − c1t̄

)
. (6.8)

The velocities of the transporting fluid are just those caused by the cilia tips, which can

be expressed

W̄ =
∂Z̄

∂t̄
|Z0 =

∂ḡ

∂t̄
+
∂ḡ

∂Z̄
· ∂Z̄
∂t̄

=
∂ḡ

∂t̄
+

∂ḡ

∂X̄
W̄ , (6.9)

Ū =
∂R̄

∂t̄
|Z0 =

∂f̄

∂t̄
+
∂f̄

∂Z̄
· ∂Z̄
∂t̄

=
∂f̄

∂t̄
+
∂f̄

∂X̄
W̄ . (6.10)

Using Eqs. (6.7) and (6.8) into the Eqs. (6.9) and (6.10), we obtain as

W̄ = −
(2π
λ )(ε α a c cos(2π

λ )(Z̄ − c1t̄))

1− (2π
λ )(ε α a cos(2π

λ )(Z̄ − c1t̄))
= χ̄(Z̄, t̄),

Ū =
(2π
λ )(ε α a c sin(2π

λ )(Z̄ − ct̄))
1− (2π

λ )(ε α a cos(2π
λ )(Z̄ − ct̄))

at r̄ = h̄.
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The transformations between the two frames are

r̄ = R̄, z̄ = Z̄ − ct̄,

ū = Ū , w̄ = W̄ − c1.

The boundary conditions are defined as

∂W̄

∂r̄
= 0,

∂T̄

∂r̄
= 0,

∂C̄

∂r̄
= 0, at r̄ = 0, (6.11)

W̄ = χ̄(Z̄, t̄), ¯̄T = T̄0, C̄ = C̄0, at r̄ = h̄ = a+ a cos

[
2π

λ

(
Z̄ − c1t̄

)]
. (6.12)

Introducing the following non-dimensional variables

R =
R̄

a
, r =

r̄

a
, Z =

Z̄

λ
, z =

z̄

λ
, W =

W̄

c1
, w =

w̄

c1
, U =

λŪ

ac
,

u =
λū

ac1
, t =

c1t̄

λ
, λ1 =

ε1c1

a
, λ2 =

ε2c1

a
, Re =

ac1ρ

µ0
, δ =

a

λ
,

h =
h̄

a
= 1 + ε cos(2πz), Pr =

µ0Cp
k

, Gr =
gαa3

2T̄0

υ2
, θ =

(T̄ − T̄0)

T̄0
,

Nb =
(ρc)pDB(C̄0)

(ρc)f
, Br =

gαa3
2C̄0

υ2
, Nt =

(ρc)pDT (C̄0)

(ρc)fα
, σ =

(C̄ − C̄0)

C̄0
,

M =

√
σ

µ
B0a.

The reduced equations can be written as

0 =
∂p

∂r
, (6.13)

0 = −∂p
∂z

+
1

r

∂

∂r
(rτrz) +Grθ +Brσ −M2(w + 1), (6.14)

0 =
1

r

∂

∂r

(
r
∂θ

∂r

)
+Nb

∂θ

∂r

∂σ

∂r
+Nt

(
∂θ

∂r

)2

, (6.15)

0 =
1

r

∂

∂r

(
r
∂σ

∂r

)
+
Nt

Nb

(
1

r

∂

∂r

(
r
∂θ

∂r

))
. (6.16)

The corresponding boundary conditions are reduced as

∂w

∂r
= 0,

∂θ

∂r
= 0,

∂σ

∂r
= 0, at r = 0,

w = −1− 2πεδα cos(2πz), θ = 0, σ = 0, at r = h = 1 + ε cos(2πz).
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The extra stress tensor can be defined as

τrz =

∂w
∂r

[
1 + λ1λ2

(
1− d(d+ b)− c

2(2d+ 3b)
) (

∂w
∂r

)2
)
]

[
1 + λ2

1

(
1− d(d+ b)− c

2(2d+ 3b)
) (

∂w
∂r

)2
)
] ,

τrr = λ2

(
∂w

∂r

)2

(1 + d+ b)− λ1

(
∂w

∂r

)
(1 + d+ b) τrz,

τzz = λ2

(
∂w

∂r

)2

(−1 + d+ b)− λ1

(
∂w

∂r

)
(−1 + d+ b) τrz,

τθθ = λ2

(
∂w

∂r

)2

b− λ1

(
∂w

∂r

)
bτrz,

where

α1 = 1− d(d+ b)− c

2
(2d+ 3b), α2 = λ1λ2 − λ1, α3 = −λ3

1λ2.

