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Abstract

The aim of this thesis is to investigate the flow, heat transfer and entropy gen-

eration characteristics of thermal systems containing non-Newtonian nanofluids.

Extensive research is carried out to study the flow and heat transfer characteristics

of nanofluids considering different flow geometries, boundary conditions, external

effects and surface motion etc. However limited attention is given towards study

of non-Newtonian nanofluids. In real situation nanofluids do not have charac-

teristics of Newtonian fluids, hence it is more appropriate to consider them as

non-Newtonian fluids. Keeping above in view the present research is devoted to

the study of flow, heat transfer and entropy generation of non-Newtonian nanofluid

including effects of applied magnetic field, thermal radiation and variable thermo-

physical properties. Three non-Newtonian fluid models namely, Maxwell, Powell-

Eyring and Casson are considered for the nanofluids. The mathematical model

include electrically conducting nanofluid occupies the space over a porous stretch-

ing surface and the flow is generated due to the non-uniform stretching of the

surface. The fundamental equations are obtained from the laws of conservation of

mass, momentum and energy. These partial differential equations are transformed

into a system of coupled nonlinear ordinary differential equations by means of

suitable similarity transformation and then solved by an efficient numerical fi-

nite difference scheme known as Keller box method. The numerical results are

presented in the form of graphs and tables for variation in parameters, for exam-

ple, non-Newtonian parameter, material parameter, porous medium parameter,

nanoparticle volume concentration parameter, velocity slip parameter, thermal

radiation parameter, suction/injection parameter, Biot number, Reynolds number

and Brinkman number. The impact of these parameters has been observed on the

velocity, temperature and entropy generation profiles of the nanofluid.
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Chapter 1

Introduction

The need to enhance the thermal capabilities of heat transfer fluids in thermal

transport processes, scientists and engineers are looking to device mechanisms

those can achieve this purpose. One efficient way is the use of specially engineered

heat transfer fluids called nanofluids. The present work is carried out in the light

of already existing study with the intentions of getting fruitful addition to it. The

present chapter throws light on the research carried out in the field of heat transfer

by nanofluids. The chapter highlights the models and numerical methods that are

used to achieve the desired results.

1.1 Literature Survey

Fluid is a continuously deforming substance under the action of applied shear

stress. Flow of fluid has all kinds of aspects, uniform and non-uniform, compress-

ible and incompressible, viscous and inviscid, rotational and irrotational, steady

and unsteady etc. A boundary layer is the thin region of fluid flow in which flow

is influenced by the friction between the solid surface and the fluid. The flow

of boundary layer have been extensively studied in the literature and plays a vi-

tal role in the field of fluid dynamics. The study of boundary layer flows over a

1
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horizontal surface had countless industrial applications, for example, food man-

ufacturing, production of glass fibers, manufacturing of rubber sheets, extrusion,

metal spinning, wire drawing and cooling of huge metallic plates such as an elec-

trolyte [1–3]. The first to introduce the theory of the boundary layer was Ludwig

Prandtl [4]. Makinde and Onyejekwe [5] presented the numerical computations for

the boundary layer flow model due to the stretching sheet with variable electrical

conductivity and variable viscosity using shooting technique together with a sixth-

order RK integration algorithm. They concluded that, when electrical conductiv-

ity parameter is increased the rate of convective heat transfer and skin friction

coefficient decreases within the boundary surface. Moreover rise in the variable

viscosity parameter results in an increase in viscous force and makes viscous forces

dominant over the applied magnetic field. Ibrahim and Makinde [6] used the nu-

merical shooting technique and examine the boundary layer flow pass a vertical

moving flat sheet with Joule heating and chemical reaction effects. Moreover, in

a chain of research articles, Makinde [7] and Makinde et al. [8] explored the fluid

flow and thermal boundary layer passing over a flat sheet. They evaluated the

impact of viscous dissipation and Newtonian heating on fluid flow for many types

of geometries containing permeable boundary surface. The key purpose of their

research is to investigate mathematical models of Newtonian and non-Newtonian

fluid flow over a stretching surface. Some significant studies on boundary layer

fluid flow past a stretching sheet are presented in [9–19].

Heat transfer is the thermal energy movement from one system to another system

due to variation in temperatures. Phenomenon of heat transfer occurs between

two bodies (or a similar body) because of the difference of temperature. The re-

search of fluid flow and heat transfer generated by means of stretching medium

has plenty of significance in numerous industrial developments for example, man-

ufacturing of composite materials, geothermal reservoirs, drying of porous solids,

thermal insulation, oil recovery and underground species transport. In the above

cases heat transfer and flow investigation are of significant importance because the

final product quality be determined on the basis of coefficient of velocity gradient
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(skin friction) and the rate of convective heat exchange. Elbashbeshy [20] numeri-

cally studied flow of viscous fluid and heat transfer by assuming the exponentially

continuous stretching sheet. In his work fluid occupies the space over an infi-

nite horizontal surface and the flow is induced by the non-linear stretching of the

surface. Here numerical technique is used to solve the modelled equations. The

results indicated that the suction parameter can be used as means for cooling the

continuous moving stretching surface and the thickening level of thermal boundary

layer reduces for larger values of suction parameter. After that Sanjayanand and

Khan [21] extended the work of Elbashbeshy [20] to include heat and mass transfer

of second order viscoelastic fluid across an exponentially stretching surface. Their

work include the effects of elastic deformation and viscous dissipation. The main

conclusion presented by the authors was, the velocity gradient and convective heat

exchange (Nusselt number) drops at the boundary surface as the local viscoelastic

parameter increases. The numerical results for mass and transfer of viscous fluid

due to stretching sheet were developed by Magyari and Keller [22]. To further

understand the boundary layer fluid flow along with heat transfer characteristics

over a moving surface the readers are recommended to study [23–33].

Keeping in view of importance of heat transfer phenomena due to fluid flow in

thermal systems, Choi [34] introduced the concept of nanofluids, by including

solid additive (nanoparticles) having size of less than 100 nm in the conventional

fluids. The nanoparticles are usually made of made of oxide ceramics CuO (Cop-

per Oxide), Al2O3 (Aluminium Oxide) and metal nitrides SiN (Silicon Nitride),

AlN (Aluminium Nitride) etc. The metallic particles change the heat conduction

characteristics and transport properties of base fluids like water (H2O), methanol

(meth) and ethylene glycol (EG) etc. The enhanced thermal properties of nanoflu-

ids are the main features of nanofluids. Nanofluids tends to increase the heat

transfer rate and because of this they have applications in industrial processes

like the coolant in nuclear reactors, heat flow controller in heat valves, radiators

of cars and vehicles temperature of frontal can be reduced by using nanofluids.

The cooling and heating of water with nanofluids has power to preserve trillion

Btu of energy [35]. The ability of nanofluids to conduct heat rapidly can be
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used to cool down the computer processors. In medical sciences, cancer patients

can be treated with the help of drugs and radiations with iron base nanofluids

[36–38]. Eastman et al. [39] investigated the thermal conductivity enhancement

in Cu-Ethylene glycol (EG) nanofluids. After the Cu nanoparticles dispersed in

ethylene glycol about 0.3 vol % of average diameter, 10 nm, they noted that the

thermal conductivity of ethylene glycol has been increased by up to 40%. Further

they compared Copper-Ethylene glycol Cu−EG with Copper-oxide Ethylene gly-

col CuO − EG and concluded that Cu − EG is better thermal conductor then

CuO − EG. There are numerous work and studies carried out on the physical

characteristics of nanofluids particularly on heat transfer and boundary layer flow.

The detailed review of literature can be found in the review research papers of

Wang et al. [40] and Keblinski et al. [41]. Buongiorno [42] concluded nanofluids

have better stability with better wetting, spreading and dispersion capabilities on

the surface of solid when compared with ordinary fluids. Recent additions con-

sidering nanofluids with heat and mass transfer in various physical situations are

given by [43–49]

Solar thermal system is one of key area where use of nanofluids improved the

performance of thermal systems. Solar thermal systems consists of three main

parts, the solar energy collection system, the heat storage medium and the heat

circulation system. Most popular types of thermal solar systems are power tower

systems, parabolic dish and trough collectors [50]. The latest research of solar

energy emphasized on improvement of efficiency of solar thermal collector sys-

tems. The efficiency of any solar thermal system depends on the thermophysical

characteristics of operating fluid, volume fraction of nanoparticles, shape of the

nanoparticles and the geometry of fluid flowing system. The properties of oper-

ating fluids include viscosity, density, thermal conductivity, specific heat at high

temperature as well as the velocity of the flow [51, 52]. Chaji et al. [53] experi-

mented on flat thermal solar collectors using TiO2-water nanofluid with the aim

to study the collectors efficiency corresponding to nanoparticles concentration and

the flow rate. They found that by adding the nanoparticles to water, the collec-

tor’s efficiency increases between 2.6% to 7% relative to the base fluid. Ghasemi
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and Ahangar [54] numerically investigated the thermal field and thermal efficiency

of parabolic trough collectors with Cu-water nanofluid and conclude that the so-

lar collector with nanofluid is more efficient when compared with conventional

collector. The inclusion of copper nanoparticles considerably increase the heat

gain capacity of solar collector. Sharma and Kundan [55] in their experimental

setup for parabolic solar collector compare the efficiency of ordinary fluid with

aluminum-water nanofluid and copper oxide nanofluid. It is concluded that the

aluminum water nanofluid improve the efficiency of solar collector between 1% to

2.55%. Whereas the use of copper oxide nanofluid improve the efficiency by 0.95%

to 3.05%. Bellos et al. [52] presented that the efficiency of parabolic trough col-

lectors with sine geometry improved by 4.25% if nanofluids are used as operating

fluids instead of thermal oil or pressurized water. Recently [56, 57] independently

used carbon nanotube nanofluids as working fluids to examine the efficiency of

U-tube thermal solar collectors. The use of carbon nanotube nanofluids not only

improve the efficiency of solar collectors they also reduced the CO2 emissions.

Kim et al. [57] also compared the efficiency of carbon nanotube nanofluids with

Al2O3, CuO, SiO2 and TiO2 nanofluids. Their results indicated that the greatest

efficiency is obtained at 62.8% when carbon nanotube nanofluids are used. Fi-

nally the review article of Muhammad et. al [58] covered almost all the literature

of past ten years on use of nanofluids and enhancement in thermal efficiency of

solar collectors. Recent survey on nanofluid flows in solar thermal collector are

presented in [59–68].

Magnetohydrodynamics (MHD) is the study of electrically conducting fluid in the

existence of magnetic field. MHD was first exposed by Micheal Faraday in 1832.

Whereas the MHD fluid flow was introduced by Swedish physicist, Alfven [69].

The MHD flow and heat transfer characteristics of nanofluids past a stretching

surface have significant industrial applications such as liquid metal flow, optical

switches, geothermal energy extraction, plasma flow, MHD generators, and MHD

flow meters, etc. It plays an important role to control the velocity and heat trans-

fer rate of the thermal systems. Many researchers tend to discuss MHD flow
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into their models. Hakeem et al. [70] examined the impact of MHD on the sec-

ond order partial slip flow of nanofluids over a stretching/ shrinking sheets with

thermal radiation. They used the analytical hyper-geometric function and nu-

merical shooting techniques and concluded that the skin friction factor is higher

for Al −H2O and lowest for Au−H2O in both cases of stretching and shrinking

sheets. Further, they observed that the growing values of magnetic field parameter

vanishes the lower branch solution of shrinking sheet. Hsiao [71] scrutinized the

influence of Lorentz forces and viscous dissipation of micropolar nanofluid passing

a stretching surface by using Buongiorno’s mathematical model. It was noticed the

temperature profiles rises with increase in Eckert and Prandtle numbers. Further-

more, the rate of heat transfer is also increased for increasing the values of these

numbers. Qayyum et al. [72] investigated analytically the magneto flow of 3rd

grade nanofluid past a stretching surface with variable thickness and convective

boundary conditions. They exhibited the velocity and temperature distributions

rises with raising values of third grade fluid and thermal conjugate parameters

respectively. Khan et al. [73] used the shooting technique to obtain the numerical

solutions of inclined magnetohydrodynamic Williamson fluid flow over a nonlin-

ear stretching sheet with cumulative effects of variable viscosity in the presence

of nanoparticles. They concluded that increasing values of angle of inclination,

Hartmann number and variable viscosity showed the reduction in velocity profile.

On the other hand velocity gradient rises with higher values of Harmann num-

ber. Eid et al. [74] analyzed two-dimensional MHD flow of Carreau nanofluid

passing a permeable stretching surface with thermal radiation. They utilized the

shooting scheme for the numerical results and discussed the effects of different

physical parameters effecting flow and heat transfer. They found the thickening

of thermal boundary layer as concentration of nanoparticle volume fraction is in-

creased in the base fluid. Kho et al. [75] used the numerical shooting technique to

solve the Casson nanofluid flow induced by the stretching sheet with the impact

of Lorentz forces, permeability and thermal radiation. They determined that the

velocity gradient and heat transfer rate drops at the boundary surface as Casson

and magnetic parameters increases in the fluid. For other studies regarding MHD
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nanofluid flows one can consult [76–83].

It is well known, the particles used in the preparation of nanofluids have impact

on heat transfer of the system. However little attention is given to study the effect

of nanoparticles shapes on heat transfer characteristics of nanofluids. Choi [34]

observed that the heat transfer is maximized when nanoparticles are spherical

shaped. The reason he described for greater heat transfer is the greater surface

area of spherical particles when compared with non-spherical particles. The ef-

fect of nanoparticles shape on thermodynamic efficiency of tube and shell shaped

heat exchangers are exhibited by Elias et al. [84]. They observed the better heat

transfer rate for the cylindrical shaped nanoparticles. On the other hand, entropy

generation rate is also higher for cylindrical shaped nanoparticle. Mahian et al.

[85] scrutinized the influence of nanoparticles shape and tube material on the per-

formance of flat plate mini-channel thermal solar system. Nanoparticles of platelet,

blade, cylinder, and brick shapes were considered for the study. The findings in-

clude the lowest rate of temperature increase for platelet shaped nanoparticles.

Whereas, the entropy generation analysis indicate the minimum rate for the cylin-

drical shaped nanoparticles. Ellahi et al. [86] considered the Brinkman nanofluid

model to investigate the impact of HFE − 7100 fluid over a wedge. The influ-

ence of porous medium, entropy generation and nanoparticles shapes of needle,

disk and sphere are taken into consideration. They concluded that needle–shaped

nanoparticles results is the maximum temperature in the boundary layer while the

minimum temperature are observed in the case of sphere-shaped nanoparticles. It

is also concluded when one choose disk-shaped particles the HFE − 7500 fluid

showed greater heat transfer ability. The entropy is highest for the needle-shaped

nanoparticles as well. Sheikholeslami and Bhatti [87] used spherical, brick, cylin-

der and platelet shaped nanopartices in their numerical study of nanofluid forced

convective heat exchange in a permeable annulus. They observed the highest rate

of heat transfer for the platelet shaped nanoparticles. Xu and Chen [88] presented

the heat exchange of Marangoni boundary layer flow for Cattaneo-Christov heat

flux theory. In their results, spherical shaped nanoparticles provide the great-

est performance for heat exchange enhancement. The reason for this behavior
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is that spherical particles have a larger surface area than non-spherical particles.

The analysis is based on sphere, hexahedron, tetrahedron, cylinder and lamina

shaped nanoparticles and Cu−H2O nanofluid. Sheikholeslami [89] used the con-

trol volume finite element method (CVFEM) and scrutinized the impact of Lorentz

forces on Cu−H2O nanofluid convective flow in a porous cavity considering com-

mon geometrical shapes for nanoparticles. The observation was that the platelet

shaped particles lead to greatest heat transfer rate. Tausif et al. [90] used the

Brinkman nanofluid model to examine the impact of Lorentz force on the Casson

fluid with Zirconium dioxide (ZrO2) nanoparticles. Their model include study of

four dissimilar shapes of nanoparticles (i.e. cylinder, platelet, brick and blade). In

their research, they concluded that cylindrical-shaped nanoparticles show extreme

temperature when compared to the other shaped particles due to its maximum

thermal conductivity. Recently, Shen et al. [91] introduced the Cattaneo heat flux

model for Maxwell viscoelastic nanofluid over a vertical sheet with natural con-

vection and considered the five different types of nanoparticle shapes containing

sphere, hexahedron, tetrahedron, column and lamina. They adopted the numer-

ical finite difference scheme with L1-algorithm to get the solution. The results

clearly indicated that the sphere shaped nanoparticles have the greatest rate of

heat transfer and the lowest convective heat exchange rate. The skin friction factor

and convective heat exchange reduces with increase in magnetic parameter and

the temperature fractional parameter have opposite impact. Recent contributions

regarding wall slip condition and nanoparticle shapes are presented in [92–97].

Hybrid nanofluids were introduced by Suresh [98] to further enhance the positive

features of nanofluids. Hybrid nanofluids are constructed by the mixture of two

different types of nanoparticles. The recent research in the field of nanofluids is

focused towards thermal systems using hybrid nanofluids. However it is impera-

tive to comprehend the impacts of different types of the nanoparticles, nanopar-

ticles shapes, nanoparticles concentration in the base fluid and the nanofluid’s

thermophysical properties. Devi and Anjali [99] used RK-Fehlberg integration

method to study the three-dimensional flow of Copper-Alumina/water (Cu −
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Al2O3/water) hybrid nanofluid. The flow is induced by the unidirectional lin-

ear stretching of surface with consideration of Lorentz forces. The Numerical

results gave the impression that heat exchange rate of Cu− Al2O3/water hybrid

nanofluid is greater than the Cu−water nanofluid. Afrand et al. [100] examined

the impact of temperature distribution and nanoparticles concentration on rheo-

logical behavior of magnetite ferrofluid-Silver/Ethylene glycol (Fe3O4 − Ag/EG)

hybrid nanofluid. Hayat and Nadeem [101] considered the three dimensional

Brinkman hybrid nanofluid model to investigate the heat transfer characteris-

tics of Copper-oxide/water (CuO/water) and Silver-Copper-oxide/water (Ag −

CuO/water) nanofluids over a linearly stretching, rotating surface with thermal

radiation and homogeneous-heterogeneous reactive flow. Their results deducted

that the hybridity enhanced the temperature profile along with the rate of heat

transfer at the boundary of the surface. Ghadikolaei et al. [102] scrutinized the

thermophysical properties of MHD Titanium-Copper/water (TiO2 − Cu/H2O)

hybrid nanofluid with common geometrical shapes factor for nanoparticles. Hus-

sian et al. [103] pondered at the flow of a hybrid nanofluid containing Alumina-

Copper/water (Al2O3 − Cu/water) flowing through an open cavity with an adi-

abatic square obstacle inside the cavity. They used the finite element method

for the numerical solutions and discussed the impact of different physical param-

eters on hybrid nanofluid. Further detail regarding the flow and heat transfer

characteristics of hybrid nanofluids can be found in [104–109].

Literally speaking the entropy of a system refers to the disorder of the system.

This means that the system is unable to use 100% of useful energy. In an ideal

system where we are able to conserve the energy contained in the system perfectly,

the entropy of that system is zero but in actual world this is not the case. There

is a loss of energy in one form or the other thus, entropy is enhanced all the time.

Here aim is to find ways to minimize this loss in the form of entropy. This makes

entropy minimization an important task in any industrial setup. The researchers

have been analyzing the entropy generation and looking for methods of reducing it.

Entropy generation emphasized the importance of irreversible factors associated

to heat transfer, friction, and other non ideal processes within a system (for details
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see Bejan [110]). Qing et al. [111] examined the volumetric total entropy genera-

tion on Casson nanofluid flow passing through a permeable stretching sheet with

magnetic effects. They used the numerical successive linearization method and

found that the increase in Hartmann number, permeability parameter, Reynolds

and Brinkman numbers causes an increase in the entropy generation. Bhatti et

al. [112] used the numerical scheme of Chebyshev spectral collocation and in-

vestigate the entropy generation of MHD Powell-Eyring nanofluid over a porous

stretching sheet. They concluded that the entropy distribution rises by raising

values of Hartmann number and the radiation parameter. Akbarzadeh et al. [113]

applied the finite volume approach to investigate the entropy generation and ther-

mohydraulic performance of a wavy channel with three corrugation profiles i.e.

sinusoidal, trapezoidal, and triangular shapes. Mehrali et al. [114] synthesized

graphene oxide-magnetite-ferro (GO − Fe3O4) hybrid nanofluid using graphene

oxide, iron salts and tannic acid for the process of redundancy and stabilization.

It was observed, the use of hybrid nanofluid increases the overall thermal conduc-

tivity of the system by 11%. They also observed that heat transfer performance

of GO − Fe3O4 hybrid nanofluid improve with the application of magnetic field

and the entropy is reduced by upto 41% on the use of graphene instead of distilled

water. Recently, Sithole et al. [115] examined the entropy and chemical reaction

effects on 2nd grade nanofluid over a heated stretching surface considering MHD

and non-linear thermal radiation. The results showed the entropy of the system

increases for higher values of Hartmann, Reynolds and Brinkmann numbers and

decreases with greater values of temperature difference ratio parameter. Similar

analysis of entropy generation on nanofluid with stretching surface taking different

geometries are carried out in [116–124].