Finally, in simplified form Eqs. (6.13)-(6.16) can be written as

∂p

∂r
= 0, (6.17)

∂p

∂z
=

1

r

∂

∂r

(
r
∂w

∂r

)
+

1

r

∂

∂r

(
α1α2r

(
∂w

∂r

)3
)

+
1

r

∂

∂r

(
α2

1α3r

(
∂w

∂r

)5
)
−M2(w + 1), (6.18)

0 =
1

r

∂

∂r

(
r
∂θ

∂r

)
+Nb

∂θ

∂r

∂σ

∂r
+Nt

(
∂θ

∂r

)2

, (6.19)

0 =
1

r

∂

∂r

(
r
∂σ

∂r

)
+
Nt

Nb

(
1

r

∂

∂r

(
r
∂θ

∂r

))
. (6.20)

The corresponding boundary conditions are reduced as

∂w

∂r
= 0,

∂θ

∂r
= 0,

∂σ

∂r
= 0, at r = 0,

w = −1− 2πεδα cos(2πz), θ = 0, σ = 0, at r = h = 1 + ε cos(2πz).
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6.3 Solution Methodology

We use homotopy perturbation method to solve the above Eqs. (6.18 - 6.20)

H(q, θ) = L(θ)− L(θ10) + qL(θ10) + q

[
Nb
∂θ

∂r

∂σ

∂r
+Nt

(
∂θ

∂r

)2
]
. (6.21)

H(q, σ) = L(σ)− L(σ10) + qL(σ10) + q

[
Nt

Nb

(
1

r

∂

∂r

(
r
∂θ

∂r

))]
. (6.22)

H(q, w) = L(w)− L(w10) + qL(w10) + q

[
1

r

∂

∂r

(
α1α2r

(
∂w

∂r

)3
)

+
1

r

∂

∂r

(
α2

1α3r

(
∂w

∂r

)5
)

+Grθ +Brσ −M2(w + 1)− ∂p

∂z

]
. (6.23)

We have taken linear operator L = 1
r
∂
∂r

(
r ∂∂r
)

and initial guesses are discussed which

satisfy boundary conditions

θ10(r, z) = (
r2 − h2

4
),

σ10(r, z) = (
r2 − h2

4
)
Nt

Nb
,

W10(r, z) = −1− 2πεδα cos(2πz) +

(
r2 − h2

4

)
∂p0

∂z
.

According to HPM, we define

θ(r, q) = θ0 + qθ1 + q2θ2 + . . .

σ(r, q) = σ0 + qσ1 + q2σ2 + . . .

w(r, q) = w0 + qw1 + q2w2 + . . .
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The solutions for velocity, temperature and nanoparticle phenomena can be written as

for q → 1

w =− 1− 2πεδα cos(2πz) +

(
r4 − h4

4

)(
dp

dz

)
− 1

32
α2

(
∂p0

∂z

)3

(r4 − h4)

− 1

192
α2

1α3

(
∂p0

∂z

)5

(r6 − h6) +
1

16
Grh

2(r2 − h2)− 1

64
Gr(r

4 − h4)

+
1

16
Brh

2(r2 − h2)
Nt

Nb
− 1

64
Br(r

4 − h4)
Nt

Nb
− 1

16
h2M2(r2 − h2)

(
∂p0

∂z

)
+

1

64
M2(r4 − h4)

(
∂p0

∂z

)
− 1

2
M2(r2 − h2)πεδα cos(2πz). (6.24)

θ =

(
r2 − h2

4

)
−
(
r4 − h4

32

)
Nt +

(
r4 − h4

64

)
Nt +

(
h2 − r2

4

)
+

(
r6 − h6

576

)
(Nt)

2

+

(
r4 − h4

16

)
Nt +

(
r6 − h6

288

)
(Nt)

2. (6.25)

σ =

(
r2 − h2

4

)
Nt

Nb
+

(
h2 − r2

2

)
Nt

Nb
−
(
h2 − r2

4

)
Nt

Nb
+

(
r2 − h2

32

)
(Nt)

2. (6.26)

dp

dz
=

16

−h4
[F +A1] . (6.27)

Where

A1 =
h2

2
+ h2πεδα cos(2πz)− 1

96
h6Gr −

1

16
h4

(
∂p0

∂z

)
− 1

96
h6M2

(
∂p0

∂z

)
− 1

8
h4M2πεδα cos(2πz) +

1

96
Brh

6Nt

Nb
− 1

96
h6α1α2

(
∂p0

∂z

)3

. (6.28)

Flow rate in the dimensionless form can be written as

F = Q− 1

2

(
1 +

ε2

2

)
. (6.29)

The pressure rise ∆p can be written as

∆p =

∫ 1

0

(
dp

dz

)
dz. (6.30)

Velocities in terms of streamfunctions are defined as

u = −1

r

(
∂ψ

∂z

)
, w =

1

r

(
∂ψ

∂r

)
.
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6.4 Results and discussions

In this section, we have discussed the solution for the peristaltic flow of Jeffrey six-

constant nanofluid flow due to ciliary motion. The expression for temperature, concen-

tration, velocity, pressure rise, pressure gradient and streamlines are calculated numer-

ically. Figures 6.2-6.4 show the velocity profile for diverse values of fluid parameters