Emphasis in the past on the heat exchange has been on the use of the Fourier’s law

[125] of heat conduction. Fourier’s law of heat conduction produces parabolic equa-

tion. This means that any initial change is felt promptly throughout the complete

substance. To address this issue, Cattaneo [126] extended the Fourier law of heat

conduction by including the thermal relaxation time in which the heat is trans-

ferred by the propagation of thermal waves at low speed. Later, Christov [127]
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extended the Cattaneo model by the application of Oldroyd’s upper-convective

derivatives for time in order to have the material-invariant formulation. A com-

prehensive research survey on Cattaneo-Christov heat flux model of nanofluids are

presented in [128–135].

In most of the aforementioned studies Newtonian fluid models are considered for

convective transport of nanofluids. However nanofluids donot behave as Newtonian

fluids in real situation. Therefore it is more suitable to consider non-Newtonian

fluids model for nanofluids. Ellahi et al. [136] used optimal homotopy asymp-

totic method (OHAM) to find the exact solution of Power-law nanofluid with

copper nanoparticles by using the Brinkman nanofluid model. They found that

the velocity profile of shear thinning fluids falls when nanoparticle volume frac-

tion is increased. Furthermore, the temperature and heat flux of shear thinning

fluid enlarged by improvement of particle volume concentration (PVC) while en-

hancement in temperature with small size of particle is detected. Eid et al. [137]

analyzed two dimensional MHD flow of a Carreau nanofluid passing a perme-

able nonlinear surface with thermal radiation. They utilized the shooting scheme

and explored the influence of different physical parameters on nanofluid flow and

heat transfer. Their efforts concluded that the rate of heat transfer reduces with

increasing thermal radiation and the opposite behaviour is seen with increasing

values of magnetic parameter. Sravanthi et al. [138] computationally analyzed

the Maxwell nanofluid flow including the Lorentz force effect over a porous expo-

nentially stretching surface in the existence of homogeneous-heterogeneous heat

source. For raising values of heat source rate the temperature profile increases and

reduces the convection heat exchange capacity. The increase in heat sink increases

the strength of convective heat exchange and lowers the nanofluid temperature.

Kho et al. [139] used shooting technique to solve the Casson nanofluid flow in-

duced by the stretching sheet with porous media and thermal radiation effects.

Khan et al. [140] analytically solved the electrically conducting mixed convective

flow of Powell-eyring nanofluid over an inclined sheet. More recently, discussions

on non-Newtonian nanofluids can be found in [141–148] and in references therein.
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It is well known fact that the viscosity and thermal conductivity are not con-

stants when the temperature of the nanofluid is very high. Irfan et al. [149]

numerically investigated the problem of 3-dimensional convective flow of Carreau

nanofluid over a bidirectional stretching sheet in the existence of heat absorption

and temperature dependent thermal conductivity. In their research, influence of

variable thermal conductivity parameter was opposite to unsteadiness parameter

on concentration and temperature profiles for both n < 1 and n > 1 (n is power

law index). Reddy et al. [150] presented the effects of Lorentz forces on the

Williamson nanofluid over a non-flat stretching surface with thermal radiation,

variable thickness and temperature dependent thermal conductivity. They used

the spectral quasilinearization method (SQLM) and found that the influence of

variable thermal conductivity parameter reduces the temperature gradient at the

boundary surface. Furthermore, they noticed thats velocity distribution reduces

for higher values of Williamson parameter and its also deceases the thinking level

of momentum boundary layer. Khan et al. [151] discussed 3-dimensional flow of

Sisko magneto-nanofluid past a stretching sheet with the impact of heat source

and variable thermal conductivity. They used the Buongiorno nanofluid model and

detected that for increasing values of temperature dependent thermal conductivity

the local Nusselt number increases for both shear thickening and thinning fluids.

A few recent contributions on variable thermophysical properties of nanofluids can

be seen in [152–155].

In the light of aforementioned studies and the detailed survey of literature on

nanofluids flow and heat transfer, authors believe that the limited work is carried

out to study non-Newtonian model for nanofluids along with the variable ther-

mophysical properties. Keeping above in view this thesis present the flow, heat

transfer and volumetric entropy generation analysis for thermal system involving

non-Newtonian nanofluids e.g. (Maxwell, Powell-Eyring and Casson nanofluids).

The interest lies in the numerical aspect of the heat transfer phenomena. The so-

lution to the mathematical model have been achieved via finite difference scheme

named Keller box method. Graphical interpretations have been used to study the

numerical solution.
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1.2 Thesis Contribution

In the present work, we consider two-dimensional unsteady, laminar, incompress-

ible flow of non-Newtonian nanofluids over a porous stretching sheet. The flow

is generated due to the stretching of the sheet. The following four models are

considered for the non-Newtonian nanofluids.

• Maxwell nanofluid model.

• Powell-Eyring nanofluid model.

• Casson nanofluid model.

• Casson hybrid nanofluid model.

The governing equations of flow, heat transfer and volumetric entropy genera-

tion analysis are modeled under boundary layer approximations using Tiwari and

Das model [156] for non-Newtonian nanofluids. The slip interface conditions are

assumed at the interface of fluid-solid boundary. The analysis are presented con-

sidering the effect of

• Uniform applied magnetic field (MHD).

• Porous medium.

• Variable thermal physical properties.

• Thermal radiation.

• Cattaneo-Christov heat flux model.

• Different types of nanopartciles.

• Nanoparticle shape factor.

• Single phase model.
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1.3 Objectives

The objective of thesis/research is to develop and understand non-Newtonian

nanofluids based on Tiwari and Das model [156]. The model is applied to dif-

ferent problems in different flow patterns and are solved numerically for flow, heat

transfer and entropy generation of non-Newtonian nanofluids, influenced by the

applied magnetic field, slip condition, thermal radiation, variable thermal physi-

cal properties, porous medium, Cattaneo-Christov heat flux model, nanoparticle

shape effects and hybrid models of nanofluids etc.

1.4 Thesis Outline

The present thesis aims to numerically study the thermal systems containing non-

Newtonian nanofluids. The nanofluids occupies the space over the porous flat

surface and the flow is induced by the non-uniform stretching of the surface. The

mathematical models presented here also includes the impact of variable viscosity,

variable thermal conductivity, MHD, thermal radiation, particle shape, entropy

generation and the hybrid nanofluid. This thesis is organized in the following

chapters.

• A brief literature survey in Chapter 1 relating nanofluids, types of nanoflu-

ids methods of its synthesis and effect of external forces have been discussed.

The recent trends in nanofluid research have also been cited.

• In Chapter 2, basic definitions related to flow heat transfer in nanofluids

are presented. The thermophysical properties of various nanomaterial have

been given. The mathematical models that are used in present research have

been discussed in detail as well as the solution methodology.

• Entropy generation analysis due to magnetohydrodynamic Maxwell nanofluid

flow across a stretching sheet with thermal radiation and variable thermal
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conductivity is presented in Chapter 3. This chapter’s contents are pub-

lished in the journal Open Physics.

• Chapter 4 consists of entropy analysis of Powell-Eyring nanofluid past a

stretching surface with temperature dependent thermal conductivity and

thermal radiation. The mathematical model also includes the effects of dif-

ferent nanoparticles shape. This chapter’s contents are published in the

journal Results in Physics.

• In Chapter 5 mathematical model presented in the previous chapters is ex-

tended to include the heat transfer and entropy analysis using the Cattaneo-

Christov heat flux model for the Casson nanofluid flow. The contents of this

chapter are published in journal Results in Physics.

• Finally the Cattaneo-Christov based study of Casson hybrid nanofluid flow

past a stretching sheet with entropy generation is carried out in Chapter

6. The contents of this chapter are published in Applied Nanoscience.

• Conclusion and the future directions of the present research are presented in

Chapter 7.



Chapter 2

Definitions and Governing

Equations

In this chapter, basic definitions of fluid mechanics, nanofluids and conservation

laws to obtain differential forms of fundamental governing equations are discussed.

Furthermore, a brief description of Keller box method is also given in the last

section.

2.1 Boundary layer

The idea of boundary layer was first introduced by Ludwig Prandtl in 1904. Lud-

wig Prandtl gave the basic idea of the boundary layer for moving fluid over a

surface (see for example, Prandtl [4]). It is the close layer of fluid flow near solid

region where the viscosity effects are significant. The flow in this layer is usually

laminar. The boundary layer thickness is the measure of the distance apart from

the surface. There are two types of boundary layers:

• Hydrodynamic boundary layer.

• Thermal boundary layer.

16
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2.2 Newton’s Law of Viscosity

The relationship in which shear stress is directly and linearly proportional to the

rate of deformation is known as Newton law of viscosity (see for details, George

and Qureshi [157]). Mathematically, it is expressed as

τxy ∝
(
du

dy

)
, (2.1)

τxy = µ

(
du

dy

)
. (2.2)

In the above expression, τyx is the shear stress, x and y represents horizontal and

vertical coordinates, u is the horizontal component of velocity, du
dy

is the defor-

mation rate. Fluids in which viscous stresses that arises from flow are linearly

proportional to the local strain rate are known as Newtonian fluids. When shear

stress is not directly proportional to the velocity gradient are defined as non-

Newtonian fluid. Mathematically, it can be written as

τxy ∝
(
du

dy

)n
, n 6= 1 (2.3)

τxy = µa

(
du

dy

)
, µa = j

(
du

dy

)n−1

, (2.4)

where n and j represents the index of flow behaviour and consistency, respectively.

Paints, toothpaste, shampoo, blood, ketchup, drilling muds and biological fluids

are good examples of non-Newtonian fluids.

2.3 Heat Transfer Mechanism

Heat transfer (see for example, Incropera et al. [158]) is a process in which transfer

of thermal energy occurs due to temperature difference between the physical sys-

tem. There are three elementary modes of heat transfer i.e. conduction, convection

and radiation.
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2.3.1 Conduction

The process of heat transfer which occurs because of the molecular collisions is

known as conduction. Fourier developed a law known as Fourier’s law of heat

conduction. Mathematical form of the law is

Q = −kA∗
(
dΘ

dx

)
. (2.5)

Here dΘ
dx

represents the temperature gradient. This is called the Fourier law.

2.3.2 Convection

It is defined as heat transfer in fluids from a part with high temperature to a part

where temperature is comparatively low. In convection, Newton’s law of cooling

governs heat transfer rate with the expression

Q = hA∗ (Θw −Θ∞) . (2.6)

2.3.3 Radiation

Radiation occurs by photons of light or waves emitted from a surface volume.

Radiation can happen in vacuum also. Stefan-Boltzmann law is used to calculate

the amount transfer through radiation. Mathematically

Q = σ∗ ·Θ4. (2.7)

2.4 Maxwell Fluid

A Maxwell fluid is a viscoelastic fluid with characteristic features of elasticity

as well as viscosity. It is famous after the name of James Clerk Maxwell, who
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introduced the model in 1867. The rheology of Maxwell fluid is given by the

following mathematical relation

(
1 + λ

D

Dt

)
S∗ = µA1. (2.8)

Here λ is a fluid relaxation time, D
Dt

is a upper convected derivative, S∗ is a

extra stress tensor and A1 is a Rivlin-Erickson tensor. The boundary layer for 2-

dimensional flow of upper-convected Maxwell fluid was first derived by Harris [159].

The modeled boundary layer equations for continuity, momentum and energy for

the two-dimensional flow in the cartesian coordinate systems for Maxwell fluid are

as follows (see for example, Mukhopadhyay et al. [160]).

2.4.1 Law of Conservation of Mass

The law of conservation of mass i.e. continuity equation (see for example, Pa-

panastasiou et al. [161]) is given by

∂ρ

∂t
+∇.(ρV) = 0, (2.9)

where

∇ =

(
∂

∂x
,
∂

∂y

)
= 0. (2.10)

The unsteady velocity field for two-dimensional flow given this

V = (u(x, y, t), v(x, y, t)) . (2.11)

For incompressible fluid equation (2.9) expressed as

∇.V = 0, (2.12)

(
∂

∂x
,
∂

∂y

)
. (u(x, y, t), v(x, y, t)) = 0, (2.13)

∂u

∂x
+
∂v

∂y
= 0. (2.14)
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2.4.2 Momentum Equation for Maxwell Fluid

The law of conservation of momentum (for example, Ruban and Gajjar [162]) is

given by

ρai = ∇.τ, (2.15)

where

ai =

(
dV

dt

)
and τ = −PI + S∗. (2.16)

In equation (2.15)-(2.16), τ is a cauchy stress tensor, d
dt

is a material time deriva-

tive, P is a pressure, I is a unit tensor and S∗ is defined in equation (2.8)

ρ

(
dV

dt

)
= −∇.P +∇.S∗. (2.17)

Eliminating S∗ in equation (2.8) and (2.17), we obtained the following equation

ρ

(
1 + λ

D

Dt

)
ai = −∇P + µ(∇.A1), (2.18)

(
1 + λ

D

Dt

)
ai = −∇P + ν(∇.A1), (2.19)

where

A1 = L1 + LT1 with L1 = grad V. (2.20)

Defined in general

L1 =


∂u
∂x

∂u
∂y

∂u
∂z

∂v
∂x

∂v
∂y

∂v
∂z

∂w
∂x

∂w
∂y

∂w
∂z

 . (2.21)

For two-dimensional case

L1 =


∂u
∂x

∂u
∂y

0

∂v
∂x

∂v
∂y

0

0 0 0

 , LT1 =


∂u
∂x

∂v
∂y

0

∂u
∂y

∂v
∂y

0

0 0 0

 . (2.22)
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Substitution (2.22) into (2.20) gives

A1 =


2∂u
∂x

∂u
∂y

+ ∂v
∂y

0

∂v
∂x

+ ∂u
∂y

2∂v
∂y

0

0 0 0

 . (2.23)

The upper convected derivative ai are defined as

Dai
Dt

= (V.∇)ai − L1ai for i = 1, 2 (2.24)

Da1

Dt
= u

∂a1

∂x
+ v

∂a1

∂y
− a1

∂u

∂x
− a1

∂u

∂y
, (2.25)

Da2

Dt
= u

∂a2

∂x
+ v

∂a2

∂y
− a2

∂v

∂x
− a2

∂v

∂y
. (2.26)

From equations (2.25) and (2.26)

a1 =
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
, (2.27)

a2 =
∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
. (2.28)

Using (2.27) and (2.28) in (2.25) and (2.26)

Da1

Dt
= u

∂

∂x

(
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y

)
+ v

∂

∂y

(
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y

)
−
(
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y

)
∂u

∂x
−
(
∂u

∂t
+ u

∂v

∂x
+ v

∂v

∂y

)
∂u

∂y
,

(2.29)

Da2

Dt
= u

∂

∂x

(
∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y

)
+ v

∂

∂y

(
∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y

)
−
(
∂v

∂t
+ u

∂u

∂x
+ v

∂u

∂y

)
∂v

∂x
−
(
∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y

)
∂v

∂y
.

(2.30)

x-component of (∇.A1) is

(∇.A1)x =

(
∂

∂x
,
∂

∂y
, 0

)(
2
∂u

∂x
,

(
∂u

∂y
+
∂v

∂x

)
, 0

)
, (2.31)

(∇.A1)x =

(
2
∂2u

∂x2
+
∂2u

∂y2
+

∂2v

∂x∂y
+ 0

)
. (2.32)
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y-component of (∇.A1) is

(∇.A1)y =

(
∂

∂x
,
∂

∂y
, 0

)((
∂v

∂x
+
∂u

∂y

)
, 2
∂v

∂y
, 0

)
, (2.33)

(∇.A1)y =

(
∂2v

∂x2
+ 2

∂2v

∂y2
+

∂2u

∂x∂y
+ 0

)
. (2.34)

Using equation (2.32) and(2.34) into (2.19), the x-component will be

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
+ λ

(
u2∂

2u

∂x2
+ 2uv

∂2u

∂x∂y
+ v2∂

2u

∂y2

)
= −∂P

∂x
+ ν

(
2
∂2u

∂x2
+
∂2u

∂y2
+

∂2v

∂x∂y

)
.

(2.35)

Using equation (2.32) and(2.34) into (2.19), the y-component will be

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
+ λ

(
u2 ∂

2v

∂x2
+ 2uv

∂2v

∂x∂y
+ v2∂

2v

∂y2

)
= −∂P

∂y
+ ν

(
∂2v

∂x2
+ 2

∂2v

∂y2
+

∂2u

∂x∂y

)
.

(2.36)

Considering the following assumptions of boundary layer approximations in (2.35)

and (2.36),

ν = o(δ2), u = x = o(1), v = y = o(δ), λ1 = o(1), Θ = o(1). (2.37)

The expression of momentum equation takes the form,

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= ν

(
∂2u

∂y2

)
− λ

(
u2∂

2u

∂x2
+ v2∂

2u

∂y2
+ 2uv

∂2u

∂x∂y

)
. (2.38)

2.5 Powell-Eyring Fluid

The Powell-Eyring fluid model is one of many non-Newtonian model. The consti-

tutive equations of the Powell-Eyring model are derived from the theory of liquids

and not from the empirical relationship as in the power-law model. It can cor-

rectly reduce at low and high shear rates to Newtonian flow behavior, while the



23

power-law model describes an infinite effective viscosity at low shear rate and thus

limits its range of applicability. The stress tensor for Powell-Eyring fluid is given

by (see for example, Powell and Eyring et al. [163])

τij = µ

(
∂ui
∂xj

)
+

1

β̃
sinh−1

(
1

ς∗
∂ui
∂xj

)
, (2.39)

where β̃, ς∗ are the material constants.

2.5.1 Momentum Equation for Powell-Eyring Fluid

The law of conservation of momentum equation is defined in equation (2.15), where

ai =

(
dV

dt

)
and τ = −PI + τij. (2.40)

Here τij is defined in (2.39) and further using (2.40) in (2.15), gives

ρ

(
dV

dt

)
= −∇P +∇.τij. (2.41)

Now consider

sinh−1

(
1

ς∗
∂ui
∂xj

)
∼=
(

1

ς∗
∂ui
∂xj

)
− 1

6

(
1

ς∗
∂ui
∂xj

)3

,

∣∣∣∣( 1

ς∗
∂ui
∂xj

)∣∣∣∣ ≤ 1. (2.42)

Using (2.42) in (2.39), gives

τ11 = µ

(
∂u1

∂x1

)
+

1

β̃ς∗
∂u1

∂x1

− 1

6β̃ς∗3

(
∂u1

∂x1

)3

, (2.43)

where

(u1, u2, u3) = (u, v, w) (2.44)

are the velocity components,

(x1, x2, x3) = (x, y, z) (2.45)
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are the cartesian coordinates.

τ12 =

(
µ+

1

β̃ς∗

)
∂u

∂y
− 1

6β̃ς∗3

(
∂u

∂y

)3

, (2.46)

τ21 =

(
µ+

1

β̃ς∗

)
∂v

∂x
− 1

6β̃ς∗3

(
∂v

∂x

)3

, (2.47)

τ22 =

(
µ+

1

β̃ς∗

)
∂v

∂y
− 1

6β̃ς∗3

(
∂v

∂y

)3

, (2.48)

τ13 = 0, τ23 = 0, τ31 = 0, τ32 = 0, τ33 = 0. (2.49)

From (2.41) the x-component of the momentum equation is given by

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= −∂P

∂x
+

(
∂τ11

∂x
+
∂τ12

∂y

)
, (2.50)

Using equation (2.43) and (2.46) in equation (2.50), we get

ρ

(
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y

)
= −∂P

∂x
+

∂

∂x

((
µ+

1

β̃ς∗

)
∂u

∂x
− 1

6β̃ς∗3

(
∂u

∂x

)3
)

+
∂

∂y

((
µ+

1

β̃ς∗

)
∂u

∂y
− 1

6β̃ς∗3

(
∂u

∂y

)3
)
,

(2.51)

ρ

(
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y

)
= −∂P

∂x
+

(
µ+

1

β̃ς∗

)
∂2u

∂x2
− 3

6β̃ς∗3

(
∂u

∂x

)2
∂2u

∂x2
,

+

(
µ+

1

β̃ς∗

)
∂2u

∂y2
− 3

6β̃ς∗2

(
∂u

∂y

)2
∂2u

∂y2
.