(α1) magnetohydrodynamics (M) and amplitude ratio (ε). Figure 6.2 shows that ve-

locity profile gets decreasing function in the region (−0.6 ≤ r ≤ 0.6) whereas it get

opposite behaviour in the rest of the region. Figures 6.3-6.4, it is depicted that velocity

profile gets increasing function in the region (−0.6 ≤ r ≤ 0.6) whereas it gets opposite

behaviour in the rest of the region. Figure 6.5 show the temperature profile for differ-

ent values of thermophoresis parameter (Nt) . It is depicted that with an increase in

thermophoresis parameter (Nt) temperature profile decreases. Figures 6.6-6.7 show that

with an increase in Nb and Nt concentration profile increases. From figure 6.7, it is seen

that with an increase in Nt, concentration profile decreases.

Figures 6.8, 6.10, 6.12 show the pressure rise (versus flow rate) for diverse value of

α1, ε, α3. In these figures, it is depicted that by increasing value of α1 pressure rise

decreasing in the region (Q ∈ [−3,−1]) whereas reflux occur in the last. The retrograde

pumping region can also be seen in Figures 6.8, 6.10, 6.12 when Q < 0 and ∆p > 0

and free pumping region can be seen when Q = 0 and ∆p = 0. Moreover, augmented

pumping region can also be seen in figures 6.8, 6.10, 6.12 when Q > 0 and ∆p < 0.

Figures 6.9, 6.11, 6.13 show the frictional force for diverse values of α1, ε, α3. Figures

6.14-6.16 describe the behaviour of pressure gradient for different values Gr, ε,Nb, Nt .

Figure 6.14 describe that increasing value of ε the pressure gradient decreases in the

region (−1 ≤ Z ≤ 0.3) and increases in the region (0.2 ≤ Z ≤ 0.7). Figures 6.15-6.16 it

is depicted that with an increase in Nt, Nb, Gr pressure gradient decreases. Figures 6.17-

6.19 illustrate the streamlines for different wave shapes. In these figures, it is depicted

that by increasing value of α1, trapped bolus increases.
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Figure 6.2: Velocity for different values of α1 when α = 0.28, δ = 0.43, B = 0.87,
ε = 0.12, Nt = 0.8,Nb = 0.7, Gr = 5.57

.

Figure 6.3: Velocity for different values of ε when α = 0.28, δ = 0.43, B = 0.87,
Nt = 0.8,Nb = 0.7, Gr = 5.57

.

Figure 6.4: Velocity for different values of M when α = 0.28, δ = 0.43, B = 0.87,
ε = 0.12, Nt = 0.8,Nb = 0.7, Gr = 5.57

.
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Figure 6.5: Temperature for different values of Nt when α = 0.28, δ = 0.43, B = 0.87,
ε = 0.12, Nb = 0.7, Gr = 5.57

.

Figure 6.6: Concentration for different values of Nb when α = 0.28, δ = 0.43, B =
0.87, ε = 0.12, Nt = 0.8, Gr = 5.57

.

Figure 6.7: Concentration for different values of Nt when α = 0.28, δ = 0.43, B =
0.87, ε = 0.12, Nb = 0.7, Gr = 5.57

.
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Figure 6.8: Pressure rise for different values of α1 when α = 0.28, δ = 0.43, B = 0.87,
ε = 0.12, Nt = 0.8,Nb = 0.7, Gr = 5.57, M = 0.9

.

Figure 6.9: Frictional forces for different values of α1 whenα = 0.28, δ = 0.43,
B = 0.87, ε = 0.12, Nt = 0.8,Nb = 0.7, Gr = 5.57, M = 0.9

.

Figure 6.10: Pressure rise for different values ofε when α = 0.28, δ = 0.43, B = 0.87,
Nt = 0.8,Nb = 0.7, Gr = 5.57, M = 0.9

.
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Figure 6.11: Frictional forces for different values of ε when α = 0.28, δ = 0.43,
B = 0.87, Nt = 0.8,Nb = 0.7, Gr = 5.57, M = 0.9

.

Figure 6.12: Pressure rise for different values of α3 whenα = 0.28, δ = 0.43, B = 0.87,
ε = 0.12, Nt = 0.8,Nb = 0.7, Gr = 5.57, M = 0.9

.

Figure 6.13: Frictional forces for different values of α3 when α = 0.28, δ = 0.43,
B = 0.87, ε = 0.12, Nt = 0.8,Nb = 0.7, Gr = 5.57, M = 0.9

.
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Figure 6.14: Pressure gradient for different values of ε when α = 0.28, δ = 0.43,
B = 0.87, α30.12, Nt = 0.8,Nb = 0.7, Gr = 5.57, M = 0.9

.

Figure 6.15: Pressure gradient for different values of Gr when α = 0.28, δ = 0.43,
B = 0.87, ε = 0.12, Nt = 0.8,Nb = 0.7, α3 = 5.57, M = 0.9

.

Figure 6.16: Pressure gradient for different values of Nt when α = 0.28, δ = 0.43,
B = 0.87, ε = 0.12, α3 = 0.8,Nb = 0.7, Gr = 5.57, M = 0.9

.
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Figure 6.17: Streamlines for different values of α1 = 0.1 when α = 0.28, δ = 0.43,
B = 0.87, ε = 0.12, Nt = 0.8,Nb = 0.7, Gr = 5.57, M = 0.9

.

Figure 6.18: Streamlines for different values of α1 = 0.3 when α = 0.28, δ = 0.43,
B = 0.87, ε = 0.12, Nt = 0.8,Nb = 0.7, Gr = 5.57, M = 0.9

.

Figure 6.19: Streamlines for different values of α1 = 0.5 when α = 0.28, δ = 0.43,
B = 0.87, ε = 0.12, Nt = 0.8,Nb = 0.7, Gr = 5.57, M = 0.9

.
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6.5 Conclusion

In this chapter, we have analysed the nanoparticle analysis for peristaltic flow of a non-

Newtonian fluid due to ciliary motion. The main findings of the present study are as

follow:

• The temperature profile is decreases for the increasing values of thermophersis

parameters Nt.

• The nanoparticle concentration field is enhanced for the increasing values of Brow-

nian motion Nb.

• It is clear that frictional forces and pressure rise have an opposite behaviour while

compare to each other.

• The pressure gradient increases with the increasing value of ε.



Chapter 7

Physiological flow of Jeffrey

six-constant fluid due to ciliary

motion

This chapter deals with the physiological flow of Jeffrey six-constant fluid due to ciliary

motion in an annulus. In this analysis, the peristaltic motion of non-Newtonian Jeffrey

six-constant fluid is observed in an annulus with ciliated tips under the effect of heat

and mass transfer. The effects of viscous dissipation are also taken into account. The

governing equations of non-Newtonian fluid are modelled and simplified by using low

Reynolds number and long wavelength assumptions. The velocity equation is solved by

utilizing the regular perturbation technique in terms of a variant of small dimensionless

parameter α. The obtained expressions for the velocity profiles are plotted and the

impact of different physical parameters are investigated for different peristaltic waves.

93
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7.1 Formulation of the Problem

The governing equations in the fixed frame for an incompressible fluid can be written as

∂Ū

∂R̄
+
Ū

R̄
+
∂W̄

∂Z̄
= 0, (7.1)

ρ

(
∂

∂t̄
+ Ū

∂

∂R̄
+ W̄

∂

∂Z̄

)
Ū = −∂P̄

∂R̄
+

1

R̄

∂

∂R̄
(R̄τ̄R̄R̄) +

∂

∂Z̄
(τ̄R̄Z̄)− τ̄θ̄θ̄

R̄
, (7.2)

ρ

(
∂

∂t̄
+ Ū

∂

∂R̄
+ W̄

∂

∂Z̄

)
W̄ = −∂P̄

∂Z̄
+

1

R̄

∂

∂R̄
(R̄τ̄R̄Z̄) +

∂

∂Z̄
(τ̄Z̄Z̄), (7.3)

ρcp

(
∂

∂t̄
+ Ū

∂

∂R̄
+ W̄

∂

∂Z̄

)
T̄ = τ̄R̄R̄

∂Ū

∂R̄
+ τ̄R̄Z̄

∂W̄

∂R̄
+ τ̄R̄Z̄

∂Ū

∂Z̄
+ τ̄Z̄Z̄

∂Ū

∂R̄
+ τ̄θ̄θ̄

Ū

R̄

+ K̄

(
∂2T̄

∂R̄2
+

1

R̄

∂T̄

∂R̄
+
∂2T̄

∂Z̄2

)
, (7.4)

(
∂

∂t̄
+ Ū

∂

∂R̄
+ W̄

∂

∂Z̄

)
C̄ = D

(
∂2C̄

∂R̄2
+

1

R̄

∂C̄

∂R̄
+
∂2C̄

∂Z̄2

)

+
Dk̄T
T̄0

(
∂2T̄

∂R̄2
+

1

R̄

∂T̄

∂R̄
+
∂2T̄

∂Z̄2

)
. (7.5)

The constitutional equation for a Jeffrey six-constant fluid model is defined as

τ̄ + ε1

[
dτ̄

dt
−W.τ̄ + τ̄ .W + d(τ̄ .D +D.τ̄) + bτ̄ : DI + cDtrτ̄

]
= 2µ

[
D + ε2(

dD

dt
−W.D +D.W + 2dD.D + bD : DI)

]
, (7.6)

in which

D(symmetric measurement of velocity gradient) =
∇V̄ + (∇V̄ )t1

2
,

W(antisymmetric measurement of velocity gradient) =
∇V̄ − (∇V̄ )t1

2
.