(2.52)

Similarly from (2.41) the y-component of the momentum equation is given by

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
= −∂P

∂y
+

(
∂τ21

∂x
+
∂τ22

∂y

)
, (2.53)

Using equation (2.47) and (2.48) in equation (2.53), we get

ρ

(
∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y

)
= −∂P

∂y
+

∂

∂x

((
µ+

1

β̃ς∗

)
∂v

∂x
− 1

6β̃ς∗3

(
∂v

∂x

)3
)

+
∂

∂y

((
µ+

1

β̃ς∗

)
∂v

∂y
− 1

6β̃ς∗3

(
∂v

∂y

)3
)
,

(2.54)
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ρ

(
∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y

)
= −∂P

∂y
+

(
µ+

1

β̃ς∗

)
∂2v

∂x2
− 3

6β̃ς∗3

(
∂v

∂x

)2
∂2v

∂x2
,

+

(
µ+

1

β̃ς∗

)
∂2v

∂y2
− 3

6β̃ς∗2

(
∂v

∂y

)2
∂2v

∂y2
.

(2.55)

Applying boundary layer approximation on (2.52) and (2.55), we obtain the fol-

lowing ODE

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
=

(
ν +

1

ρβ̃ς∗

)
∂2u

∂y2
− 1

2β̃ς∗3ρ

(
∂u

∂y

)2
∂2u

∂y2
. (2.56)

2.6 Casson Fluid

Casson fluid is a kind of shear thinning fluid with an infinite viscosity at zero shear

stress. The equations representing the basic form of incompressible Casson fluid

with isotropic properties are given as (see for example, [164, 165])

τij =



2

(
µB +

py√
2π

)
eij, π > πc,

2

(
µB +

py√
2πc

)
eij, π < πc.

(2.57)

Here µB, py, eij, π = eijeij and πc represents the plastic dynamic viscosity, yield

stress, deformation direction component rate, the product of the component of rate

of deformation with itself and the critical value of the product of the component

of the strain tensor rate with itself, respectively.

2.6.1 Momentum Equation for Casson Fluid

The law of conservation of momentum equation and Cauchy stress tensor are

defined in (2.15) and (2.40), respectively. And further using (2.15) in (2.40), gives

ρ

(
dV

dt

)
= −∇P +∇.τij, (2.58)
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From equation (2.57)

τij = µB

(
1 +

1

β

)
(2eij). (2.59)

In above equation β = µB
√

2πc
py

is the Casson parameter.

eij =
1

2
(L1 + Lt1). (2.60)

Using (2.22) in above, we obtain

eij =
1

2


2∂u
∂x

∂u
∂y

+ ∂v
∂y

0

∂v
∂x

+ ∂u
∂y

2∂v
∂y

0

0 0 0

 . (2.61)

τ11 = µB

(
1 +

1

β

)(
2
∂u

∂x

)
, (2.62)

τ12 = µB

(
1 +

1

β

)(
∂u

∂x
+
∂v

∂x

)
, (2.63)

τ21 = µB

(
1 +

1

β

)(
∂u

∂x
+
∂v

∂x

)
, (2.64)

τ22 = µB

(
1 +

1

β

)(
2
∂u

∂x

)
, (2.65)

τ13 = 0, τ23 = 0, τ31 = 0, (2.66)

τ32 = 0, τ33 = 0. (2.67)

From (2.58) the x-component of the momentum equation is given by

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= −∂P

∂x
+

(
∂τ11

∂x
+
∂τ12

∂y

)
. (2.68)

Using equation (2.62) and (2.63) in equation (2.68), we get

ρ

(
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y

)
= −∂P

∂x
+

∂

∂x

(
µB

(
1 +

1

β

)(
2
∂u

∂x

))
+
∂

∂y

(
µB

(
1 +

1

β

)(
∂u

∂x
+
∂v

∂x

))
,

(2.69)
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ρ

(
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y

)
= −∂P

∂x
+ 2µB

(
1 +

1

β

)(
∂2u

∂x2

)
+ µB

(
1 +

1

β

)
(
∂2u

∂y2
+

∂2v

∂x∂y

)
.

(2.70)

From (2.58) the y-component of the momentum equation is given by

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
= −∂P

∂y
+

(
∂τ21

∂x
+
∂τ22

∂y

)
, (2.71)

Using equation (2.64) and (2.65) in equation (2.71), we get

ρ

(
∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y

)
= −∂P

∂y
+

∂

∂x

(
µB

(
1 +

1

β

)(
∂u

∂x
+
∂v

∂x

))
+
∂

∂y

(
µB

(
1 +

1

β

)(
2
∂u

∂x

))
,

(2.72)

ρ

(
∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y

)
= −∂P

∂y
+ 2µB

(
1 +

1

β

)(
∂2v

∂y2

)
+ µB

(
1 +

1

β

)
(
∂2v

∂x2
+

∂2u

∂x∂y

)
.

(2.73)

Applying boundary layer approximation on (2.70) and (2.73), we obtain the fol-

lowing ODE
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
=
µB
ρ

(
1 +

1

β

)
∂2u

∂y2
, (2.74)

2.7 Energy Equation

The energy equation (for example, Ruban and Gajjar [162]) for the fluid flow is

defined as

ρCp

(
dΘ

dt

)
= −∇.q. (2.75)

Here q is defined by Fourier law

q = −k∇Θ. (2.76)
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Here q is defined by Cattaneo-Christov heat flux model

q + λ∗
[
∂q

∂t
+ V.∇.q − q.∇V + (∇.V)q

]
= −k∇Θ. (2.77)

Using (2.12) the above equation becomes,

q + λ∗
[
∂q

∂t
+ V.∇.q − q.∇V

]
= −k∇Θ. (2.78)

Using (2.76) in (2.75), we get

ρCp

(
dΘ

dt

)
= k∇2Θ, (2.79)

where the time derivative d
dt

is defined as

dΘ

dt
=
∂Θ

∂t
+ (V.∇)Θ. (2.80)

Using (2.80) in (2.79), we get

ρCp

(
∂Θ

∂t
+ (V.∇)Θ

)
= k∇2Θ, (2.81)

ρCp

(
∂Θ

∂t
+ u

∂Θ

∂x
+ v

∂Θ

∂y

)
= k

(
∂2Θ

∂x2
+
∂2Θ

∂y2

)
. (2.82)

Eliminating q between (2.75) and (2.78), we get

∂Θ

∂t
+ u

∂Θ

∂x
+ v

∂Θ

∂y
=

k

(ρCp)

[
∂2Θ

∂x2
+
∂2Θ

∂y2

]
−λ∗

[
u
∂u

∂x

∂Θ

∂x
+ v

∂v

∂y

∂Θ

∂y
+ u

∂v

∂x

∂Θ

∂y
+ v

∂u

∂y

∂Θ

∂x
+ u2∂

2Θ

∂x2
+ v2∂

2Θ

∂y2
+ 2uv

∂2Θ

∂x∂y

]
.(2.83)

After applying the boundary layer approximation on (2.82) in (2.83)

k = o(δ2), u = x = o(1), v = y = o(δ), Θ = o(1). (2.84)
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We obtain the following final expressions

∂Θ

∂t
+ u

∂Θ

∂x
+ v

∂Θ

∂y
=

k

(ρCp)

[
∂2Θ

∂y2

]
. (2.85)

∂Θ

∂t
+ u

∂Θ

∂x
+ v

∂Θ

∂y
=

k

(ρCp)

[
∂2Θ

∂y2

]
−λ∗

[
u
∂u

∂x

∂Θ

∂x
+ v

∂v

∂y

∂Θ

∂y
+ u

∂v

∂x

∂Θ

∂y
+ v

∂u

∂y

∂Θ

∂x
+ u2∂

2Θ

∂x2
+ v2∂

2Θ

∂y2
+ 2uv

∂2Θ

∂x∂y

]
.(2.86)

2.8 Entropy Generation

Entropy (see for details, Shiner [166]) of a system refers to the disorder of the

system. This means that the system is unable to use 100% of useful energy. In

an ideal system where we are able to conserve the energy contained in the system

perfectly, the entropy of that system is zero but in actual world this is not the

case. There is a loss of energy in one form or the other thus, entropy is enhanced

all the time. Here aim is to find ways to minimize this loss in the form of entropy.

This makes entropy minimization an important task in any industrial setup. The

researchers have been analyzing the entropy generation and looking for methods

of reducing it. The local entropy generation for the fluid flow are as follows (see

for example, Das et al. [167])

EG =
k

Θ2
∞

{(
∂Θ

∂y

)2

+
16

3

σ∗Θ3
∞

κ∗νf (ρCp)f

(
∂Θ

∂y

)2
}

+
µ

Θ∞

(
∂u

∂y

)2

. (2.87)

2.9 Magnetohydrodynamics

Branch of engineering in which behavior of magnetic field in electrically conduct-

ing fields is studied is known as Magnetohydrodynamics (MHD) (see for example,

Alfven [69]). The basic concept of MHD is that magnetic fields can induce current

in a moving conductive fluid, which create forces on the fluid and the magnetic
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field itself. Combination of equations of motion and Maxwells equation of elec-

tromagnetism results in the set of equations which represents MHD flow. The

momentum equation which electromagnetic force term is given by Ligere [168]

ρ

(
dV

dt

)
= (∇.τ) + (J ×B). (2.88)

Where J , B = B+B1, B1 and J×B represents the current density, total magnetic

field, induced magnetic field and electromagnetic force term respectively. By Ohms

law [169], we have

J = σ(E + V ×B). (2.89)

Here E and V represents the electric field and fluid velocity, respectively.

J = σ(V ×B). (2.90)

Where E is neglected due to low Reynolds number and V and B is defined as

V = [u, v, 0] , (2.91)

B = [0,B0, 0] , (2.92)

J = σ

∣∣∣∣∣∣∣∣∣
i j k

u v 0

0 B0 0

∣∣∣∣∣∣∣∣∣ , (2.93)

J = σ [0, 0,B0u] , (2.94)

J ×B = σ

∣∣∣∣∣∣∣∣∣
i j k

0 0 σB0u

0 B0 0

∣∣∣∣∣∣∣∣∣ , (2.95)

J ×B = σ
[
0, 0,−B2

ou
]
, (2.96)

J ×B = −σ
[
0, 0,B2

ou
]
, (2.97)

J ×B = −σB0
2u. (2.98)
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Substituting equation (2.98) momentum equation (2.88) becomes,

ρ

(
dV

dt

)
= (∇.τ)− σB0

2u. (2.99)

2.10 Nanofluids

The inclusion of solid nanoparicles having size of less than 100 nm in the ordi-

nary fluid makes it nanofluid (see for details, Das et al. [170]). The nanoparticles

are typically made of oxide ceramics CuO (Copper Oxide), Al2O3 (Aluminium

Oxide) and metal nitrides SiN (Silicon Nitride), AlN (Aluminium Nitride) etc.

The metallic particles change the heat conduction characteristics and transport

properties of the base fluids like water, methanol, ethylene glycol etc. The en-

hanced thermal properties of nanofluids are the main features of the nanofluids.

The Table 2.1 shows the thermophysical properties of nanofluids (for details, see

for example, [171, 172]).

Properties Nanofluid

Dynamic viscosity (µ) µnf =µf (1− φ)−2.5

Density (ρ) ρnf=(1− φ)ρf+φρs

Heat capacity (ρCp) (ρCp)nf=(1− φ)(ρCp)f+φ(ρCp)s

Thermal Conductivity (κ)
κnf
κf

=
[

(κs+(m−1)κf )−(m−1)φ(κf−κs)
(κs+(m−1)κf )+φ(κf−κs)

]
Electrical Conductivity (σ)

σnf
σf

=

[
1 +

3( σs
σf
−1)φ

( σs
σf

+2)−( σs
σf
−1)φ

]
Table 2.1: Thermophysical Properties for Nanofluids

2.11 Material Properties of Nanofluids

The material properties of the base fluid water and various nanoparticles used in

this thesis are given in the following table (for details, ([173–176]))



32

Thermophysical ρ(kg/m3) cp(J/kgK) k(W/mK) σ(S/m)

Ethylene glycol (EG) 1114 2415 0.252 5.5× 10−6

Water (H2O) 997.1 4179 0.6130 0.5× 10−6

Methanol (MeOH) 792 2545 0.2035 0.5× 10−6

Ferro (Fe3O4) 5180 670 9.7 0.74× 106

Copper (Cu) 8933 385.0 401.00 5.96× 107

Copper oxide (CuO) 6510 540 18 5.96× 107

Alumina (Al2O3) 3970 765.0 40.000 3.5× 107

Titanium oxide (TiO2) 4250 686.2 8.9538 2.38× 106

Table 2.2: Material Properties of Base fluid and Nanoparticles at 293K

2.11.1 Hybrid Nanofluids

The working principle of hybrid nanofluids (see for example, Ali [177]) is the sus-

pension of two different types of nanoparticles in the base fluid. This enhances

the heat transfer capabilities of the ordinary fluids and prove to better heat ex-

ponent as compare to the nanofluids. The Table 2.3 indicates the thermophysical

properties of hybrid nanofluids (see for example, Hayat and Nadeem [101]).

Properties Hybrid Nanofliud

Vicosity (µ) µhnf =µf (1− φw)−2.5(1− φz)−2.5

Density (ρ) ρhnf=[(1− φz){(1− φw)ρf + φwρp1}]+φzρp2
Heat Capacity (ρCp) (ρCp)hnf=[(1− φz){(1− φw)(ρCp)f + φw(ρCp)p1}]

+φz(ρCp)p2

Thermal Conductivity (κ)
κhnf
κgf

=
[

(κp2+(m−1)κgf )−(m−1)φz(κgf−κp2 )

(κp2+(m−1)κgf )+φz(κgf−κp2 )

]
;

κgf
κf

=
[

(κp1+(m−1)κf )−(m−1)φw(κf−κp1 )

(κp1+(m−1)κf )+φw(κf−κp1 )

]
Electrical Conductivity (σ)

σhnf
σf

=

[
1 +

3(
φwσp1+φzσp2

σf
−(φw+φz))

(
φwσp1+φ2σp2
(φw+φz)σf

+2)−(
φwσp1+φzσp2

σf
−(φw+φz))

]

Table 2.3: Thermophysical Properties of Hybrid Nanofluids
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2.12 Tiwari and Das Model

There are two types of model that are used mathematically solve problems relating

to nanofluids. One is a single phase model and the other is a phase model. Tiwari

and Das model [156] is one example of single phase model. In single phase model

the fluid, velocity and temperature they are taken as the same. Where in two

phase model the velocity of the fluid and the nanoparticle is taken as different and

also the temperature of the fluid and the nanoparticles they taken as different.

The advantage of the single phase model is that because we ignore the slip mech-

anisms so the model is simplified one and it is easily to solve numerically. But the

disadvantage of this method is that in some cases the numerical results differ from

that obtained by experiments. In Tiwari and Das model volume concentration of

nanoparticles ranges between 3% - 20%.

2.13 Prandtl Number

The quantitative relation between the momentum diffusivity and thermal diffusiv-

ity is known as the Prandtl number (see for example, Favre and Tardu [178]). It

is denoted by Pr. Mathematically, it is expressed by

Pr =
ν

α
=

µ
ρ
κ

(ρCp)

=
µ(Cp)

κ
. (2.100)

2.14 Nusselt Number

Nusselt number is a dimensionless parameter used in numerical analysis of heat

transfer at the boundary between a solid body and a moving fluid. Nusselt number

is close to conduction and convection of same magnitude and is also characterized

as laminar flow. It was firstly introduced by the German mathematician Nusselt,

expressed by Nux is the dimensionless number. Mathematically, Nusselt number

is denoted by
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Nux =
h∇Θ
κ∇Θ
L

, (2.101)

Nux =
hL

κ
, (2.102)

and the local Nusselt number (see for example, Abolbashari et al. [179]) is defined

as

Nux =
xqw

kf (Θw −Θ∞)
. (2.103)

here, hf∇Θ,
κf∇T
L

, L, hf and κf represents the heat transfer by convection, the

heat transfer by conduction, the characteristic length, the convective heat transfer

and the thermal conductivity of the base fluid, respectively.

2.15 Biot Number

The resistance of heat transfer is different inside of the material and at the surface.

Their ratio is called Biot number (see for example, Kamran et al. [180]). It

was introduced by the French physicist Jean-Baptiste Biot and is denoted by Bi.

Mathematically, It is expressed by

Bi =
hL

κ
. (2.104)

2.16 Reynolds Number

Reynolds number (see for example, Kamran et al. [180]) is the ratio of inertial

forces to viscous forces. It is used to clarify the different flow behaviours like

turbulent or laminar flow. It is denoted by Re and mathematically it can be

written as.

Re =
ρV L

µ
. (2.105)
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2.17 Skin Friction Coefficient

Skin friction coefficient (see for example, Abbas et al. [181]) is a measures of the

retardation in fluid due to friction. It is denoted by Cf and is mathematically

defined as

Cf =
τw
ρfU2

w

. (2.106)

2.18 Keller Box Method (KBM)

Keller box method [182] is a widely used numerical technique for solving BVPs

of complex nature, This method has used in the present study to solve complex

BVPs. Keller box method subdivides a large domain into collection of smaller,

simpler domain using mesh points. The numerical scheme is inherently stable and

is second order convergent. It is one of the implicit finite difference method.

The flow chart of the KBM is as follows

Figure 2.1: Flow Chart of KBM

Furthers features of KBM are given below as discussed in [183].
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• The most useful feature of this method is to show accurate by handling of

problem related to complexed geometry.

• The design of the scheme is simple and easy.

• Flexible for dealing with the nonlinear problem.

• Comprehensively used for parabolic differential equations.



Chapter 3

Flow and Heat Transfer of MHD

Maxwell Nanofluid Flow over a

Stretching Sheet with Variable

Properties

3.1 Introduction

In this chapter numerical investigation is carried out to study the flow and heat

transfer of electrically conducting Maxwell nanofluid. The nanofluid occupies the

space over a flat, porous surface and the flow is generated by the stretching of

the surface. The mathematical results are presented for considering velocity slip

at the boundary and inducing the effect of thermal radiation for optically thick

nanofluid. A uniformly distributed transverse magnetic field of strength is also as-

sumed in the present model. Similarity transformations simplifications are carried

to reduce governing PDEs to ODEs and then numerical simulations are performed

using Keller box technique to approximate solutions for the velocity, temperature

and entropy profiles. Furthermore, the velocity gradient and the heat exchange

37
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rate at the boundary have been computed and explored graphically. The numeri-

cal simulations are performed for Copper-water (Cu−H2O) and Titanium-water

(TiO2 − H2O) nanofluids. The significant findings of the study are the nega-

tive impact of Lorentz forces on the nanofluid motion within the boundary layer

and the increase in temperature due to rise in non-Newtonian parameter, thermal

radiation parameter and the sheet convection parameter. Moreover Cu − H2O

nanofluid is detected as superior thermal conductor than TiO2 −H2O nanofluid.

3.2 Mathematical Formulation

Assume an incompressible non-Newtonian Maxwell nanofluid which covers the

space over a permeable stretching surface. The fluid is electrically conducting and

the flow is generated due to the stretching of surface with non-uniform velocity

(see for details, Hayat et al. [184])

Uw(x, t) =
bx

1− ξt
, (3.1)

where b and 1
1−ξt (with ξt < 1) are the initial and effective stretching rate and t

is the time. A uniformly distributed transverse magnetic field of strength B(t) =

B0√
1−ξt is assumed in the present model and the temperature of the convective sur-

face is Θw(x, t) = Θ∞ + bx
1−ξt , where Θ∞ is the temperature outside of the bound-

ary layer. Thermal conductivity of the nanofluid is assumed to vary as a linear

function of temperature Θ. This assumption is valid because thermal properties

of nanofluid changes significantly with rise in temperature, type of nanoparticles,

pressure etc. Finally, the non-Newtonian Maxwell nanofluid is considered optically

thick and radiation only travel a short distance within the fluid. Here radiative

heat transfer is taken into account and Rosseland approximation is utilized for the

radiation effects.

The schematic diagram of the mathematical model under consideration is pre-

sented in Figure 3.1.
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Figure 3.1: Physical Model of Schematic Diagram

The constitutive equations for conservation of mass, momentum and energy un-

der boundary layer assumptions along with suitable boundary conditions for the

Maxwell nanofluid are given in equations (2.14), (2.38) and (2.85). These equations

for the Maxwell nanofluid reduced to the form (see for example, Mukhopadhyay

[160])
∂u

∂x
+
∂v

∂y
= 0, (3.2)

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= −λ

[
u2∂

2u

∂x2
+ v2∂

2u

∂y2
+ 2uv

∂2u

∂x∂y

]
+
µnf
ρnf

(
∂2u

∂y2

)
−σnfB

2(t)u

ρnf
− µnf
ρnfk

u,

(3.3)

∂Θ

∂t
+ u

∂Θ

∂x
+ v

∂Θ

∂y
=

1

(ρCp)nf

[
∂

∂y
(κ∗nf (Θ)

∂Θ

∂y
)

]
− 1

(ρCp)nf

[
∂qr
∂y

]
. (3.4)

The BCs for the modeled problem are

u(x, 0) = Uw + µnf

(
∂u

∂y

)
, v(x, 0) = Vw, −k0

(
∂Θ

∂y

)
= hf (Θw −Θ), (3.5)

u→ 0, Θ→ Θ∞ as y →∞. (3.6)
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The thermal conductivity and thermal radiation are assumed as (for details see

for example, [153, 185, 186])

κ∗nf (Θ) = knf

[
1 + ε

Θ−Θ∞
Θw −Θ∞

]
, (3.7)

qr = −4σ∗

3k∗
∂Θ4

∂y
. (3.8)

The Taylor series expansion of temperature Θ about Θ∞ and ignoring the terms

of higher order gives

Θ4 ∼= 4Θ3
∞Θ− 3Θ4

∞. (3.9)

Equation (3.8) after using equation (3.9) converted to

∂qr
∂y

= −16Θ3
∞σ
∗

3k∗
∂2Θ

∂y2
. (3.10)

Equation (3.10) together with (3.4) gives

(ρCp)nf

(
∂Θ

∂t
+ u

∂Θ

∂x
+ v

∂Θ

∂y

)
=

[
∂

∂y
knf

(
1 + ε

Θ−Θ∞
Θw −Θ∞

)(
∂Θ

∂y

)]
+

[
16Θ3

∞σ
∗

3k∗
∂2Θ

∂y2

]
.

(3.11)

3.3 Solution of the Problem

In order to obtain the solution of the problem, first of all the system of equations

(3.2), (3.3) and (3.11) along with boundary conditions (3.5)-(3.6) are converted

into the system of ODEs. Here the following stream functions ψ and θ and the

similarity variable η are introduced (see for example, Hayat et al. [184])

u =
∂ψ

∂y
, v = −∂ψ

∂x
. (3.12)

where

ψ(x, y) =

√
νfb

(1− ξt)
xf(η) and η(x, y) =

√
b

νf (1− ξt)
y, θ(η) =

Θ−Θ∞
Θw −Θ∞

.

(3.13)
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Using equations (3.13) in (3.12),

u =
bx

(1− ξt)
f ′(η), (3.14)

v = −

√
νfb

(1− ξt)
f(η). (3.15)

In order to utilize (3.14)-(3.15) in (3.2), (3.3) and (3.11), gives

∂u

∂x
=

b

(1− ξt)
f ′(η), (3.16)

∂v

∂y
= − b

(1− ξt)
f ′(η), (3.17)

u
∂u

∂x
=

b2x

(1− ξt)2
f ′2(η), (3.18)

∂u

∂y
=
bxf ′′(η)

(1− ξt)

√
b

νf (1− ξt)
, (3.19)

v
∂u

∂y
= −b

2xf(η)f ′′(η)

(1− ξt)2
, (3.20)

u2 =
b2x2f ′2(η)

(1− ξt)2
, (3.21)

∂2u

∂x2
= 0, (3.22)

u2

(
∂2u

∂x2

)
= 0, (3.23)

v2 =
νfbf

2(η)

(1− ξt)
, (3.24)

∂2u

∂y2
=

(
b2xf ′′′(η)

(1− ξt)2νf

)
, (3.25)

v2∂
2u

∂y2
=
xb3f 2(η)f ′′′(η)

(1− ξt)3
, (3.26)

2uv = 2

(
bx

(1− ξt)
f ′(η)

)(
−

√
νfb

(1− ξt)
f(η)

)
, (3.27)

2uv

(
∂2u

∂x∂y

)
=
−2c3ff ′f ′′x

(1− ξt)3
, (3.28)



42

∂u

∂t
=

bx

(1− ξt)2

[
ξf ′ +

ξf ′′

2

]
, (3.29)

∂Θ

∂t
=

b2x

(1− ξt)2
A
(
θ(η) +

η

2
θ′(η)

)
, (3.30)

∂Θ

∂x
=

b

(1− ξt)
θ(η), (3.31)

u

(
∂Θ

∂x

)
=

(
bx

(1− ξt)
f ′(η)

)
b

(1− ξt)
θ(η), (3.32)

∂Θ

∂y
=

bx

(1− ξt)
θ′(η)

√
b

νf (1− ξt)
, (3.33)

v

(
∂Θ

∂y

)
=

(
−

√
νfb

(1− ξt)
f(η)

)
bx

(1− ξt)
θ′(η)

√
b

νf (1− ξt)
. (3.34)

Use (3.16) and (3.17) in (2.14) identically satisfies the continuity equation, that is

∂u

∂x
+
∂v

∂y
=

b

(1− ξt)
f ′(η)− b

(1− ξt)
f ′(η) = 0. (3.35)

Now using appropriate equations from (3.16)- (3.34) into (3.2)-(3.3) and (3.11),

following ODEs are obtained

A
(η

2
f ′′ + f ′

)
+ f ′2 − ff ′′ − f ′′′

φ1φ2

+ γ
(
f 2f ′′′ − 2ff ′f ′′

)
+
φ4

φ2

Mf ′

+
1

φ1φ2

Kf ′ = 0.

(3.36)

θ′′
(

1 + εθ +
1

φ5

PrNr

)
+ εθ′2 + Pr

φ3

φ5

[
fθ′ − f ′θ − A(θ +

η

2
θ′)
]

= 0. (3.37)

The boundary conditions (3.5) and (3.6) are transformed to the following form

u(x, 0) = Uw + µnf

(
∂u

∂y

)
, (3.38)

Using (3.1) and (3.19) in above equation, gives

u(x, 0) =
bx

1− ξt
+
µf
φ1

(
bxf ′′(0)

(1− ξt)

√
b

νf (1− ξt)

)
, (3.39)
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using equation (3.14) in equation (3.39)

bx

(1− ξt)
f ′(0) =

bx

1− ξt
+
µf
φ1

(
bxf ′′(0)

(1− ξt)

√
b

νf (1− ξt)

)
, (3.40)

bx

(1− ξt)
f ′(0) =

bx

1− ξt

(
1 +

µf
φ1

f ′′(0)

√
b

νf (1− ξt)

)
, (3.41)

f ′(0) = 1 +

(√
b

νf (1− ξt)

)
µf
φ1

f ′′(0), (3.42)

f ′(0) = 1 +
Λ

φ1

f ′′(0). (3.43)

v(x, 0) = Vw. (3.44)

Use of (3.15) in above equation, we get

−

√
νfb

(1− ξt)
f(0) = Vw, (3.45)

f(0)) = S. (3.46)

− k0

(
∂Θ

∂y

)
= hf (Θw −Θ), (3.47)

θ(η) =
Θ−Θ∞

Θw −Θ∞
, (3.48)

where

Θw −Θ∞ =
bx

(1− ξt)
, (3.49)

θ(η) =
Θ−Θ∞
bx

(1− ξt)
, (3.50)

θ(η)
bx

(1− ξt)
= (Θ−Θ∞), (3.51)

Θ = Θ∞ +
bx

(1− ξt)
θ(η). (3.52)

Equations (3.49),(3.52) and (3.33) together with equation (3.47), gives

bx

(1− ξt)
θ′(0)

√
b

νf (1− ξt)
= −hf

k0

(
Θ∞ +

bx

1− ξt
−Θ∞ −

bx

1− ξt
θ

)
, (3.53)
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√
b

νf (1− ξt)
θ′(0) = −hf

k0

(1− θ(0)), (3.54)

θ′(0) = −hf
k0

(1− θ(0))

(√
ν(1− ξt)

b

)
, (3.55)

θ′(0) = −Bi(1− θ(0)). (3.56)

Using (3.14) and (3.52) in (3.6), we get

bx

(1− ξt)
f ′(η)→ 0, as y →∞, (3.57)

f ′(η)→ 0, as η →∞, (3.58)

Θ∞ +
bx

(1− ξt)
θ(η)→ Θ∞ as y →∞, (3.59)

θ(η)→ 0 as η →∞. (3.60)

Here

φ1 = (1− φ)2.5 , φ2 =

(
1− φ+ φ

ρs
ρf

)
, φ3 =

(
1− φ+ φ

(ρCp)s
(ρCp)f

)
, (3.61)

φ4 =

(
1 +

3( σs
σf
− 1)φ

( σs
σf

+ 2)− ( σs
σf
− 1)φ

)
, φ5 =

(
(ks + 2kf )− 2φ(kf − ks)
(ks + 2kf ) + φ(kf − ks)

)
. (3.62)

In above equations primes stand for the differentiation of the function with respect

to η. A = ξ
b

is the unsteady flow parameter, γ = bλ0 is the Maxwell parameter,

M =
σfB

2
0

bρf
is the magnetic parameter, K =

νf (1−ξt)
bk

is the porous medium pa-

rameter, Pr =
νf
αf

is the Prandtl number, αf =
κf

(ρCp)f
is the thermal diffusivity

parameter, Nr = 16
3

σ∗Θ3
∞

κ∗νf (ρCp)f
is the thermal radiation parameter, S = −Vw

√
1−ξt
νf b

is the mass transfer parameter, Λ =
√

b
νf (1−ξt)µf is the velocity slip parameter and

Bi =
hf
k0

√
νf (1−ξt)

b
is the sheet convection parameter or so-called Biot number. It is

observed some parameters depend on ξ and is time dependent. Therefore to obtain

non-similar solutions for the proposed problem numerical results are computed for

locally similar parameters.

The nonlinear system of ordinary differential equations (3.36)-(3.37), arising from
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mathematical modeling of physical system of nanofluid flow are difficult to solve

analytically. Therefore Keller box method [182] scheme is employed to find the

approximate solutions. The numerical scheme is inherently stable and is second

order convergent and also known as implicit finite difference method.

The initial step of this scheme is to reduce the equations (3.36)-(3.37) into a system

of five first ODEs, that is

z1 = f ′, (3.63)

z2 = z′1, (3.64)

z3 = θ′, (3.65)

A
(η

2
z2 + z1

)
+ z2

1 − fz2 −
z′2
φ1φ2

+ γ
(
f 2z′2 − 2fz1z2

)
+
φ4

φ2

Mz1 +
1

φ1φ2

Kz1 = 0,

(3.66)

z′3

(
1 + εθ +

1

φ5

PrNr

)
+ εz2

3 + Pr
φ3

φ5

[
fz3 − z1θ − A(θ +

η

2
z3)
]

= 0. (3.67)

The boundary conditions (3.43),(3.46), (3.56), (3.58) and (3.60) are similarly trans-

formed into

f(0) = S, z1(0) = 1 +
Λ

φ1

z2(0), z3(0) = −Bi(1− θ(0)), z1(∞)→ 0, θ(∞)→ 0.

(3.68)

The derivatives appeared in the above system are then approximated by the cen-

tral differences and averages are centered at the midpoints of the mesh and are

expressed by

η0 = 0, ηj = ηj−1 + h, j = 1, 2, 3, ..., J − 1, ηJ = η∞. (3.69)

The system of first order ODEs (3.63)-(3.67) is then reduced to the following set

of algebraic nonlinear equations.

(z1)j + (z1)j−1

2
=
fj − fj−1

h
, (3.70)

(z2)j + (z2)j−1

2
=

(z1)j − (z1)j−1

h
, (3.71)
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(z3)j + (z3)j−1

2
=
θj − θj−1

h
, (3.72)

A

{(
(z1)j + (z1)j−1

2

)
+
η

2

(
(z2)j + (z2)j−1

2

)}
+

(
(z1)j + (z1)j−1

2

)2

−
[(

fj + fj−1

2

)(
(z2)j + (z2)j−1

2

)]
− 1

φ1φ2

(
(z2)j − (z2)j−1

h

)
+γ

[
−2

(
fj + fj−1

2

)(
(z1)j + (z1)j−1

2

)(
(z2)j + (z2)j−1

2

)]
+γ

[(
fj + fj−1

2

)2((z2)j − (z2)j−1

h

)]
+
φ4

φ2

M

(
(z1)j + (z1)j−1

2

)
+

1

φ1φ2

K

(
(z1)j + (z1)j−1

2

)
= 0,

(3.73)

(
(z3)j − (z3)j−1

h

)(
1 + ε

(
θj + θj−1

2

)
+

1

φ5

PrNr

)
+ε

(
(z3)j + (z3)j−1

2

)2

+ Pr
φ3

φ5

[(
fj + fj−1

2

)(
(z3)j + (z3)j−1

2

)]
−Pr

φ3

φ5

[(
(z1)j + (z1)j−1

2

)(
θj + θj−1

2

)]
−Pr

φ3

φ5

[
A

{(
θj + θj−1

2

)
+
η

2

(
(z3)j + (z3)j−1

2

)}]
= 0.

(3.74)

In the above discussion, we write for the (i+ 1)− th iterate as

()
(i+1)
j = ()

(i)
j + ε()

(i)
j . (3.75)

The substitution of above in equations (3.70)-(3.74) and ignoring the quadratic

and higher terms of εij, a linear tri-diagonal system is achieved

εfj − εfj−1 −
1

2
h(ε(z1)j + ε(z1)j−1) = (r1)j− 1

2
, (3.76)

ε(z1)j − ε(z1)j−1 −
1

2
h(ε(z2)j + ε(z2)j−1) = (r2)j− 1

2
, (3.77)

εθj − εθj−1 −
1

2
h(ε(z3)j + ε(z3)j−1) = (r3)j− 1

2
, (3.78)
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(a1)jεfj + (a2)jεfj−1 + (a3)jε(z1)j + (a4)jε(z1)j−1 + (a4)jε(z1)j−1

+(a5)jε(z2)j + (a6)jε(z2)j−1 + (a7)jεθj + (a8)jεθj−1 + (a9)jε(z3)j

+(a10)jε(z3)j−1 = (r4)j− 1
2
,

(3.79)

(b1)jεfj + (b2)jεfj−1 + (b3)jε(z1)j + (b4)jε(z1)j−1 + (b4)jε(z1)j−1

+(b5)jε(z2)j + (b6)jε(z2)j−1 + (b7)jεθj + (b8)jεθj−1 + (b9)jε(z3)j

+(b10)jε(z3)j−1 = (r5)j− 1
2
.

(3.80)

Where

(r1)j− 1
2

= −fj + fj−1 +
h

2
(z1)j + ((z1)j−1), (3.81)

(r2)j− 1
2

= −(z1)j + (z1)j−1 +
h

2
((z2)j + (z2)j−1), (3.82)

(r3)j− 1
2

= −θj + θj−1 +
h

2
((z3)j + (z3)j−1), (3.83)

(r4)j− 1
2

= −h
[
−A

(
(z1)j + (z1)j−1

2
+ η

(z2)j − (z2)j−1

4

)]
− h

[(
(z1)j + (z1)j−1

2

)2

− 1

φ1φ2

(
(z2)j − (z2)j−1

h

)]

− h
[
−
(
fj + fj−1

2

)(
(z2)j + (z2)j−1

2

)]
− h

[
−γ
(

2

(
fj + fj−1

2

)(
(z1)j + (z1)j−1

2

)(
(z2)j + (z2)j−1

2

))]
− h

[
γ

((
fj + fj−1

2

)2((z2)j − (z2)j−1

h

))]

− h
[
φ4

φ2

M

(
(z1)j + (z1)j−1

2

)
+

1

φ1φ2

K

(
(z1)j + (z1)j−1

2

)]
, (3.84)

(r5)j− 1
2

= −h


(

(z3)j − (z3)j−1

)(
1 + ε

(
θj+θj−1

2

)
+ 1

φ5
PrNr

)
h


− h

[
ε

(
(z3)j + (z3)j−1

2

)2
]

(3.85)
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− hφ3

φ5

PrA

[(
θj + θj−1

2
+ η

(z3)j + (z3)j−1

2

)]
− hφ3

φ5

PrA

[(
(fj + fj−1)((z3)j + (z3)j−1)

4

)]
+ h

φ3

φ5

Pr

[(
(θj + θj−1)((z1)j + (z1)j−1)

4

)]
. (3.86)

Using the similarity process the boundary conditions becomes

εf0 = 0, ε(z1)0 = 0, ε(z3)0 = 0, ε(z1)J = 0, εθJ = 0. (3.87)

The linear equations (3.76)-(3.80) can be written in the matrix form

Rε = p, (3.88)

where

R =



A1 C1

B2 A2 C2

. . . . . . . . .

. . . . . . . . .

BJ−1 AJ−1 CJ−1

BJ AJ


, ε =



ε1

ε2

...

εj−1

εj


, p =



(r1)j− 1
2

(r2)j− 1
2

...

(rJ−1)j− 1
2

(rJ)j− 1
2


. (3.89)

Here R represents the J×J block tridiagonal matrix with each block size of 5×5,

whereas, ε and p are column vectors of order J × 1. The LU factorization method

is now applied to find the solution of ε.

The desired physical quantities for the present model are the skin-friction coeffi-

cient (Cf ) and the local Nusselt number (Nux) are defined in (2.106) and (2.103).

Cf =
τw
ρfU2

w

, Nux =
xqw

kf (Θw −Θ∞)
. (3.90)
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The τw and qw are wall shear stress and wall heat flux for the present model are

given as (see for example, Abel et al. [187])

τw = µnf

(
∂u

∂y

)
y=0

, qw = −knf
(

1 +
16

3

σ∗Θ3
∞

κ∗νf (ρCp)f

)(
∂Θ

∂y

)
y=0

, (3.91)

using τw in (3.90) for Cf ,

Cf =
µnf

(
∂u
∂y

)
y=0

ρfU2
w

, (3.92)

using (3.19) in

Cf =
µf
ρfφ1

xf ′′(0)b3/2

νf (1− ξt)3/2

(1− ξt)3/2

bx

2

, (3.93)

Cf =

√
νf

φ1

√
1

Uwx
f ′′(0), (3.94)

Cf =
1√
Rex

f ′′(0)
1

φ1

, (3.95)

Cf =
1

φ1

1√
Rex

f ′′(0), (3.96)

Cf
√
Rex =

f ′′(0)

φ1

, (3.97)

CfRe
1
2
x =

f ′′(0)

(1− φ)2.5
. (3.98)

Using qw in equation (3.90) for Nux,

Nux =
x

kf (Θw −Θ∞)

(
−knf

(
1 +

16

3

σ∗Θ3
∞

κ∗νf (ρCp)f

)(
∂Θ

∂y

)
y=0

)
, (3.99)

using equation (3.33) in equation (3.99), we get

Nux = −knf
kf

(1 +Nr)

(
bx

(1− ξt)
θ′(0)

√
b

νf (1− ξt)

)
, (3.100)

Nux = −knf
kf

(1 +Nr)
(√

Rex

)
θ′(0), (3.101)

NuxRe
− 1

2
x = −knf

kf
(1 +Nr)θ

′(0). (3.102)
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3.4 Code Validation

To check the validity of our numerical scheme we compare our results to those

already available in the literature [188–191] as the especial case for our study. The

test case is the natural convection boundary layer flow of fluid across a flat plate in

the presence Newtonian slip. Results have been obtained for A = 0, φ = 0, Λ = 0,

ε = 0, S = 0, Nr = 0 and Bi = 0. In Table 3.1 the comparison is presented with

acceptable level of accuracy. Therefore, it is assumed that the results presented

through present numerical scheme are very much accurate.

Pr Grubka Ali Ishak Nazar Present

[188] [189] [190] [191] Results

0.72 0.8086 0.8058 0.8086 0.8086 0.8086

1.0 1.0000 0.9961 1.0000 1.0000 1.0000

3.0 1.9237 1.9144 1.9236 1.9237 1.9237

7.0 - - 3.0722 3.0723 3.0723

10 3.7207 3.7006 3.7206 3.7207 3.7207

Table 3.1: Values of Nusselt Number for Newtonian Slip Flow

3.5 Entropy Generation Analysis

Entropy is measure of the loss of useful energy in any heat transfer process. The

lose of energy is an irreversible process. It becomes important to analyze the

entropy generation in the system those involves irreversibility of useful energy.

Magnetohydrodynamics is one of the non-ideal effects which responsible for in-

creasing the entropy of the system. In our case the actual entropy generation in
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the nanofluids is given by (see for example, Das et al. [167])

EG =
knf
Θ2
∞

{(
∂Θ

∂y

)2

+
16

3

σ∗Θ3
∞

κ∗νf (ρCp)f

(
∂Θ

∂y

)2
}

+
µnf
Θ∞

(
∂u

∂y

)2

+
σnfB

2(t)u2

Θ∞

+
µnfu

2

kΘ∞
.

(3.103)

The first term in the above equation represents irreversibility of heat transfer,

the second term is because of fluid friction, and the third and fourth term is

because of magnetohydrodynamic and porous medium effects, respectively. The

dimensionless entropy generation is represented by NG and is given as (Das et al.

[167])

NG =
Θ2
∞b

2EG

kf (Θw −Θ∞)2 . (3.104)

Now putting (3.103) in (3.104), we get

NG =
Θ2
∞b

2

kf (Θw −Θ∞)2

knf
Θ2
∞

{(
∂Θ

∂y

)2

+
16

3

σ∗Θ3
∞

κ∗νf (ρCp)f

(
∂Θ

∂y

)2
}

+

µnf
Θ∞

(
∂u

∂y

)2

+
σnfB

2(t)u2

Θ∞
+
µnfu

2

kΘ∞
.