Let us examine that the envelops of the cilia tips can be denoted mathematically as

R̄ = h̄ = f̄(Z̄, t̄) =

[
a+ εa cos

(
2π

λ

)(
Z̄ − ct̄

)]
, (7.7)

Z̄ = ḡ(Z̄, Z̄0, t̄) = Z̄0 + εβa sin

(
2π

λ

)(
Z̄ − ct̄

)
, (7.8)
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where a represents the radius of the ciliated tube , ε is the mean non-dimensional measure

with respect to the cilia length, λ presented by wavelength and c denotes the wave speed.

β is the measure of the eccentricity of the elliptical motion of the cilia tips. The velocities

of the transporting fluid are just those caused by the cilia tips, which can be expressed

as

W̄ =
∂Z̄

∂t̄
|Z0 =

∂ḡ

∂t̄
+
∂ḡ

∂Z̄
· ∂Z̄
∂t̄

=
∂ḡ

∂t̄
+

∂ḡ

∂X̄
W̄ , (7.9)

Ū =
∂R̄

∂t̄
|Z0 =

∂f̄

∂t̄
+
∂f̄

∂Z̄
· ∂Z̄
∂t̄

=
∂f̄

∂t̄
+
∂f̄

∂X̄
W̄ . (7.10)

Using Eqs. (7.7) and (7.8) in Eqs. (7.9) and (7.10), we obtain

W̄ = −
(

2π
λ

) (
ε β a c cos

(
2π
λ

) (
Z̄ − ct̄

))
1−

(
2π
λ

) (
ε β a cos

(
2π
λ

) (
Z̄ − ct̄

)) = χ̄(Z̄, t̄),

Ū =
(2π
λ )(ε β a c sin(2π

λ )(Z̄ − ct̄))
1− (2π

λ )(ε β a cos(2π
λ )(Z̄ − ct̄))

at r̄ = h̄.

The transformations between the two frames are

r̄ = R̄, z̄ = Z̄ − ct̄,

ū = Ū , w̄ = W̄ − c1.

∂W̄

∂r̄
= 0,

∂T̄

∂r̄
= 0,

∂C̄

∂r̄
= 0, at r̄ = 0, (7.11)

W̄ = χ̄(Z̄, t̄), ¯̄T = T̄0, C̄ = C̄0, at r̄ = h̄ = a+ a cos

[
2π

λ
(Z̄ − ct̄)

]
. (7.12)
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Introducing the following non-dimensional variables

R =
R̄

a
, r =

r̄

a
, Z =

Z̄

λ
, z =

z̄

λ
, W =

W̄

c
, w =

w̄

c
, τ =

aτ̄

cµ0
,

U =
λŪ

ac
, u =

λū

ac
, t =

c1t̄

λ
, λ1 =

ε1c1

a
, λ2 =

ε2c1

a
,

Re =
ac1ρ

µ0
, δ =

a

λ
, h =

h̄

a
= 1 + ε cos(2πz), Pr =

µ0Cp
k

,

Ec =
c2

CpT0
, θ =

T̄ − T̄0

T̄0
, Π =

aΠ̄

c
, α =

k

(ρc)f
, p =

a2p̄

c1λµ0
,

ST =
ρDkT T̄0

µT0C̄0
, SH =

µ

Dρ
, σ =

C̄ − C̄o
C̄o

.

Under the assumption of low Reynolds number and long wavelength δ << 1 are esti-

mated

0 =
∂u

∂r
+
u

r
+
∂w

∂z
, (7.13)

0 =
∂p

∂r
, (7.14)

0 = −∂p
∂z

+
1

r

∂

∂r
(rτrz) , (7.15)

0 =
1

r

∂

∂r

(
r
∂θ

∂r

)
+Bk

∂w

∂r
(τrz) , (7.16)

0 =
1

SH

1

r

∂

∂r

(
r
∂σ

∂r

)
+ ST

1

r

∂

∂r

(
r
∂θ

∂r

)
. (7.17)

∂w

∂r
= 0,

∂θ

∂r
= 0,

∂σ

∂r
= 0, at r = 0,

w = −1− 2πεδβ cos(2πz), θ = 0, σ = 0, at r = h = 1 + ε cos(2πz).

Finally, in simplified form Eqs. (7.13)-(7.17) can be written as

∂p
∂r = 0, (7.18)

∂p
∂z = 1

r
∂
∂r

(
r ∂w∂r

)
+ 1

r
∂
∂r

(
αα1r

(
∂w
∂r

)3)
+1
r
∂
∂r

(
α2α2r

(
∂w
∂r

)5)
, (7.19)

1
r
∂
∂r

(
r ∂θ∂r
)

+Bk
∂w
∂r (τrz) = 0, (7.20)

1
SH

1
r
∂
∂r

(
r ∂σ∂r

)
+ ST

1
r
∂
∂r

(
r ∂θ∂r
)

= 0. (7.21)
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The corresponding boundary conditions are defined as

∂w

∂r
= 0,

∂θ

∂r
= 0,

∂σ

∂r
= 0, at r = 0,

w = −1− 2πεδβ cos(2πz), θ = 0, σ = 0 at r = h = 1 + ε cos(2πz).