(3.105)

Consider first term of equation (3.105),

Θ2
∞b

2

kf (Θw −Θ∞)2

knf
Θ2
∞

{
(1 +Nr)

(
∂Θ

∂y

)2
}
, (3.106)

using equation (3.33) and (3.62), we get

=
Θ2
∞b

2

kf (Θw −Θ∞)2

kfφ5

Θ2
∞

{
(1 +Nr)

(
(bx)2

(1− ξt)

2

θ′(η)2 b

νf (1− ξt)

)}
, (3.107)

Θ2
∞b

2

kf (Θw −Θ∞)2

knf
Θ2
∞

{
(1 +Nr)

(
∂Θ

∂y

)2
}

=
b2

kfx

(
bx

(1− ξt)

)
θ′2

νf
φ5, (3.108)

Θ2
∞b

2

kf (Θw −Θ∞)2

knf
Θ2
∞

{
(1 +Nr)

(
∂Θ

∂y

)2
}

=
b2

νfx
Uw (1 +Nr)

θ′2

φ5

, (3.109)

Θ2
∞b

2

kf (Θw −Θ∞)2

knf
Θ2
∞

{
(1 +Nr)

(
∂Θ

∂y

)2
}

= Re (1 +Nr)
θ′2

φ5

. (3.110)
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Consider second term of equation (3.105),

µnf
Θ∞

(
∂u

∂y

)2

, (3.111)

using equation (3.19) and (3.61), we get

µnf
Θ∞

(
∂u

∂y

)2

=
µnf
Θ∞

(
bxf ′′(η)

(1− ξt)

√
b

νf (1− ξt)

)2

, (3.112)

µnf
Θ∞

(
∂u

∂y

)2

= Re

(
Br

Ωφ1

)
f ′′2. (3.113)

Consider third term of equation (3.105),

σnfB
2(t)u2

Θ∞
, (3.114)

σnfB
2(t)u2

Θ∞
=

Θ2
∞b

2

kf (Θw −Θ∞)2

(
σnfB

2(t)u2

Θ∞

)
, (3.115)

using equation (3.14) and (3.62), we get

σnfB
2(t)u2

Θ∞
=

Θ2
∞b

2

kf (Θw −Θ∞)2

((
σfφ4

Θ∞

)(
B2
o

1− ξt

)(
bx

1− ξt

)2

f ′2

)
, (3.116)

σnfB
2(t)u2

Θ∞
=
φ4Br

Ω
M2Ref ′2. (3.117)

Consider forth term of equation (3.103),

µnfu
2

kΘ∞
, (3.118)

µnfu
2

kΘ∞
=

Θ2
∞b

2

kf (Θw −Θ∞)2

(
µnfu

2

Θ∞k

)
, (3.119)

using equation (3.14) and (3.61), we get

µnfu
2

kΘ∞
=

Θ2
∞b

2

kf (Θw −Θ∞)2

(
µf

φ1Θ∞k

((
bx

1− ξt

)2
)
f ′2

)
, (3.120)
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µnfu
2

kΘ∞
=

Θ2
∞b

2µf
kf

(
1

Θ∞k
f ′2

)
, (3.121)

µnfu
2

kΘ∞
= Re

(
Brk

φ2Ω

)
f ′2. (3.122)

Substituting the equation (3.110), (3.113), (3.117) and (3.122) in (3.105), we get

NG = Re (1 +Nr)
θ′2

φ 5

+Re

(
Br

Ωφ1

)
f ′′2+Re

φ4Br

Ω
M2f ′2+Re

(
BrK

φ2Ω

)
f ′2, (3.123)

NG = Re

[
φ5(1 +Nr)θ

′2 +
1

φ1

Br

Ω

(
f ′′2 + φ1φ4Mf ′2 +Kf ′2

)]
, (3.124)

here

Re =
Uwb

2

νfx
, Br =

µfU
2
w

kf (Θw −Θ∞)
, Ω =

Θw −Θ∞
Θ∞

. (3.125)

3.6 Numerical Results and Discussion

The main objective of this section is to analyze the numerical results displayed

in the graphical and tabular form. The results are produced for the Cu-water

and TiO2-water non-Newtonian Maxwell nanofluids. The numerical results are

presented in Figures 3.2-3.23 and in Table 3.2.

3.6.1 Effect of Maxwell Parameter γ

The influence of Maxwell parameter γ on velocity, temperature and entropy gen-

eration profiles of Cu-water and TiO2-water non-Newtonian Maxwell nanofluids

are presented in Figures 3.2-3.4. Computations are performed for γ = 0.01, 0.3, 0.5

at uniform nanoparticle concentration of 0.2. The velocity profiles in Figure 3.2

decreases with an increasing values of γ and hence declines the thickness of momen-

tum boundary layer. Moreover, for the fixed value of γ = 0.3 the boundary layer

thickness of TiO2-water nanofluid is relatively more than the Cu-water nanofluid.
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Figure 3.2: Velocity Distribution against the Parameter γ

The decreasing trend in velocity profiles is due to increase of resistance in fluid

and also corresponds to increase in skin friction coefficient (velocity gradient) at

the boundary.
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Figure 3.3: Temperature Distribution against the Parameter γ

It can be observed from Figure 3.3 that the temperature of nanofluids rises with the

increasing values of parameter γ. This increasing trend indicate the enhancement
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in the thickness of thermal boundary layer and reduction in the rate of heat trans-

fer. The reason behind this behaviour of temperature profiles is the increase in the

elasticity stress parameter. Figure 3.4 showed the impact of Maxwell parameter γ

on the entropy of the system.
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Figure 3.4: Entropy Generation Distribution against the Parameter γ

It is noticed, that raising Maxwell parameter increases the entropy of the system.

Finally, it is observed from Table 3.2, the rate of heat transfer at the boundary

(Nusselt number) decreases for both Cu and TiO2 water based nanofluids.

3.6.2 Effect of Unsteadiness Parameter A

Figures 3.5-3.7 depicted the impact of unsteady parameter A on velocity, temper-

ature and entropy generation profiles of Maxwell nanofluid. It is noted that the

fluid flow slowly Figure 3.5 and its temperature decrease within boundary layer

with ascending values of parameter A Figure 3.6. This due to the fact that un-

steadiness parameter A is inversely proportional to stretching rate, so increasing

A reduces the stretching of the surface and less stretching means less velocity. The

impact of increasing values of parameter A is to decrease the thickness of both

momentum and thermal boundary layer. Figure 3.7 displayed the influence of
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variation of unsteadiness parameter A on the entropy generation. The changeover

point for the entropy profile is estimated at about

0 1 2 3 4 5 6
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

f′ (η
)

η

A = 0.2, 0.6, 1.6

Cu−water

TiO
2
−water

P
r
 = 6.2, N

r
 = 0.2,

φ = 0.2, K = 0.6, 
B

i
 = 0.1, S = 0.2,

M = 0.6, γ = 0.3,

ε = 0.1, Λ = 0.1

Figure 3.5: Velocity Distribution against the Parameter A

0 1 2 3 4 5 6
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

θ(
η

)

η

A = 0.2, 0.6, 1.6

Cu−water

TiO
2
−water

P
r
 = 6.2, N

r
 = 0.2,

φ = 0.2, K = 0.6, 
B

i
 = 0.1, S = 0.2,

M = 0.6, γ = 0.3,

ε = 0.1, Λ = 0.1

Figure 3.6: Temperature Distribution against the Parameter A

η = 0.3. In other words, the thermal process is converging towards the case of

reversible process. From Table 3.2, the increasing trends are observed for the

velocity and temperature gradients at the boundary. The boundary layer energy

is absorbed due to unsteadiness resulting the increase in the rate of heat transfer

at the boundary surface.
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3.6.3 Effect of Magnetic Parameter M and Porous Medium

Parameter K

Figures 3.8-3.13 exhibited the behaviours of nanofluids motion, temperature dis-

tribution and entropy generation with increasing strength of applied transverse

magnetic field and the porosity of the medium, respectively.

0 1 2 3 4 5 6
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

f′ (η
)

η

Cu−water

TiO
2
−water

P
r
 = 6.2, N

r
 = 0.2,

γ = 0.3, K = 0.6, 
B

i
 = 0.1, S = 0.2,

φ = 0.2, A = 0.6,

ε = 0.1, Λ = 0.1

M = 0.6, 1.6, 2.6

Figure 3.8: Velocity Distribution against the Parameter M



58

Similar behaviours are observed in profiles of velocity, temperature and entropy

with increasing values of parameter M and K.
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Figure 3.10: Entropy Generation Distribution against the Parameter M

The magnetic field applied normal to the flow direction, produces a resistive force

known as Lorentz force that reduces fluid movement within the boundary layer.

The Lorentz force impact in the form of decreasing trend in velocity profiles are

clearly visible in Figure 3.8. Whereas, the increase in permeability is to decrease

the magnitude of the resistive Darcian body force, therefore a continuous less drag
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is experienced by the fluid and flow reduces thereby declines the velocity within

boundary layer Figure 3.11.
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The parameters M and K are inversely proportional to the density of nanofluid

hence the rise in applied magnetic field or the porosity of the medium decreases

the density and as a result the temperature profile rises within boundary layer

Figures 3.9, 3.12. This will increase the thickening level of thermal boundary layer

and reduces the Nusselt number. The influence of Lorentz or the Darcian body
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force at the boundary is presented in Table 3.2. The velocity gradient increases

but the rate of heat transfer declines with increasing strength of parameters M

and K. Figure 3.10, 3.13 demonstrated that the entropy of the system increases

with rise in magnetic field and the permeability of the medium.
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Figure 3.13: Entropy Generation Distribution against the Parameter K

3.6.4 Effect of Nanoparticle Volume Fraction Parameter φ

Figures 3.14-3.16 exhibited the nature of fluid motion, temperature distribution
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and entropy generation within boundary layer for Maxwell nanofluids due to vari-

ation in nanoparticle volume concentration parameter φ. The parameter φ corre-

spond to volume of solid particles in the basefluid.
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Figure 3.15: Temperature Distribution against the Parameter φ
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Figure 3.16: Entropy Generation Distribution against the Parameter φ

It is well known solid particles have higher thermal conductivity than fluids, there-

fore increase in φ reduces fluid velocity as observed from Figure 3.14 and enhances
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its temperature in the boundary layer region. Whereas, this fact is very much ev-

ident in Figure 3.15 that the increase in the total thermal conductivity of nanoflu-

ids increases the temperature and the thickness of thermal boundary layer. The

increasing and decreasing trend of the velocity gradient and Nusselt number is

observed with the increase of parameter φ see Table 3.2. Figure 3.16 illustrates

that the entropy profile increases with the increasing nanoparticle volume frac-

tion parameter. The entropy generation rate is higher for Cu-water nanofluids as

compared to TiO2-water nanofluids.

3.6.5 Effect of Velocity Slip Parameter Λ

Figures 3.17-3.19 illustrated that the positive values of slip parameter γ reduces

fluid movement and entropy generation of Maxwell nanofluids. Whereas the tem-

perature of Maxwell nanofluids increases with increasing values of parameter Λ.

In Figure 3.17 the decrease in velocity is consistent with the fact that slip veloc-

ity retards the motion of the boundary surface. In other words, velocity slip act

opposite to stretching pull of the surface and resists its transmission to the fluid.

As a result, momentum boundary layer decreases with rise in parameter Λ.
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Figure 3.18 depicted the temperature distribution within the boundary layer against

the parameter Λ.
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Figure 3.18: Temperature Distribution against the Parameter Λ
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Figure 3.19: Entropy Generation Distribution against the Parameter Λ

It is noted that the temperature of nanofluids raises with the increase in velocity

slip at the boundary. The velocity slip is inversely proportional to the temperature

distribution and an increase in the parameter Λ increases the thermal boundary

layer thickness and reduces the Nusselt number. Table 3.2 shows that positive

increase in velocity slip leads to decrease in velocity gradient and heat transfer



64

rate for both Cu − H2O and TiO2 − H2O nanofluids. This expected behaviour

is due to the fact that the boundary slip reduces the friction at the solid-fluid

interface and consequently the rate of heat transfer. From Figure 3.19 it can

be observed easily that the entropy decreases with increasing values of Λ. The

decrease in entropy indicates that the system is cooling down. If the entropy in

the boundary layer decreases, it must increase by the same amount outside the

boundary layer.

3.6.6 Effect of Reynolds Number Re and the Brinkman

Number Br

The effects of Reynolds number Re and Brinkman number Br on entropy gener-

ation profiles are presented in this section. Numerical computations showed the

higher values of Re increases entropy which physically means that the inertial

forces dominate the viscous effects see Figure 3.20.
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Figure 3.20: Entropy Generation Distribution against the Parameter Re

Figure 3.21 discussed the influence of Br on the entropy. It is found that the

Brinkman number augmentation increases the entropy generation. This is due to

the fact that Brinkman number is the ratio of heat dissipation to the conduction at
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the surface so increasing the values of Br means more heat is dissipated compared

with the conduction of heat at the surface, which results in an increase in the

entropy.
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Figure 3.21: Entropy Generation Distribution against the Parameter Br

3.6.7 Effect of Magnetic Parameter M and Radiation Pa-

rameter Nr on Skin Friction Cf and the Nusselt Num-

ber Nux, Respectively

The influence of magnetic parameter M and radiation parameter Nr on skin fric-

tion coefficient Cf and Nusselt number Nux profiles of Cu-water and TiO2-water

non-Newtonian nanofluids are presented in Figures 3.22-3.23, respectively. In 3.22

computations are performed for M = 0.6, 0.8, 1.2 whereas the parameter γ takes

the values 0.01, 0.3, 0.5. It is noted when we increase the magnetic parameter

M the skin friction coefficient Cf increases. The physical reason behind this is

that greater M is responsible for greater friction between the surface and the

fluid as a result skin friction increases. In 3.23 computations are performed for

Nr = 0.2, 0.4, 0.9 whereas the Prandtl number Pr is fixed on 1.0, 6.2, 7.38. It is

observed when we increase the radiation parameter Nr the rate of convective heat
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transfer (Nusselt number) increases. This is due to the fact that a greater heat

flux is generated, which results in a greater heat transfer rate.
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γ A M K φ Λ ε Nr Bi S CfRe
1
2
x CfRe

1
2
x NuRe

−1
2
x NuRe

−1
2
x

Cu −

water

TiO2 −

water

Cu −

water

TiO2 −

water

0.01 0.6 0.6 0.6 0.2 0.1 0.1 0.2 0.1 0.2 2.4702 2.2194 0.0650 0.0718

0.3 2.5859 2.3025 0.0649 0.0716

0.5 2.6656 2.3592 0.0648 0.0715

0.3 0.2 2.4713 2.2125 0.0644 0.0711

0.6 2.5859 2.3025 0.0649 0.0716

1.6 2.8408 2.5061 0.0657 0.0723

0.6 2.5859 2.3025 0.0649 0.0716

1.6 2.8225 2.5862 0.0648 0.0714

2.6 3.0215 2.8159 0.0647 0.0713

0.6 2.5859 2.3025 0.0649 0.0716

1.6 2.8221 2.5858 0.0648 0.0714

2.6 3.0290 2.8152 0.0647 0.0713

0.1 2.0461 1.8795 0.0857 0.0901

0.15 2.2392 2.1081 0.0708 0.0837

0.2 2.5859 2.3025 0.0649 0.0716

0.0 3.7682 3.1669 0.0652 0.0718

0.1 2.5859 2.3025 0.0649 0.0716

0.2 1.9998 1.8309 0.0647 0.0713

0.1 2.5859 2.3025 0.0649 0.0716

1.0 2.5859 2.3025 0.0648 0.0715

2.0 2.5859 2.3025 0.0647 0.0714

0.2 2.5859 2.3025 0.0649 0.0716

0.5 2.5859 2.3025 0.0796 0.0877

0.8 2.5859 2.3025 0.0939 0.1035
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γ A M K φ Λ ε Nr Bi S CfRe
1
2
x CfRe

1
2
x NuRe

−1
2
x NuRe

−1
2
x

Cu −

water

TiO2 −

water

Cu −

water

TiO2 −

water

0.1 2.5859 2.3025 0.0649 0.0716

0.2 2.5859 2.3025 0.1230 0.1359

0.6 2.5859 2.3025 0.3041 0.3385

0.2 2.5859 2.3025 0.0649 0.0716

0.5 3.0447 2.5977 0.0655 0.0722

0.6 3.2456 2.7177 0.0656 0.0724

Table 3.2: Values of Skin Friction = CfRe
1
2
x and Nusselt Number = NuRe

−1
2
x

for Pr = 6.2

3.7 Conclusions

The numerical results presented in this chapter focus on heat transfer and en-

tropy generation of non-Newtonian Maxwell nanofluid in the existence of slip and

convective boundary conditions. Thermal radiation and the temperature depen-

dent thermal conductivity are also considered in the present model along with the

effects of uniform magnetic field. The main findings of the present research are:

• A stronger magnetic field has a negative impact on the motion of the fluid

particles in the boundary layer and the velocity of the fluid decreases with

increasing strength of magnetic field.

• The key parameters such as Maxwell fluid parameter, permeability param-

eter, nanoparticle volumetric concentration parameter, thermal conductiv-

ity parameter, velocity slip parameter and thermal radiation parameter in-

creases the temperature distribution and thickness of thermal boundary layer

and reduces the rate of heat transfer at the surface.
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• The unsteadiness parameter and the suction parameter reduces the thickness

of the thermal boundary layer and increases the rate of heat transfer at the

surface.

• It is well known fact that the inclusion of solid nanoparticles in the ordinary

fluids increases the overall thermal conductivity of the mixture. Therefore

the increase in φ decrease in thickness of momentum and increase the thick-

ness of thermal boundary layer respectively.

• Entropy is found to be rising with the Reynolds number Re, Brinkman num-

ber Br, unsteadiness parameter A, magnetic parameter M , permeability

parameter K, nanoparticle volume fraction parameter φ and suction param-

eter S > 0 but reduce with increase in the values of injection parameter

S < 0 and velocity slip parameter Λ.

• For the present study, Cu-water based nanofluid is observed as a better

thermal conductor than TiO2-water based nanofluid.



Chapter 4

Flow, Heat Transfer and Entropy

Analysis of Powell-Eyring

Nanofluid with nanoparticle

shape factor

4.1 Introduction

Powell-Eyring non-Newtonian fluid is considered for nanofluid in this chapter. The

same flow geometry is considered as in previous chapter along with the tempera-

ture dependent thermal conductivity. Solutions to governing equations are found

using similarity technique along with Keller box method or implicit finite difference

approach. Results are discussed to study the effect of governing physical param-

eters on velocity, temperature and entropy profiles and velocity gradient (skin

friction coefficient) and the strength of convective heat exchange (Nusselt num-

ber) of nanofluid. In addition to this, empirical values of five different nanoparticle

shapes have been utilize to look at their impact on the heat transfer rate as well

as the temperature distribution in the boundary layer.

70
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4.2 Mathematical Formulation

Assume an incompressible, electrically conducting, two-dimensional laminar slip

flow of non-Newtonian Powell-Eyring nanofluid which covers the space over an

infinite stretching flat porous plat. The surface of the plate is insulated and ve-

locity slip conditions has been invoked at the boundary. Thermal conductivity of

fluid-solid mixture is assumed to vary linearly with temperature θ. The radiative

heat transfer is taken into account and Rosseland approximation is utilized for

the radiation effects. The flow is produced due to the stretching of surface with

non-uniform velocity Uw(x, t) given in equation (3.1).

The schematic diagram of the mathematical model under consideration is pre-

sented in Figure 4.1.

Figure 4.1: Schematic Diagram of the Fluid Flow

For suitability the principal edge of the plate is assumed at x = 0 and is consid-

ered along the x-axis. The temperature of the convective surface is assumed as

Θw(x, t) = Θ∞+ bx
1−ξt , where Θ∞ is the temperature outside of the boundary layer.

The Cauchy stress tensor for the Power-Eyring fluid is given in equation (2.39).
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The equation (2.39) for the present nanofluid model becomes

τij = µnf

(
∂ui
∂xj

)
+

1

β̃
sinh−1

(
1

ς∗
∂ui
∂xj

)
. (4.1)

where β̃ and ς∗ are the material constants.

The governing equations of two-dimensional boundary layer flow and heat transfer

of Powell-Eyring fluid are given in equations (2.56) and (2.85). These equations

for the Powell-Eyring nanofluid reduced to the form (see for example, Hayat et al.

[192])

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
=

(
νnf +

1

ρnf β̃ς∗

)
∂2u

∂y2
− 1

2β̃ς∗3ρnf

(
∂u

∂y

)2
∂2u

∂y2
, (4.2)

∂Θ

∂t
+ u

∂Θ

∂x
+ v

∂Θ

∂y
=

1

(ρCp)nf

[
∂

∂y

(
κ∗nf (Θ)

∂Θ

∂y

)]
− 1

(ρCp)nf

(
∂qr
∂y

)
. (4.3)

The BCs for the modeled problem are

u(x, 0) = Uw + µnf

(
∂u

∂y

)
, v(x, 0) = Vw, −k0

(
∂Θ

∂y

)
= hf (Θw −Θ), (4.4)

u→ 0, Θ→ Θ∞ as y →∞. (4.5)

The shape factor m is explained in Table 4.1, (for details see for example, Hamil-

ton and Crosser [193])

ParticleShapes Sphere Hexahedron Tetrahedron Column Lamina

m 3 3.7221 4.0613 6.3698 16.1576

Table 4.1: Values of the Empirical Shape Factor for Different Particle Shapes
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Figure 4.2: Different Shapes of Nanoparticles

4.3 Solution of the Problem

To solve the governing system of partial differential equations (4.2) and (4.3). The

similarity variables are defined as (see for example, Hayat et al. [184])

u =
∂ψ

∂y
, v = −∂ψ

∂x
. (4.6)

ψ(x, y) =

√
νfb

(1− ξt)
xf(η) and η(x, y) =

√
b

νf (1− ξt)
y, θ(η) =

Θ−Θ∞
Θw −Θ∞

.

(4.7)

Using equations (4.7) in (4.6),

u =
bx

(1− ξt)
f ′(η), (4.8)

v = −

√
νfb

(1− ξt)
f(η). (4.9)

Now using appropriate equations from (3.16 - 3.34) into (4.2)-(4.3). we get the

following ODEs

(
1

φ1φ2

+
ω

φ1

)
f ′′′ + ff ′′ − f ′2 − A

(
f ′ +

η

2
f ′′
)
− ω∆

φ2

f ′′2f ′′′ = 0, (4.10)
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θ′′
(

1 + εθ +
1

φ5

PrNr

)
+ εθ′2 + Pr

φ3

φ5

[
fθ′ − f ′θ − A(θ +

η

2
θ′)
]

= 0. (4.11)

The transformed boundary conditions from equations (3.43), (3.46), (3.56), (3.58)

and (3.60)) are

f(0) = S, f ′(0) = 1 +
Λ

φ1

f ′′(0), θ′(0) = −Bi(1− θ(0)), (4.12)

f ′(η)→ 0, θ(η)→ 0, as η →∞. (4.13)

In the above equations primes stand for the differentiation of the function with

respect to η. A = ξ
b

is the unsteady flow parameter, ω = 1
µf β̃ς∗

and ∆ = Uw3

2ς∗2νfx

are the material parameters, Pr =
νf
αf

is the Prandtl number, αf =
κf

(ρCp)f
is the

thermal diffusivity parameter, Nr = 16
3

σ∗Θ3
∞

κ∗νf (ρCp)f
is the thermal radiation param-

eter, S = −Vw
√

1−ξt
νf b

is the mass transfer parameter, Λ =
√

b
νf (1−ξt)µf is the

velocity slip parameter and Bi =
hf
k0

√
νf (1−ξt)

b
is the sheet convection parameter or

so-called Biot number. It is observed some parameters depend on ξ and is time

dependent. Therefore to obtain non-similar solutions for the proposed problem

numerical results are computed for locally similar parameters.

4.4 Entropy Generation Analysis

The entropy generation for the present thermal system is given by (see for example,

Das et al. [167])

EG =
knf
Θ2
∞

{(
∂Θ

∂y

)2

+
16

3

σ∗Θ3
∞

κ∗νf (ρCp)f

(
∂Θ

∂y

)2
}

+
µnf
Θ∞

(
∂u

∂y

)2

. (4.14)

The first term in entropy equation represents the heat transfer irreversibility, sec-

ond term is the fluid friction. The entropy generation is represented by NG and is
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given in equation (3.104). Now putting (4.14) in (3.104), we get

NG =
Θ2
∞b

2

kf (Θw −Θ∞)2

knf
Θ2
∞

{(
∂Θ

∂y

)2

+
16

3

σ∗Θ3
∞

κ∗νf (ρCp)f

(
∂Θ

∂y

)2
}

+
µnf
Θ∞

(
∂u

∂y

)2

.

(4.15)

Consider first term of equation (4.15),

Θ2
∞b

2

kf (Θw −Θ∞)2

knf
Θ2
∞

{
(1 +Nr)

(
∂Θ

∂y

)2
}
, (4.16)

using equation (3.33) and (3.62), we get

=
Θ2
∞b

2

kf (Θw −Θ∞)2

kfφ5

Θ2
∞

{
(1 +Nr)

(
(bx)2

(1− ξt)

2

θ′(η)2 b

νf (1− ξt)

)}
, (4.17)

Θ2
∞b

2

kf (Θw −Θ∞)2

knf
Θ2
∞

{
(1 +Nr)

(
∂Θ

∂y

)2
}

=
b2

kfx

(
bx

(1− ξt)

)
θ′2

νf
φ5, (4.18)

Θ2
∞b

2

kf (Θw −Θ∞)2

knf
Θ2
∞

{
(1 +Nr)

(
∂Θ

∂y

)2
}

=
b2

νfx
Uw (1 +Nr)

θ′2

φ5

, (4.19)

Θ2
∞b

2

kf (Θw −Θ∞)2

knf
Θ2
∞

{
(1 +Nr)

(
∂Θ

∂y

)2
}

= Re (1 +Nr)
θ′2

φ5

. (4.20)

Consider second term of equation (4.15),

µnf
Θ∞

(
∂u

∂y

)2

, (4.21)

using equation (3.19) and (3.61), we get

µnf
Θ∞

(
∂u

∂y

)2

=
µnf
Θ∞

(
bxf ′′(η)

(1− ξt)

√
b

νf (1− ξt)

)2

, (4.22)

µnf
Θ∞

(
∂u

∂y

)2

= Re

(
Br

Ωφ1

)
f ′′2. (4.23)
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Substituting the equation (4.20) and (4.23) in (4.15), we get

NG = Re (1 +Nr)
θ′2

φ 5

+Re

(
Br

Ωφ1

)
f ′′2, (4.24)

NG = Re

[
φ5(1 +Nr)θ

′2 +
1

φ1

Br

Ω

(
f ′′2
)]
, (4.25)

here Re represents the Reynolds number, Br represents the Brinkman number

and the dimensional less temperature gradient that can represented by Ω, which

is defined by

Re =
Uwb

2

νfx
, Br =

µfU
2
w

kf (Θw −Θ∞)
, Ω =

Θw −Θ∞
Θ∞

. (4.26)

4.5 Code Validation

To check the validity of our numerical results comparison is made with the already

published results of [167, 190, 191, 194] as the special cases for our study. The

test case is the natural convection boundary layer flow of fluid over a flat plate

in the presence of Newtonian slip. Results have been obtained for A = 0, φ = 0,

Λ = 0, ε = 0, S = 0, Nr = 0, m = 3 and Bi = 0. In Table 4.2 the comparison is

presented with acceptable level of accuracy.Therefore it is assumed that the results

presented through present numerical scheme are very much accurate.

Pr Ishak Nazar Abolbashari Das Present

[190] [191] [194] [167] Results

0.72 0.8086 0.8086 0.80863135 0.80876122 0.80876181

1.0 1.0000 1.0000 1.00000000 1.00000000 1.00000000

3.0 1.9237 1.9236 1.92368259 1.92357431 1.92357420

7.0 3.0723 3.0722 3.07225021 3.07314679 3.07314651

10 3.7207 3.7006 3.72067390 3.72055436 3.72055429

Table 4.2: Numerical Results of Nusselt Number for Various Values of Prandtl
Number
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4.6 Numerical Results and Discussion

The Keller box numerical scheme is adopted in this section to solve the system

of equations (4.10)-(4.11) along with the entropy equation (4.25). The boundary

conditions are given in equations (3.43), (3.46), (3.56), (3.58) and (3.60). The

initial step of Keller box scheme is to reduce the higher order ODEs into a system

of first order ODEs that is,

z1 = f ′, (4.27)

z2 = z′1, (4.28)

z3 = θ′, (4.29)(
1

φ1φ2

+
ω

φ1

)
z′2 + fz2 − z2

1 − A(z1 +
η

2
z2)− ω∆

φ2

z2
2z
′
2 = 0, (4.30)

z′3

(
1 + εθ +

1

φ5

PrNr

)
+ εz2

3 + Pr
φ3

φ5

[
fz3 − z1θ − A(θ +

η

2
z3)
]

= 0. (4.31)

The boundary conditions are reduced to the form

f(0) = S, z1(0) = 1 +
Λ

φ1

z2(0), z3(0) = −Bi(1− θ(0)), z1(∞)→ 0, θ(∞)→ 0.

(4.32)

The derivatives appeared in the above system are then approximated by the cen-

tral differences and averages are centered at the midpoints of the mesh and are

expressed by

η0 = 0, ηj = ηj−1 + h, j = 1, 2, 3, ..., J − 1, ηJ = η∞. (4.33)

The ODEs (4.27)-(4.31) are then reduced to the following set of nonlinear algebraic

equations.
(z1)j + (z1)j−1

2
=
fj − fj−1

h
, (4.34)

(z2)j + (z2)j−1

2
=

(z1)j − (z1)j−1

h
, (4.35)

(z3)j + (z3)j−1

2
=
θj − θj−1

h
, (4.36)
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(
1

φ1φ2

+
ω

φ1

)(
(z2)j − (z2)j−1

h

)
+

(
fj + fj−1

2

)(
(z2)j + (z2)j−1

2

)
−A

{(
(z1)j + (z1)j−1

2

)
+
η

2

(
(z2)j + (z2)j−1

2

)}
−
(

(z1)j + (z1)j−1

2

)2

− ω∆

φ2

(
vj + vj−1

2

)2(
vj + vj−1

h

)
= 0,

(4.37)

(
(z3)j − (z3)j−1

h

)(
1 + ε

(
θj + θj−1

2

)
+

1

φ5

PrNr

)
+ε

(
(z3)j + (z3)j−1

2

)2

+ Pr
φ3

φ5

[(
fj + fj−1

2

)(
(z3)j + (z3)j−1

2

)]
−Pr

φ3

φ5

[(
(z1)j + (z1)j−1

2

)(
θj + θj−1

2

)]
−Pr

φ3

φ5

[
A

{(
θj + θj−1

2

)
+
η

2

(
(z3)j + (z3)j−1

2

)}]
= 0.

(4.38)

In the above discussion, we write for the (i+ 1)− th iterate as

()
(i+1)
j = ()

(i)
j + ε()

(i)
j . (4.39)

Substitution of above equation in equations (4.34)-(4.38) and neglecting the quadratic

and higher terms of εij, a linear tri-diagonal system is achieved

εfj − εfj−1 −
1

2
h(ε(z1)j + ε(z1)j−1) = (r1)j− 1

2
, (4.40)

ε(z1)j − ε(z1)j−1 −
1

2
h(ε(z2)j + ε(z2)j−1) = (r2)j− 1

2
, (4.41)

εθj − εθj−1 −
1

2
h(ε(z3)j + ε(z3)j−1) = (r3)j− 1

2
, (4.42)

(a1)jεfj + (a2)jεfj−1 + (a3)jε(z1)j + (a4)jε(z1)j−1 + (a4)jε(z1)j−1

+(a5)jε(z2)j + (a6)jε(z2)j−1 + (a7)jεθj + (a8)jεθj−1 + (a9)jε(z3)j

+(a10)jε(z3)j−1 = (r4)j− 1
2
,

(4.43)

(b1)jεfj + (b2)jεfj−1 + (b3)jε(z1)j + (b4)jε(z1)j−1 + (b4)jε(z1)j−1

+(b5)jε(z2)j + (b6)jε(z2)j−1 + (b7)jεθj + (b8)jεθj−1 + (b9)jε(z3)j

+(b10)jε(z3)j−1 = (r5)j− 1
2
.

(4.44)
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Where

(r1)j− 1
2

= −fj + fj−1 +
h

2
((z1)j + (z1)j−1), (4.45)

(r2)j− 1
2

= −(z1)j + (z1)j−1 +
h

2
((z2)j + (z2)j−1), (4.46)

(r3)j− 1
2

= −θj + θj−1 +
h

2
((z3)j + (z3)j−1), (4.47)

(r4)j− 1
2

= h

[(
1

φ1φ2

+
ω

φ1

)(
((z2)j − (z2)j−1)

h

)]
+ h

[(
(fj + fj−1)((z2)j + (z2)j−1)

4

)]
− h

[(
(z1)j + (z1)j−1

2

)2
]

− h
[
A

(
(z1)j + (z1)j−1

2
+ η

(z2)j + (z2)j−1

2

)]
− h

[
ω∆

φ2

(
(z2)j + (z2)j−1

2

)2((z2)j + (z2)j−1

h

)]
, (4.48)

(r5)j− 1
2

= −h


(

(z3)j − (z3)j−1

)(
1 + ε

(
θj+θj−1

2

)
+ 1

φ5
PrNr

)
h


− h

[
ε

(
(z3)j + (z3)j−1

2

)2
]

− hφ3

φ5

PrA

[(
θj + θj−1

2
+ η

(z3)j + (z3)j−1

2

)]
− hφ3

φ5

PrA

[(
(fj + fj−1)(tj + tj−1)

4

)]
+ h

φ3

φ5

Pr

[(
(θj + θj−1)((z1)j + (z1)j−1)

4

)]
. (4.49)

Similarly, the boundary conditions becomes

εf0 = 0, ε(z1)0 = 0, ε(z3)0 = 0, ε(z1)J = 0, εθJ = 0. (4.50)
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The system of linear equations (4.40)-(4.44) can be written in the matrix form

Rε = p, (4.51)

R =



A1 C1

B2 A2 C2

. . .
. . .

. . .

. . .
. . .

. . .

BJ−1 AJ−1 CJ−1

BJ AJ


, ε =



ε1

ε2

...

εj−1

εj


, p =



(r1)j− 1
2

(r2)j− 1
2

...

(rJ−1)j− 1
2

(rJ)j− 1
2


. (4.52)

In the above equation R represents the J × J block tridiagonal matrix with each block

size of 5×5 and ε and p are column vectors of order J×1. The LU factorization method

is now applied to find then solution of ε.

In this study, the desired physical quantities are the skin-friction coefficient (Cf ) and

the local Nusselt number (Nux). These quantities are expressed as: (see for example,

Khan et al. [195])

Cf =
τw
ρfU2

w

, Nux =
xqw

kf (Θw −Θ∞)
, (4.53)

The τw and qw are wall shear stress and wall heat flux for the present model are given

as (see for example, Khan et al. [195])

τw =

((
µnf +

1

β̃ς∗

)
∂u

∂y
− 1

6β̃ς∗3

(
∂u

∂y

)3
)
y=0

, (4.54)

qw = −knf
(

1 +
16

3

σ∗Θ3
∞

κ∗νf (ρCp)f

)(
∂Θ

∂y

)
y=0

. (4.55)

using τw in (4.53) for Cf ,

Cf =
1

ρfU2
w

((
µnf +

1

β̃ς∗

)(
bxf ′′(0)

(1− ξt)

√
b

νf (1− ξt)

))
−

1

ρfU2
w

 1

6β̃ς∗3

((
bxf ′′(0)

(1− ξt)

√
b

νf (1− ξt)

))3
 ,

(4.56)

Cf =

(
1

φ1
+ ω

)(
Uwx

νf

−1/2

f ′′(0)

)
− ∆ω

3

(
Uwx

νf

−1/2

(f ′′(0))3

)
, (4.57)
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Cf =

(
1

φ1
+ ω

)(
1√
Rex

f ′′(0)

)
− ∆ω

3

(
1√
Rex

(f ′′(0))3

)
, (4.58)

Cf
√
Rex =

(
1

φ1
+ ω

)
f ′′(0)−

(
∆ω

3

)
(f ′′(0))3, (4.59)

CfRe
1
2
x =

[(
1

(1− φ)2.5
+ ω

)
f ′′(0)− ω∆

3
(f ′′(0))3

]
. (4.60)

Using qw in (4.53) for Nux,

Nux =
x

kf (Θw −Θ∞)

(
−knf

(
1 +

16

3

σ∗Θ3
∞

κ∗νf (ρCp)f

)(
∂Θ

∂y

)
y=0

)
, (4.61)

using (3.33) in (4.61), we obtain

Nux = −
knf
kf

(1 +Nr)

(
bx

(1− ξt)
θ′(0)

√
b

νf (1− ξt)

)
, (4.62)

Nux = −
knf
kf

(1 +Nr)
(√

Rex

)
θ′(0), (4.63)

NuxRe
− 1

2
x = −

knf
kf

(1 +Nr) θ
′(0). (4.64)

4.6.1 Effect of Nanoparticle Volume Fraction Parameter φ

Figures 4.3-4.5 displayed the nature of fluid motion, temperature distribution and en-

tropy generation
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Figure 4.3: Velocity Distribution against the Parameter φ
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within boundary layer for Powell-Eyring nanofluids due to variation in nanoparticle

volume concentration parameter φ. The parameter φ correspond to volume of solid

particles in the basefluid.
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Figure 4.4: Temperature Distribution against the Parameter φ
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Figure 4.5: Entropy Generation Distribution against the Parameter φ

It is well known solid particles have higher thermal conductivity than fluids, therefore

increase in φ reduces fluid velocity as observed from Figure 4.3 and enhances its temper-

ature in the boundary layer region. Whereas, this fact is very much evident in Figure 4.4
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that the increase in the total thermal conductivity of nanofluids increases the tempera-

ture and the thickness of thermal boundary layer. The increasing and decreasing trend

of the velocity gradient and Nusselt number is observed with the increase of parameter

φ see Table 4.3. Figure 4.5 illustrates that the entropy profile increases with the increas-

ing nanoparticle volume fraction parameter. The entropy generation rate is higher for

Cu-methanol(MeOH) nanofluids as compared to Fe3O4-methanol(MeOH) nanofluids.

4.6.2 Effect of Material Fluid Parameter ω

The effects of material fluid parameter ω on velocity, temperature and entropy generation

profiles of Cu-methanol and Fe3O4-methanol non-Newtonian Powell-Eyring nanofluids

are presented in Figures 4.6-4.8. Computations are performed for ω = 0.1, 0.3, 0.5 at

uniform nanoparticle concentration of 0.2. The velocity profiles in Figure 4.6 rise with

raising values of ω and hence increases the thickening level of momentum boundary

layer. Moreover, for the fixed value of ω = 0.1 the boundary layer thickness of Fe3O4-

methanol nanofluid is relatively more than the Cu-methanol nanofluid. The increasing

trend in velocity profiles is due to fall of resistance in fluid. This also corresponds to

increase in skin friction coefficient (velocity gradient) at the boundary.

0 1 2 3 4 5 6 7 8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

f′ (η
)

η

ω = 0.1, 0.3, 0.5

P
r
 = 7.38, N

r
 = 0.3,

φ = 0.2, A = 0.2,

m = 3.0, S = 0.1,

∆ = 0.2, ε = 0.2,
Λ = 0.3, B

i
 = 0.2

Cu−methanol

Fe
3
O

4
−methanol

Figure 4.6: Velocity Distribution against the Parameter ω

From Figure 4.7 it can be observed that the temperature of nanofluids reduces with the

increasing values of parameter ω. This decreasing trend indicates the reduction in the
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thickness thermal boundary layer and enhancement in the rate of heat transfer. The

reason behind this behaviour of temperature profiles is the decrease in the elasticity

stress parameter. The heat transfer rate (Nusselt number) increases for both Cu and

Fe3O4 methanol based nanofluids Table 4.3.
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Figure 4.7: Temperature Distribution against the Parameter ω
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Figure 4.8: Entropy Generation Distribution against the Parameter ω

Finally, Figure 4.8 presented the impact of material parameter ω on the entropy of

the system. It is noticed that growing material parameter decreases the entropy of the

system. The irreversibility of the system is maximum near the surface of the plate and
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decreases to zero far away from the surface. Moreover the irreversibility of Cu-methanol

nanofluids is more than the Fe3O4-methanol nanofluids.

4.6.3 Effect of Material Fluid Parameter ∆

Figures 4.9 to 4.11 demonstrated the behaviour of nanofluid motion, temperature dis-

tribution
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and entropy generation with increasing material fluid parameter ∆. The impact of ∆

on the fluid motion and thickening level of boundary layer is opposite to that of ω. The

velocity profiles in Figure 4.9 decreases with the raising values of ∆ and hence decreases

the thickness of momentum boundary layer. It can be observe from Figure 4.10 that

the temperature of nanofluids rises with the increasing values of fluid parameter ∆.