7.2 Solution Methodology

7.2.1 Perturbation solution

We apply the regular perturbation method in terms of a variant of Jeffrey six-constant

fluid parameter α. As perturbation technique, following expansion of w, θ, σ, and p

in terms of small parameter α are used

w = w0 + αw1 + α2w2 +O(α3),

θ = θ0 + αθ1 + α2θ2 +O(α3),

σ = σ0 + ασ1 + α2σ2 +O(α3),

p = p0 + αp1 + α2p2 +O(α3).

The perturbation solution for velocity, temperature and concentration profile is given in

Eqs. (7.22)-(7.24)

W =− 1− 2πεδβ cos(2πz) +
r4 − h4

4

(
dp

dz

)
− 1

32
α2

(
∂p0

∂z

)3

(r4 − h4)

− 3α1

32

(
∂p0

∂z

)2(∂p1

∂z

)
(r4 − h4) +

9α2
1

576
(r6 − h6)

(
∂p0

∂z

)3

− 3α2

576
(r6 − h6). (7.22)

θ =− 1

64
BκP

2
0 (r4 − h4)− 1

32
BκP0p1(r4 − h4) +

1

576
BκP

4
0 (r4 − h4)α1

− 1

64
BκP

2
1 (r4 − h4) +

1

32
P0p2(r4 − h4)− 1

288
P 3

0 p1(r6 − h6)α1

+
1

288
BκP

3
0 p1(r6 − h6)α1 +

3

2048
BrP

4
0 p1(r8 − h8)α2

1 −
1

2048
P 6

0 (r8 − h8)α2
1

− 1

4096
BκP

6
0 (r8 − h8)α2

1 −
1

4096
P 6

0 (r8 − h8)α2. (7.23)
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σ =
1

64
BκSTSHP

2
0 (r4 − h4) +

1

32
BκSTSHP0p1(r4 − h4)− 1

576
BκP

4
0 (r6 − h6)

+
1

64
BκSTSHP

2
1 (r4 − h4)− 1

32
STSHP0p2(r4 − h4) +

1

288
P 3

0 (r6 − h6)α1

+
1

288
BκSTSHP

3
0 p1(r6 − h6)α1 −

3

2048
STSHP

4
0 p1(r8 − h8)α2

1 +
1

1024
(r8 − h8)

+
1

4096
BκSTSHP

6
0 p1(r8 − h8)α2

1 +
1

4096
STSHP

6
0 p1(r8 − h8)α2, (7.24)

dp

dz
=

16

−h4
[F +A1], (7.25)

where

A1 =
h2

2
+h2πεδβ cos(2πz)− 1

96
h6p3

0α1−
1

32
h6p2

0p1α1+
3

512
h8p3

0α
2
1−

1

512
h8p5

0α2. (7.26)

Flow rate in the dimensionless form can be written as

F = Q− 1

2

(
1 +

ε2

2

)
. (7.27)

The pressure rise ∆p can be written as

∆p =

∫ 1

0

(
dp

dz

)
dz. (7.28)

Velocities in terms of streamfunctions are defined as

u = −1

r

(
∂ψ

∂z

)
, w =

1

r

(
∂ψ

∂r

)
.

For the flow analysis, we have considered three waveforms sinusoidal wave, trapezoidal

wave and mulltisinusoidal wave. The dimensionless equations can be written as

1. Sinusoidal wave

h(z) = 1 + ε cos(2πz)

2. Multisinusoidal wave

h(z) = 1 + ε cos(2mπz)

3. Trapezoidal wave

h(z) = 1 + ε

[
32

π2

4

π

∞∑
n=1

sin π
8 (2n− 1)

(2n− 1)2
sin(2π(2n− 1)z)

]
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7.3 Results and discussions

In this section, we have analyzed the solution for physiological flow of Jeffrey six-constant

fluid due to ciliary motion through graphs. We have presented the solution attained by

perturbation by framing velocity, pressure rise, pressure gradient, temperature, concen-

tration and streamline graphs for diverse values of the parameters α, Q, ξ , δ and γ,

ST , SH respectively. Figures 7.1-7.2 show that with the increase in α1, α2 temperature

profile decreases. Figures 7.3-7.4 show that with the increase in Br, ε temperature profile

increases. Figures 7.5-7.8, it is depicted that with the increase in α1, α2, ST , SH con-

centration profile increases. Figures 7.9 show that increases the value of α2 while the

velocity profile in the centre of the tube decreases whereas it gets opposite behaviour

near the tube or near the peristaltic wave. Figures 7.10 it is depicted that, at the centre

of the tube, the velocity profile is minimum whereas it gets opposite behaviour near the

tube or near the peristaltic wave. Pressure rise and frictional forces for diverse values

of α1, α2, β and is plotted in Figures 7.11-7.16. In these figures, it is depicted that by

increasing value of α1, α1, β pressure rise increasing in the region (Q ∈ [−2,−1]) whereas

reflux occur in the last. Three different regions can be recognized from these figures.