This increasing trend indicate the boost in the thickness of thermal boundary layer and

reduction in the rate of heat transfer. Furthermore, Figure 4.11 depicts the effect of fluid

parameter ∆ on the entropy of the system. It is noticed that raising fluid parameter

increases the entropy of the system. Lastly, it is detected from Table 4.3, skin friction

coefficient (velocity gradient) reduces with growing values of ∆.
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Figure 4.11: Entropy Generation Distribution against the Parameter ∆

4.6.4 Effect of Nanoparticle Shape Parameter m

Figure 4.12 depicted the effect of different nanoparticles shapes (sphere, hexahedron,

tetrahedron, column, and lamina) on the heat transfer characteristics of the boundary

layer flow in the Cu-methanol and Fe3O4-methanol nanofluids at nanoparticle con-

centration φ = 0.2. The graphical view shows that non-dimensional temperature of

the nanofluid rises as the shape factor m increases. Dimensionless temperature at the

boundary is lowest for spherical shape nanoparticles followed by hexahedron, tetrahe-

dron, column and lamina. The spherical shaped particle tends to drag more heat from

the boundary layer due to its greater surface area while this effect is less evident for
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Figure 4.12: Temperature Distribution against the Parameter m

other shapes thus the temperature fall in the boundary layer in witnessed most for the

spherical particles. This is the very reason for greatest heat transfer observed in the

case of spherical shaped particle as we have observed the variation in Nusselt number.

Moreover, Figure 4.13 showed the entropy of the system increases and the lowest rate

of entropy generation is seen for the spherical shape particles.
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Figure 4.13: Entropy Generation Distribution against the Parameter m
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4.6.5 Effect of Variable Thermal Conductivity Parameter

ε, Thermal Radiation Parameter Nr and Biot Num-

ber Bi

Figures 4.14-4.19 displayed plots of temperature distribution for methanol based nanoflu-

ids with variation in thermal conductivity parameter ε, thermal radiation parameter Nr

and Biot number Bi, respectively.
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The positive values of parameter ε resulted in, κ∗nf > κnf , therefore fluid temperature

increases across the boundary layer see Figure 4.14. The thickening level of thermal

boundary layer also boost with rise in temperature.
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Figure 4.17: Entropy Generation Distribution against the Parameter Nr

Physically speaking, the strengthening of parameter Nr transfer more heat into the fluid

and raise the thickening level of thermal boundary layer. The Biot number or the sheet

convection parameter showed the ratio of conduction inside the fluid to the convection at

its surface. Increasing sheet convection parameter means that the heat transfer through
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conduction dominates the convection coefficient at the surface of the fluid The increase

in Bi showed that the hot fluid within boundary layer heat the stretching surface and

raise the temperature of the thermal system.
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Figure 4.19: Entropy Generation Distribution against the Parameter Bi

Thus, increase in parameters ε, Nr and Bi is directly related to boost in the Nusselt

number at the boundary. Figures 4.15, 4.17 and 4.19 depicted the increase in entropy

with raise in variable thermal conductivity parameter ε, thermal radiation parameter

Nr and Biot number Bi, respectively. In Figures 4.15, 4.17 and 4.19 the crossover point
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for the entropy profile is estimated at about η = 0.3. Before this behaviour the entropy

is enhanced and then it begins to fall. In other words the thermal process is converging

towards the case of reversible process.

4.6.6 Effect of Reynolds Number Re and the Brinkman

Number Br

The influence of Reynolds number Re and Brinkman number Br on entropy generation
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profiles are presented in this section. Numerical computations showed the higher values

of Re increases entropy which physically means that the inertial forces dominate the

viscous effects see Figure 4.20. Figure 4.21 discussed the influence of Br on the entropy.

It is found that the Brinkman number augmentation increases the entropy generation.

This is due to the fact that Brinkman number is the ratio of heat dissipation to the

conduction at the surface so increasing the values of Br means more heat is dissipated

compared with the conduction of heat at the surface, which results in an increase in the

entropy.

4.6.7 Effect of Material Parameter ∆ and Radiation Pa-

rameter Nr on Skin Friction Cf and the Nusselt Num-

ber Nux, Respectively

The effects of material parameter ∆ and radiation parameter Nr on Skin friction co-

efficient Cf and Nusselt number Nux profiles of Cu- methanol and Fe3O4-methanol

non-Newtonian nanofluids are presented in Figures 4.22-4.23, respectively.
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In 4.22 computations are performed for ∆ = 0.2, 0.3, 0.9 whereas the parameter ω takes

the values 0.1, 0.3, 0.5. It is noted when we increase the material parameter ∆ the skin

friction coefficient Cf increases. The physical reason behind this is that the resistance
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in fluid is responsible for the decreased fluid motion, as a result skin friction increases.

In 4.23 computations are performed for Nr = 0.2, 0.4, 0.9 whereas the Prandtl number

Pr is fixed on 1.0, 6.2, 7.38. It is observed when we increase the radiation parameter Nr

the rate of convective heat transfer (Nusselt number) increases. This is due to the fact

that a greater heat flux is generated, which results in a greater heat transfer rate.
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ω ∆ A φ Λ ε Nr Bi S CfRe
1
2
x CfRe

1
2
x NuRe

−1
2
x NuRe

−1
2
x

Cu −

MeOH

Fe3O4−

MeOH

Cu −

MeOH

Fe3O4−

MeOH

0.1 0.2 0.2 0.2 0.3 0.2 0.3 0.2 0.1 1.3590 1.2192 0.1300 0.1353

0.3 1.4593 1.3060 0.1303 0.1355

0.5 1.5567 1.3927 0.1305 0.1357

0.2 1.3590 1.2192 0.1300 0.1353

5.0 1.3187 1.1905 0.1299 0.1352

10.0 1.2719 1.1593 0.1297 0.1350

0.2 1.3590 1.2192 0.1300 0.1353

0.6 1.4205 1.2754 0.1311 0.1362

1.0 1.4768 1.3298 0.1320 0.1370

0.1 1.1214 1.0278 0.1724 0.1760

0.15 1.2411 1.1523 0.1403 0.1492

0.2 1.3590 1.2192 0.1300 0.1353

0.0 2.6847 2.2094 0.1330 0.1379

0.1 1.9992 1.7192 0.1317 0.1368

0.3 1.3590 1.2192 0.1300 0.1353

0.2 1.3590 1.2192 0.1300 0.1353

1.2 1.3590 1.2192 0.1293 0.1346

2.2 1.3590 1.2192 0.1289 0.1340

0.3 1.3590 1.2192 0.1300 0.1353

0.5 1.3590 1.2192 0.1460 0.1522

0.8 1.3590 1.2192 0.1692 0.1767

0.1 1.3590 1.2192 0.0694 0.0719

0.2 1.3590 1.2192 0.1300 0.1353

0.6 1.3590 1.2192 0.3107 0.1767

Table 4.3: Values of Skin Friction = CfRe
1
2
x and Nusselt Number = NuRe

−1
2
x

for Pr = 7.38, m = 3
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4.7 Conclusions

Entropy generation and heat transfer capabilities of the non-Newtonian Powell-Eyring

nanofluid in the existence of velocity slip and convective boundary conditions. Further-

more the temperature dependent thermal conductivity are numerically investigated in

this chapter. The results are summarized on the basis of variation in nanofluid’s motion,

temperature distribution and entropy generation within the boundary layer. The core

findings of the present study are:

• Spherical shaped nanoparticles has the lowest rate of entropy generation when

compared with different shaped of nanoparticles. The increase in nanoparticle

volume fraction parameter φ in the base fluid increases the overall entropy of

the thermal system. Moreover ist is well known fact that the inclusion of solid

nanoparticles in the ordinary fluids increases the overall thermal conductivity of

the mixture. Therefore the increase in φ decrease in thickness of momentum and

increase the thickness of thermal boundary layer respectively.

• The spherical shaped particle tends to drag more heat from the boundary layer

due to its greater surface area while this effect is less evident for other shapes thus

the temperature fall in the boundary layer is witnessed most for the spherical

particles. This is the very reason for greatest rate of heat transfer at the surface

for the spherical shaped particle.

• For the fixed value of material parameter ∆ = 0.2 the momentum boundary layer

thickness of Fe3O4-methanol nanofluid is relatively more than the Cu-methanol

nanofluid. This decreasing trend in velocity profiles is caused by an increase

in fluid resistance and also by an increase in the skin friction coefficient at the

boundary surface.

• On the basis of numerical results, Cu-methanol based nanofluid is observed as a

better thermal conductor than Fe3O4-methanol based nanofluid. The entropy is

found to be rising with the increase in Reynolds number Re, Brinkman number

Br, thermal radiation Nr and sheet convection parameter Bi.



Chapter 5

Entropy and Heat Transfer

Analysis Using Cattaneo-Christov

Heat Flux Model for a Boundary

Layer Flow of Casson Nanofluid

5.1 Introduction

In this chapter, a numerical investigation of Casson nanofluid flow, heat transfer and

entropy generation over a horizontal porous stretching surface is carried out. The sim-

plified flow model includes the effect of Lorentz forces, Cattaneo-Christov heat flux

model, thermal radiation and non-uniform stretching of porous surface. An appropriate

similarity transformations is employed to convert the governing nonlinear PDEs to a

set of nonlinear ODEs. A numerical technique based on the finite difference method

is applied to approximate the solutions for the velocity, temperature and the entropy

profiles. Furthermore, the velocity gradient and the heat exchange rate at the boundary

have been computed and explored graphically. The numerical simulations are performed

for Cu−H2O and TiO2 −H2O nanofluids.

96
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5.2 Mathematical Formulation

Consider the numerical investigation of MHD boundary layer flow of an incompressible

Casson nanofluid. The flow is produced due to the stretching of surface with non-

uniform velocity Uw(x, t) given in equation (3.1). Figure 5.1 shows the geometry of the

flow model.

.

Figure 5.1: Schematic Representation of the Fluid Flow

An electrically conducting Casson nanofluid occupies the space over a surface stretching

in the horizontal direction along the positive x-axis. A uniformly distributed transverse

magnetic field of strength B(t) = B0√
1−ξt is assumed in the present model. The tempera-

ture of the convective surface is Θw(x, t) = Θ∞+ bx
1−ξt . The stretching sheet is assumed
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to be porous in nature with the slip and convective boundary conditions considered at

the fluid-surface boundary. The equations representing the basic form of incompressible

Casson fluid with isotropic properties are given in equation (2.57). For Casson nanofluid

µB in equation (2.57) is replaced by µnfB that is,

τij =



2

(
µnfB +

py√
2π

)
eij , π > πc,

2

(
µnfB +

py√
2πc

)
eij , π < πc.

(5.1)

The governing equations of two-dimensional boundary layer flow and heat transfer of

Casson fluid are given in equations (2.74) and (2.85). These equations for the Casson

nanofluid are reduced to the form (see for example, Ali and Sandeep [196])

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= νnf

(
1 +

1

β

)
∂2u

∂y2
−
σnfB

2(t)

ρnf
u, (5.2)

∂Θ

∂t
+ u

∂Θ

∂x
+ v

∂Θ

∂y
=

knf
(ρCp)nf

[
∂2Θ

∂x2
+
∂2Θ

∂y2

]
− 1

(ρCp)nf

[
∂qr
∂y

]
−λ∗

[
u
∂u

∂x

∂Θ

∂x
+ v

∂v

∂y

∂Θ

∂y
+ u

∂v

∂x

∂Θ

∂y
+ v

∂u

∂y

∂Θ

∂x
+ u2∂

2Θ

∂x2
+ v2∂

2Θ

∂y2
+ 2uv

∂2Θ

∂x∂y

]
. (5.3)

The associated BCs for the modeled problem are

u(x, 0) = Uw + µnf

(
∂u

∂y

)
, v(x, 0) = Vw, −k0

(
∂Θ

∂y

)
= hf (Θw −Θ), (5.4)

u→ 0, Θ→ Θ∞ as y →∞. (5.5)

5.3 Solution of the Problem

In this section first we use similarity transformation to reduce the governing system of

PDEs (5.2)-(5.5) into a system of ODEs.

u =
∂ψ

∂y
, v = −∂ψ

∂x
. (5.6)
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Here the similarity variables of ψ and θ are introduced (see for example, Hayat et al.

[184])

η(x, y) =

√
b

νf (1− ξt)
y, ψ(x, y) =

√
νfb

(1− ξt)
xf(η), θ(η) =

Θ−Θ∞
Θw −Θ∞

. (5.7)

From equations (3.14) and (3.15),

u =
bx

(1− ξt)
f ′(η), (5.8)

v = −

√
νfb

(1− ξt)
f(η). (5.9)

In order to utilize (3.14)-(3.15) in (5.3), we require

∂2Θ

∂x2
= 0. (5.10)

∂2Θ

∂y2
=

bx

(1− ξt)
θ′′(η)

b

νf (1− ξt)
. (5.11)

∂2Θ

∂xy2
=

bx

(1− ξt)
θ′′(η)

√
b

νf (1− ξt)
. (5.12)

Equation (3.35) has satisfied the continuity equation. Now using appropriate equations

from (3.16 - 3.34) and (5.10- 5.12) into (5.2) and (5.3). we get the following ODEs

1

φ1φ2

(
1 +

1

β

)
f ′′′ + ff ′′ − f ′2 −A

(
f ′ +

η

2
f ′′
)
− φ4

φ2
Mf ′ = 0. (5.13)

θ′′
(

1 +
1

φ5
PrNr

)
+ Pr

φ3

φ5

[
fθ′ − f ′θ −A

(
θ +

η

2
θ′
)]

−Prϑ
φ3

φ5

[(
f ′2θ − f ′′θ − f2θ2 − ff ′θ′′

)]
= 0.

(5.14)

The transformed boundary conditions from equations (3.43), (3.46), (3.56), s(3.58) and

(3.60)) are

f(0) = S, f ′(0) = 1 +
Λ

φ1
f ′′(0), θ′(0) = −Bi(1− θ(0)), (5.15)

f ′(η)→ 0, θ(η)→ 0, as η →∞. (5.16)
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In the above equations primes stand for the differentiation of the function with respect

to η. A = ξ
b is the unsteady flow parameter, M =

σfB
2
0

bρf
is the magnetic parameter,

ϑ = bλ∗0 is the thermal relaxation time parameter, Pr =
νf
αf

is the Prandtl number,

αf =
κf

(ρCp)f
is the thermal diffusivity parameter, Nr = 16

3
σ∗Θ3

∞
κ∗νf (ρCp)f

is the radiation

parameter, S = −Vw
√

1−ξt
νf b is the mass transfer parameter, Λ =

√
b

νf (1−ξt)µf is the

velocity slip parameter and Bi =
hf
k0

√
νf (1−ξt)

b is the Biot number. It is observed some

parameters depend on ξ and is time dependent. Therefore to obtain non-similar solutions

for the proposed problem numerical results are computed for locally similar parameters.

The nonlinear system of ODEs (5.13)-(5.14) is difficult to solve analytically. Therefore

finite difference numerical scheme is implemented to find the approximate solutions. The

numerical scheme is inherently stable and is second order convergent. The methodology

of finite difference method (FDM) is given in the following steps to obtain the solution:

i. Convert equations (5.13)-(5.14) to a system of first ODEs.

ii. Convert them to difference equations by replacing functions with mean averages and

their derivatives by central differences.

iii. Linearize the resulting algebraic equations by applying Newton’s scheme and then

write them in matrix form.

iv. Solve the matrix using block-tri-diagonal elimination scheme.

The desired physical quantities for the present model are the skin-friction coefficient

(Cf ) and the local Nusselt number (Nux) are defined in (2.106) and (2.103). The τw

and qw are wall shear stress and wall heat flux for the present model are given as (see

for example, Shit and Mandal [197])

τw = µnf

(
1 +

1

β

)(
∂u

∂y

)
y=0

, qw = −knf
(

1 +
16

3

σ∗Θ3
∞

κ∗νf (ρCp)f

)(
∂Θ

∂y

)
y=0

,

(5.17)

using τw in (3.90) for Cf ,

Cf =
µnf

(
1 + 1

β

)(
∂u
∂y

)
y=0

ρfU2
w

, (5.18)

using (3.19) in (5.18)

Cf =
µf
ρfφ1

xf ′′(0)b3/2

νf (1− ξt)3/2

(
1 +

1

β

)(
(1− ξt)3/2

bx

2
)
, (5.19)
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Cf =

(
1 +

1

β

) √
νf

φ1

√
1

Uwx
f ′′(0), (5.20)

Cf =

(
1 +

1

β

)
1√
Rex

f ′′(0)
1

φ1
, (5.21)

Cf
√
Rex =

(
1 +

1

β

)
f ′′(0)

φ1
, (5.22)

CfRe
1
2
x =

(
1 +

1

β

)
f ′′(0)

(1− φ)2.5
. (5.23)

Using qw in (3.90) for Nux,

Nux =
x

kf (Θw −Θ∞)

(
−knf

(
1 +

16

3

σ∗Θ3
∞

κ∗νf (ρCp)f

)(
∂Θ

∂y

)
y=0

)
, (5.24)

using (3.33) in (5.24)

Nux = −
knf
kf

(1 +Nr)

(
bx

(1− ξt)
θ′(0)

√
b

νf (1− ξt)

)
, (5.25)

Nux = −
knf
kf

(1 +Nr)
(√

Rex

)
θ′(0), (5.26)

NuxRe
− 1

2
x = −

knf
kf

(1 +Nr)θ
′(0). (5.27)

5.4 Entropy Generation Analysis

The entropy generation for Casson nanofluids is defined as follows (see for example, Das

et al. [167])

EG =
knf
Θ2
∞

{(
∂Θ

∂y

)2

+
16

3

σ∗Θ3
∞

κ∗νf (ρCp)f

(
∂Θ

∂y

)2
}

+
µnf
Θ∞

(
∂u

∂y

)2(
1 +

1

β

)
+
σnfB

2(t)u2

Θ∞
.

(5.28)

The first term in entropy equation represents the heat transfer irreversibility, second

term is the fluid friction and the third term is represents the magnetohydrodynamic

effects. The entropy generation is represented by NG and is given in equation (3.104).
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Now putting (5.28) in (3.104), we get

NG =
Θ2
∞b

2

kf (Θw −Θ∞)2

knf
Θ2
∞

{(
∂Θ

∂y

)2

+
16

3

σ∗Θ3
∞

κ∗νf (ρCp)f

(
∂Θ

∂y

)2
}

+

µnf
Θ∞

(
∂u

∂y

)2(
1 +

1

β

)
+
σnfB

2(t)u2

Θ∞
.

(5.29)

Consider first term of equation (5.29),

Θ2
∞b

2

kf (Θw −Θ∞)2

knf
Θ2
∞

{
(1 +Nr)

(
∂Θ

∂y

)2
}
, (5.30)

using equation (3.33) and (3.62), we get

=
Θ2
∞b

2

kf (Θw −Θ∞)2

kfφ5

Θ2
∞

{
(1 +Nr)

(
(bx)2

(1− ξt)

2

θ′(η)2 b

νf (1− ξt)

)}
, (5.31)

Θ2
∞b

2

kf (Θw −Θ∞)2

knf
Θ2
∞

{
(1 +Nr)

(
∂Θ

∂y

)2
}

=
b2

kfx

(
bx

(1− ξt)

)
θ′2

νf
φ5, (5.32)

Θ2
∞b

2

kf (Θw −Θ∞)2

knf
Θ2
∞

{
(1 +Nr)

(
∂Θ

∂y

)2
}

=
b2

νfx
Uw (1 +Nr)

θ′2

νf
φ5, (5.33)

Θ2
∞b

2

kf (Θw −Θ∞)2

knf
Θ2
∞

{
(1 +Nr)

(
∂Θ

∂y

)2
}

= Re (1 +Nr)
θ′2

νf
φ5. (5.34)

Consider second term of equation (5.29),

µnf
Θ∞

(
∂u

∂y

)2(
1 +

1

β

)
, (5.35)

using equation (3.19) and (3.61), we get

µnf
Θ∞

(
∂u

∂y

)2(
1 +

1

β

)
=
µnf
Θ∞

(
bxf ′′(η)

(1− ξt)

√
b

νf (1− ξt)

)2(
1 +

1

β

)
, (5.36)

µnf
Θ∞

(
∂u

∂y

)2(
1 +

1

β

)
= Re

(
Br

Ωφ1

)
f ′′2

(
1 +

1

β

)
. (5.37)

Consider third term of equation (5.29),

σnfB
2(t)u2

Θ∞
, (5.38)
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σnfB
2(t)u2

Θ∞
=

Θ2
∞b

2

kf (Θw −Θ∞)2

(
σnfB

2(t)u2

Θ∞

)
, (5.39)

using equation (3.14) and (3.62), we get

σnfB
2(t)u2

Θ∞
=

Θ2
∞b

2

kf (Θw −Θ∞)2

((
σfφ4

Θ∞

)(
B2
o

1− ξt

)(
bx

1− ξt

)2

f ′2

)
, (5.40)

σnfB
2(t)u2

Θ∞
=
φ4Br

Ω
M2Ref

′2. (5.41)

Substituting the equation (5.34), (5.37) and (5.41) in (5.29), we get

NG = Re (1 +Nr)
θ′2

νf
φ5 +Re

(
Br

Ωφ1

)(
1 +

1

β

)
f ′′2 +Re

φ4Br
Ω

M2f ′2, (5.42)

NG = Re

[
φ5(1 +Nr)θ

′2 +
1

φ1

Br
Ω

{(
1 +

1

β

)
f ′′2 + φ1φ4Mf ′2

}]
, (5.43)

where

Re =
Uwb

2

νfx
, Br =

µfU
2
w

kf (Θw −Θ∞)
, Ω =

Θw −Θ∞
Θ∞

. (5.44)

5.5 Numerical Results and Discussion

The numerical results of the current mathematical model are graphically presented in

this section. The calculations have been made for different estimations includes Cas-

son fluid model parameter β, Hartman number M , nanoparticle volume concentration

parameter φ, time relaxation parameter ϑ, radiation parameter Nr, Biot number Bi,

velocity slip parameter Λ, nanoparticle shapes parameter m, Reynolds number Re and

the Brinkman number Br. The results are produced for the Cu−H2O and TiO2−H2O

Casson nanofluids. In addition to these Table 5.3 showed the velocity gradient and heat

transfer rate at the surface of the boundary.