The retrograde pumping region can also be seen in Figures 7.11, 7.13, 7.15 when Q < 0

and ∆p > 0 and free pumping region can be seen when Q = 0 and ∆p = 0. Moreover,

augmented pumping region can also be seen in figures 7.11, 7.13, 7.15 when Q > 0 and

∆p < 0. Figures 7.12, 7.14, 7.16 show the forces have an opposite behaviour as well

as the pressure rise. Figures 7.17-7.18, it is depicted that by increasing value of α1, α2

pressure rise decreasing. Figures 7.19-7.21 illustrate the streamlines for different wave

shapes.
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Figure 7.1: Variation of temperature graph for α1 when Z = 0.75, ε = 0.22, M = 0.2,
Br = 0.22, α = 0.22, β = 1.5, α2 = 0.6.

Figure 7.2: Variation of temperature for α1 when Z = 0.75, ε = 0.22, M = 0.2,
Br = 0.22, α = 0.22, β = 1.5, α1 = 0.6.

Figure 7.3: Variation of temperature for Br when Z = 0.75, ε = 0.22, M = 0.2,
α1 = 0.22, α = 0.22, β = 1.5, α2 = 0.6.
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Figure 7.4: Variation of temperature for ε when Z = 0.75, Br = 0.22, M = 0.2,
α1 = 0.22, α = 0.25, β = 1.5, α2 = 0.6.

Figure 7.5: Variation of nanoparticle concentration for α1 when Z = 0.75, Br = 0.22,
M = 0.2, ε = 0.22, α = 0.25, β = 1.5, α2 = 0.6, ST = 0.7, SH = 0.5.

Figure 7.6: Variation of nanoparticle concentration for α2 when Z = 0.75, Br = 0.22,
M = 0.2, ε = 0.22, α = 0.25, β = 1.5, α1 = 0.6, ST = 0.7, SH = 0.5.
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Figure 7.7: Variation of nanoparticle concentration for ST when Z = 0.75, Br = 0.22,
M = 0.2, ε = 0.22, α = 0.25, β = 1.5, α1 = 0.6, α2 = 0.7, SH = 0.5.

Figure 7.8: Variation of nanoparticle concentration for SH when Z = 0.75, Br = 0.22,
M = 0.2, ε = 0.22, α = 0.25, β = 1.5, α1 = 0.6, α2 = 0.7, ST = 0.5.

Figure 7.9: Variation of velocity for α2 when Z = 0.75, Br = 0.22, M = 0.2, ε = 0.22,
α = 0.25, β = 1.5, α1 = 0.7

.
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Figure 7.10: Variation of velocity for ε when Z = 0.75, Br = 0.22, M = 0.2, α1 =
0.22, α = 0.25, β = 1.5, α2 = 0.27

.

Figure 7.11: Variation of Pressure rise for α1 when Z = 0.23, ε = 0.01, α1 = 0.22,
α2 = 0.4, β = 1.5, B = 1.5, ST = 0.7, SH = 0.5.

Figure 7.12: Variation of frictional force for α1 when Z = 0.23, ε = 0.01, α = 0.22,
α2 = 0.4, β = 1.5, Br = 1.5, ST = 0.7, SH = 0.5.
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Figure 7.13: Variation of Pressure rise for α2 when Z = 0.23, ε = 0.01, α1 = 0.22,
α = 0.4, β = 1.5, Br = 1.5, ST = 0.7, SH = 0.5.

Figure 7.14: Variation of frictional force for α2 when Z = 0.23, ε = 0.01, α1 = 0.22,
α = 0.4, β = 1.5, Br = 1.5, ST = 0.7, SH = 0.5.

Figure 7.15: Variation of Pressure rise for β when Z = 0.23, ε = 0.01, α1 = 0.22,
α = 0.4, α2 = 0.5, Br = 1.5, ST = 0.7, SH = 0.5.
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Figure 7.16: Variation of frictional force for β when Z = 0.23, ε = 0.01, α1 = 0.22,
α = 0.4, α2 = 0.5, Br = 1.5, ST = 0.7, SH = 0.5.

Figure 7.17: Pressure gradient dp
dz for sinusoidal wave when Z = 0.23, ε = 0.01,

α = 0.4, α2 = 0.5, Br = 1.5, ST = 0.7, SH = 0.5.

Figure 7.18: Pressure gradient dp
dz for sinusoidal wave when Z = 0.23, ε = 0.01,

α1 = 0.22, α = 0.4, Br = 1.5, ST = 0.7, SH = 0.5.
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Figure 7.19: Streamlines pattern for sinusoidal wave Z = 0.23, ε = 0.01, α1 = 0.22,
α = 0.4, α2 = 0.5, Br = 1.5, ST = 0.7, SH = 0.5.

Figure 7.20: Streamlines pattern for multisinusoidal wave Z = 0.23, ε = 0.01, α1 =
0.22, α = 0.4, α2 = 0.5, Br = 1.5, ST = 0.7, SH = 0.5.

Figure 7.21: Streamlines pattern for Trapizodioal Z = 0.23, ε = 0.01, α1 = 0.22,
α = 0.4, α2 = 0.5, Br = 1.5, ST = 0.7, SH = 0.5.
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7.4 Conclusion

In this chapter, we have analyse the physiological breakdown of Jeffrey six-constant flow

due to ciliary motion. The main findings of the present study are as follow:

• The temperature profile is enhanced corresponding to increasing values of param-

eters Br and parameter ε,

• The nanoparticle concentration field is enhanced corresponding to increasing values

of ST and SH ,

• It is clear that frictional forces and pressure rise have an opposite behaviour while

compare to each other.

• The pressure gradient increases with the increasing value of φ.
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Conclusion

In this thesis, we have investigated the incompressible, laminar and two dimensional

peristaltic flow of different non-Newtonian fluids for different flow geometries in the

presence of heat transfer. The governing equations of non-Newtonian nanofluid along

with heat and mass transfer are modelled and simplified by using low Reynolds number

and long wavelength assumptions. The momentum equation is solved by utilizing the ho-

motopy perturbation technique while the exact solutions are computed for temperature

and concentration equations. The obtained expressions for the velocity, temperature

and nanoparticles concentration are plotted and the impact of various physical param-

eters are investigated for different peristaltic waves. The main conclusion of this thesis

is concluded in the coming paragraph.

In general, temperature profile increases by increasing Brownian motion parameter (Nb)

due to increase in the collision between the particles which produces heat as a result

temperature field increases. As particles can diffuse under the effects of temperature

gradient so increase in thermophersis parameter (Nt) results in the reduction of concen-

tration field. Increasing the Brinkman number (Bκ) means greater viscous dissipation,

thus by increasing Brinkman number, the collision in the flow causes an enhancement in

the internal energy of the fluid, which is responsible for the resulting enhancement in the

temperature field. By increasing the value of amplitude ratio (φ), the pressure gradient

increases. Streamlines bolus takes the form of the shape of the geometry. The trapped

bolus increases with the increasing value of φ. It is found that in the peristaltic flows

of different non-Newtonian fluids that non-Newtonian parameters have strong effects

108



Chapter 8 109

on the velocity profile, thus the theoretical study of non-Newtonian peristaltic flows for

various flow geometries are very important for new physical models and their analytical

computations. The main findings of the thesis are as follows:

• Velocity profile enhances near the endoscopic tube by increasing values of α because

buoyancy forces play a dominant role near the endoscopic tube, also reflux case

occurs near the peristaltic waves.

• The trapping bolus phenomenon shows that the bolus decreases with an increase

in Jeffrey six-constant parameter α1.

• Temperature profile decreases for increasing values of the Biot number.

• Temperature of the fluid decreases with an increase in the nanoparticle volume

fraction φ because high thermal conductivity plays an important role in dissipating

heat.

• Pressure rise and frictional forces have an opposite behaviour as compared to each

other.

8.1 Future work

The analysis performed in this thesis can be extend in many directions e.g., slip con-

ditions, no-slip conditions, convective boundary conditions and temperature dependent

viscosity. An interesting research of this field to analyze in future will be to study the

effects of different nanoparticles, viscous dissipation and heat transfer of non-Newtonian

fluids. Some of them are listed as follows.

• Peristaltic flow of a Maxwell nanofluid in an endoscope with non-Newtonian fluids.

• Physiological breakdown of a second grade nanofluid flow in an endoscope embed-

ded in a porous medium.

• Peristaltic flow of a Williamson nanofluid in an endoscope with non uniform wall.

• Simulation of variable thermal conductivity in the flow of peristaltic flow of a

non-Newtonian fluid model.
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• Simulation of thermally stratified fluid in the flow of a peristaltic flow of a New-

tonian and non-Newtonian fluids.

• Simulation of viscous nanofluid in the flow of peristaltic flow of third grade fluid.

• Physiological flow of Sisko fluid due to cilliary motion.

• Peristaltic flow of a non-Newtonian fluids due to cilliary motion.

• Physiological flow of Jeffrey fluid induced by cilliary motion.
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Appendix A

In this appendix, we present the constants appearing in homotopy perturbation solution

for velocity in Equation (2.35).
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In this appendix, we present the constants appearing in homotopy perturbation solution

for velocity in Equation (3.25).
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Appendix C

In this appendix, we present the constants appearing in homotopy perturbation solution

for velocity in Equation (4.21).
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