5.5.1 Effect of Casson Parameter β

The impact of Casson parameter β on velocity, temperature and entropy generation pro-

files of Cu−H2O and TiO2 −H2O non-Newtonian Casson nanofluids are displayed in
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Figures 5.2-5.4. Computations are performed for β = 1.0, 5.0, 10.0 at uniform nanopar-

ticle volume concentration of φ = 0.2.
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Figure 5.2: Velocity Distribution against the Parameter β
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Figure 5.3: Temperature Distribution against the Parameter β

The velocity profiles in Figure 5.2 decreases with growing values of β and hence declines

the thickening level of momentum boundary layer. In other words, fluid motion reduces

to a region near the fluid-surface boundary as an increase in the Casson parameter.

Physically there is a decrease in the fluid yield stress by rising values of β, which results

in the reduction in the velocity profile and a rise in the velocity gradient at the boundary.
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Moreover, for the constant value of β = 1.0, the thickness of the boundary layer of

TiO2−H2O nanofluid is comparatively higher than the Cu−H2O nanofluid. Figure 5.3

showed that the temperature of nanofluids rises with the raising values of the parameter

β. This increasing trend indicate the boost in the thickness of thermal boundary layer

and reduction in the rate of heat transfer. This behaviour of temperature profiles is due

to rise in the elasticity stress parameter. Furthermore, Figure 5.4 depicted the effect

of Casson parameter β on the entropy of the system. It is noticed that raising fluid

parameter increases the entropy of the system. Finally, it is detected from Table 5.2

that the local Nusselt number decreases for both Cu−H2O and TiO2−H2O nanofluids.
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Figure 5.4: Entropy Generation Distribution against the Parameter β

5.5.2 Effect of Magnetic parameter M

Figures 5.5-5.7 presented the effect of magnetic parameter M on velocity, temperature

and entropy profiles against similarity variable η. The velocity of nanofluids reduces with

increasing strength of magnetic parameter M . The interaction of electrically conducting

nanofluids with the applied transverse magnetic field generates a resistive force known

as Lorentz force. Moreover, the strength of Lorentz force rises with raising strength of

applied magnetic field and counteracts the fluid motion within the boundary layer and

reduces the thickening level of momentum boundary layer. The decreasing trend in fluid

velocity is observed for both Cu − H2O and TiO2 − H2O nanofluids. In Figure 5.6,

the temperature of nanofluids rises with increasing strength of parameter M and thus
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increases the thickening level of the thermal boundary layer. It is observed that the

parameter M is inversely proportional to the density of nanofluid, therefore the increase

in M reduces the density and, as a result the temperature of the fluid rises.
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Figure 5.6: Temperature Distribution against the Parameter M

The increase in nanofluid temperature within the boundary layer decreases the rate of

heat transfer at the boundary. The influence of the Lorentz force at the boundary is

presented in Table 5.2. The velocity gradient raises but the Nusselt number reduces

with growing strength of the applied magnetic field. The effect of M on the entropy
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profile is discussed in Figure 5.7. It is noted that a more traverse magnetic field tends

to increase the entropy of the system.

0 1 2 3 4
0

5

10

15

20

25

N
G

η

Cu−water

TiO
2
−water

M = 0.1, 0.6, 1.6

P
r
 = 6.2, N

r
 = 0.3,

Ω = 1.0, β = 1.0, 
B

i
 = 0.2, S = 0.1,

Λ = 0.1, ϑ = 0.01,
A = 0.2, R

e
 = 5.0,

B
r
 = 5.0, φ = 0.2

Figure 5.7: Entropy Generation Distribution against the Parameter M

5.5.3 Effect of Nanoparticle Volume Fraction Parameter φ

Figures 5.8-5.10 presented the nature of fluid motion, temperature distribution and

entropy generation within boundary layer for Casson nanofluids due to variation in

nanoparticle volume concentration parameter φ.
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The parameter φ correspond to volume of solid particles in the basefluid. It is well

known solid particles have higher thermal conductivity than fluids, therefore increase in

φ reduces fluid velocity as observed from Figure 5.8 and enhances its temperature in the

boundary layer region.
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Figure 5.9: Temperature Distribution against the Parameter φ
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Figure 5.10: Entropy Generation Distribution against the Parameter φ

Whereas, this fact is very much evident in Figure 5.9 that the increase in the total ther-

mal conductivity of nanofluids increases the temperature and the thickness of thermal

boundary layer. The increasing and decreasing trend of the velocity gradient and heat
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transfer rate is detected with the increase of parameter φ (see Table 5.2). Figure 5.10

illustrates that the entropy profile increases with the increasing nanoparticle volume

fraction parameter. The entropy generation rate is higher for Cu-water nanofluids as

compared to TiO2-water nanofluids.

5.5.4 Effect of Velocity Slip Parameter Λ

Figures 5.11-5.13 illustrated that the positive values of slip parameter Λ reduces fluid
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Figure 5.11: Velocity Distribution against the Parameter Λ
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movement and entropy generation of Casson nanofluids. Whereas the temperature of

Casson nanofluids increases with increasing values of parameter Λ. In Figure 5.11 the

decrease in velocity is consistent with the fact that slip velocity retards the motion of

the boundary surface. In other words, velocity slip act opposite to stretching pull of the

surface and resists its transmission to the fluid. As a result, momentum boundary layer

decreases with rise in parameter Λ. Figure 5.12 showed the temperature distribution

within the boundary layer against the parameter Λ. The velocity slip is inversely pro-

portional to the temperature distribution and an increase in the parameter Λ increases

the thermal boundary layer thickness and reduces the Nusselt number. Table 5.2 shows

that positive increase in velocity slip leads to decrease in velocity gradient and heat

transfer rate for both Cu−H2O and TiO2 −H2O nanofluids. This expected behaviour

is due to the fact that the boundary slip reduces the friction at the solid-fluid interface

and consequently the rate of heat transfer.
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Figure 5.13: Entropy Generation Distribution against the Parameter Λ

From Figure 5.13 it can be observed easily that the entropy decreases with increasing

values of Λ. Greater Λ values result in a reduce velocity in the boundary layer. This re-

duce velocity in return reduces the frictional forces inside the fluid reduce friction means

that the frictional irreversibilities will also reduce. Thus its contribution towards the

entropy becomes less pronounced in the entropy, so the entropy of the system decreases.
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5.5.5 Effect of the Relaxation Time Parameter ϑ, Radia-

tion Parameter Nr and Biot Number Bi

There is no effect of relaxation time parameter ϑ, thermal radiation parameter N(r) and

Biot number Bi/sheet convection parameter on the velocity profile of Casson nanoflu-

ids. Figures 5.14-5.19 exhibit the graphs of temperature profiles for Cu − H2O and

TiO2 − H2O nanofluids with variation in relaxation time parameter ϑ, thermal radia-

tion parameter Nr and Biot number Bi/ sheet convection parameter, respectively.
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Figure 5.14: Temperature Distribution against the Parameter ϑ
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Figure 5.14 demonstrates that the temperature profile and the thickening level of thermal

boundary layer are less for greater relaxation time parameter ϑ. In addition, radiation

parameter Nr is illustrated in Figure 5.16. An increase in radiation parameter Nr

exposed the significant improvement in the fluid temperature distribution for Cu−H2O

and TiO2 −H2O nanofluids.
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Figure 5.16: Temperature Distribution against the Parameter Nr
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Figure 5.17: Entropy Generation Distribution against the Parameter Nr

Physically speaking strengthening Nr leads to more heat into the fluid as a result of

which the thickness level of associated thermal boundary layer increases. Thus, Nr
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impact plays a significant role in magnifying the heat transfer rate. In Figure 5.18, Biot

number or the sheet convection parameter shows the ratio of conduction inside the fluid

to the convection at its surface.
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Figure 5.18: Temperature Distribution against the Parameter Bi
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Figure 5.19: Entropy Generation Distribution against the Parameter Bi

Increasing sheet convection parameter means that the heat transfer through conduction

dominates the convection coefficient at the surface of the fluid. The increase in Bi

showed that the hot fluid within boundary layer heats the stretching surface and raises

the temperature of the thermal system. Figures 5.15, 5.17 and 5.19 exhibited influence
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of ϑ, Nr and Bi parameters on the entropy profile, respectively. The changeover point

for the entropy profile is estimated at nearby η = 0.3. Before this behaviour the entropy

is enhanced and then it begins to fall. In other words the thermal process is converging

towards the case of reversible process. Table 5.2 showed that the temperature rises with

the raising relaxation time, radiation and convection parameters.

5.5.6 Effect of Reynolds Number Re and the Brinkman

Number Br

The effects of Reynolds number Re and Brinkman number Br on entropy generation

profiles are presented in this section. Numerical computations showed the higher values

of Re increases entropy which physically means that the inertial forces dominate the
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Figure 5.20: Entropy Generation Distribution against the Parameter Re

viscous effects see Figure 5.20. Figure 5.21 discussed the influence of Br on the entropy.

It is found that the Brinkman number augmentation increases the entropy generation.

This is due to the fact that Brinkman number is the ratio of heat dissipation to the

conduction at the surface so increasing the values of Br means more heat is dissipated

compared with the conduction of heat at the surface, which results in an increase in the

entropy.
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5.5.7 Effect of Magnetic Parameter M and Radiation Pa-

rameter Nr on Skin Friction Cf and the Nusselt Num-

ber Nux, Respectively

The influence of magnetic parameter M and radiation parameter Nr on skin friction
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Figure 5.22: Skin Friction Cf against the Parameter β
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coefficient Cf and Nusselt number Nux profiles of Cu-water and TiO2-water non-

Newtonian nanofluids are presented in Figures 5.22-5.23, respectively. In 5.22 com-

putations are performed for M = 0.6, 0.8, 1.2 whereas the parameter β takes the values

1.0, 5.0, 10.0. It is noted when we increase the magnetic parameter M the skin friction

coefficient Cf increases. The physical reason behind this is that greater M is responsible

for greater friction between the surface and the fluid as a result skin friction increases.

In 5.23 computations are performed for Nr = 0.2, 0.4, 0.9 whereas the prandtle number

Pr is fixed on 1.0, 6.2, 7.38. It is observed when we increase the radiation parameter Nr

the rate of convective heat transfer (Nusselt number) increases. This is due to the fact

that a greater heat flux is generated, which results in a greater heat transfer rate.
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β A M φ Λ ϑ Nr Bi S CfRe
1
2
x CfRe

1
2
x NuRe

−1
2
x NuRe

−1
2
x

Cu −

water

TiO2−

water

Cu −

water

TiO2−

water

1.0 0.2 0.6 0.2 0.1 0.010.3 0.2 0.1 3.1100 2.7307 0.1306 0.1443

5.0 2.3002 2.0315 0.1295 0.1433

10.0 2.1831 1.9300 0.1293 0.1431

0.2 3.1100 2.7307 0.1306 0.1443

0.6 3.3511 2.9203 0.1322 0.1459

1.6 3.8712 3.3385 0.1350 0.1488

0.1 2.7898 2.3307 0.1310 0.1449

0.6 3.1100 2.7307 0.1306 0.1443

1.6 3.6288 3.3420 0.1298 0.1434

0.1 2.3877 2.1783 0.1734 0.1826

0.15 2.9264 2.6102 0.1419 0.1525

0.2 3.1100 2.7307 0.1306 0.1443

0.1 3.1100 2.7307 0.1306 0.1443

0.2 2.6164 2.3497 0.1296 0.1434

0.4 2.0063 1.8492 0.1281 0.1419

0.01 3.1100 2.7307 0.1306 0.1443

0.2 3.1100 2.7307 0.1308 0.1445

0.4 3.1100 2.7307 0.1310 0.1447

0.1 3.1100 2.7307 0.1137 0.1256

0.3 3.1100 2.7307 0.1306 0.1443

0.5 3.1100 2.7307 0.1470 0.1626

0.1 3.1100 2.7307 0.0696 0.0767

0.2 3.1100 2.7307 0.1306 0.1443

0.3 3.1100 2.7307 0.1845 0.2043

0.1 3.1100 2.7307 0.1306 0.1443

0.2 3.2012 2.7921 0.1316 0.1454

0.5 3.4868 2.9814 0.1343 0.1482

Table 5.1: Values of Skin Friction = CfRe
1
2
x and Nusselt Number = NuRe

−1
2
x

for Pr = 6.2.
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5.6 Conclusions

In this research, a simplified mathematical model is studied numerically to investigate the

flow and heat transfer characteristics of water based Casson nanofluids. The governing

equations are modeled by including the Cattaneo-Christov heat flux model, Lorentz

forces, thermal radiation and the velocity slip at the boundary. The implicit finite

difference scheme is utilized to approximate solutions for the velocity, temperature and

entropy profiles of Cu−H2O and TiO2 −H2O nanofluids. The observations made can

be summed as follows:

• The temperature profiles are observed as an increasing function of the Casson

parameter, the magnetic parameter, the nanoparticle volumetric concentration

parameter, the velocity slip parameter, the thermal radiation parameter and the

sheet convection parameter. Whereas it is a decreasing function of the unsteadi-

ness parameter, the relaxation time parameter and the suction parameter.

• It is well known fact that the inclusion of solid nanoparticles in the ordinary fluids

increases the overall thermal conductivity of the mixture. Therefore the increase

in φ decrease in thickness of momentum and increase the thickness of thermal

boundary layer respectively.

• For the present study, Cu − H2O nanofluid is detected as a superior thermal

conductor than TiO2 −H2O nanofluid.

• Entropy of the thermal system is found to be rising with the unsteadiness param-

eter, the magnetic parameter, the nanoparticle volumetric concentration parame-

ter, the relaxation time parameter, the thermal radiation parameter, the suction

parameter, the Reynolds number and the Brinkman number but decreases with

the rise of the Casson parameter, velocity slip parameter and injection parameter.

• The velocity profile increases for the injection parameter because more fluid is

injected when the heated fluid is pushed further away from the wall and it is

accelerated due to less viscosity.
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• The stronger traverse magnetic field has a negative impact on the movement of

the fluid particles in the boundary layer. The interaction of electrically conduct-

ing nanofluids with uniformly distributed transverse magnetic field of strength

generates a resistive force known as Lorentz force. The Lorentz force impact is

presented in the form of decreasing trend in velocity profiles.



Chapter 6

Casson Hybrid Nanofluid Flow,

Heat Transfer and Entropy

Generation Analysis

6.1 Introduction

In this chapter, hybridity of nanofluids is analyzed considering its flow over a permeable

stretching surface. Volumetric total entropy generation is studied in the presence of uni-

form, transverse magnetic field along with Cattaneo-Christov model. The mathematical

results are presented for considering velocity slip at the boundary and inducing the effect

of thermal radiation for optically thick hybrind nanofluid. Similarity transformations

simplifications are carried to reduce governing PDEs to ODEs and then numerical sim-

ulations are performed using Keller box technique. Results are depicted in the form

of graphs and computations are carried for conventional Copper oxide-Ethylene glycol

(CuO − EG) and hybrid Titanium-Copper oxide/Ethylene glycol (TiO2 − CuO/EG)

nanofluids. Moreover nanoparticles of common geometrical shapes are considered in this

work and conclusions are also drawn on the basis of nanoparticles shape.

120
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6.2 Mathematical Formulation

Consider the hybrid nanofluid flow over a horizontal surface moving with a non-uniform

stretching velocity Uw(x, t) given in equation (3.1). The hybrid nanofluid is manufac-

tured by first adding Copper oxide (CuO) nanoparticles in the Ethylene glycol base fluid

at a contact volume fraction (φw). Titanium-Copper/water (TiO2−CuO) nanoparticles

are then dispersed into the mixture to make it a hybrid nanofluid at the volume fraction

(φz). The surface of the plate is insulated and velocity slip and convective conditions

have been invoked at the boundary. The leading edge of the plate is assumed at x = 0

and is considered along the x-axis. Figure 6.1 shows the geometry of the flow model.

Figure 6.1: Physical Model of Schematic Diagram

A uniformly distributed transverse magnetic field of strength B(t) = B0√
1−ξt is as-

sumed in the present model. The temperature of the convective surface is Θw(x, t) =

Θ∞ + bx
1−ξt . This assumption is valid because thermal properties of nanofluid changes

significantly with rise in temperature, type of nanoparticles, pressure etc. The Casson

hybrid nanofluid is considered optically thick so that the radiations only travel a short

distance and the Rosseland approximation is utilized for the radiation effects. The equa-

tions representing the basic form of incompressible Casson fluid with isotropic properties

are given in equation (2.57). For Casson nanofluid µB in equation (2.57) is replaced by
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µhnfB that is,

τij =



2

(
µhnfB +

py√
2π

)
eij , π > πc,

2

(
µhnfB +

py√
2πc

)
eij , π < πc.

(6.1)

The constitutive equations for conservation of mass, momentum and energy under

boundary layer assumptions along with suitable boundary conditions for the Maxwell

nanofluid are given in equations (2.74) and (2.85). These equations for the Casson hybrid

nanofluid are reduced to the form (see for example, Mustafa and Junaid [198])

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= νhnf

(
1 +

1

β

)
∂2u

∂y2
−
σhnfB

2(t)

ρhnf
u, (6.2)

∂Θ

∂t
+ u

∂Θ

∂x
+ v

∂Θ

∂y
=

khnf
(ρCp)hnf

[
∂2Θ

∂y2

]
− 1

(ρCp)hnf

[
∂qr
∂y

]
−λ∗

[
u
∂u

∂x

∂Θ

∂x
+ v

∂v

∂y

∂Θ

∂y
+ u

∂v

∂x

∂Θ

∂y
+ v

∂u

∂y

∂Θ

∂x
+ u2∂

2Θ

∂x2
+ v2∂

2Θ

∂y2
+ 2uv

∂2Θ

∂x∂y

]
. (6.3)

The BCs are assumed as

u(x, 0) = Uw +

(
1 +

1

β

)
µhnf

(
∂u

∂y

)
, v(x, 0) = Vw,

− k0

(
∂Θ

∂y

)
= hf (Θw −Θ), (6.4)

u→ 0, Θ→ Θ∞ as y →∞. (6.5)

Moreover, the thermal radiation qr and nanoparticles shape factor m are given in equa-

tion (3.8) and Table 2.1 (for details see for example, [88, 186, 193]).

6.3 Solution of the Problem

To solve the governing system of PDEs (6.2)-(6.5), we introduce similarity variables

which are given in equation (3.13). The substitution of equations (3.12)-(3.13) the

governing boundary value problem (6.2)-(6.5) reduced into a system of ODEs.
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From equations (3.14) and (3.15),

u =
bx

(1− ξt)
f ′(η), (6.6)

v = −

√
νfb

(1− ξt)
f(η). (6.7)

Equation (3.35) has satisfied the continuity equation. Now using appropriate equations

from (3.16 - 3.34) and (5.10 - 5.12) into (6.2) and (6.3). we get the following ODEs

(1− φw)−2.5(1− φz)−2.5

[(1− φz){(1− φw) + φw
ρp1
ρf
}] + φz

ρp2
ρf

(
1 +

1

β

)
f ′′′ + ff ′′ − f ′2

−A
(
f ′ +

η

2
f ′′
)
−

1 +
3(
φwσp1+φzσp2

σf
−(φw+φz))

(
φwσp1+φ2σp2
(φw+φz)σf

+2)−(
φwσp1+φzσp2

σf
−(φw+φz))


[(1− φz){(1− φw) + φw

ρp1
ρf
}] + φz

ρp2
ρf

Mf ′ = 0.

(6.8)

θ′′
(

1 +
κf
κhnf

PrNr

)
+ Pr

κf
κhnf

(
(1− φz){(1− φw) + φw

(ρCp)p1
(ρCp)f

}+
φz(ρCp)p2

(ρCp)f

)
[
fθ′ − f ′θ −A

(
θ +

η

2
θ′
)
− ϑ

(
f ′2θ − f ′′θ − f2θ2 − ff ′θ′′

)]
= 0. (6.9)

The associated boundary conditions get the form, from equation (3.38)

u(x, 0) = Uw +

(
1 +

1

β

)
µhnf

(
∂u

∂y

)
, (6.10)

Using (3.1) and (3.19) in (6.10),

u(x, 0) =
bx

1− ξt
+

(
1 +

1

β

)
µf
φa

(
bxf ′′(0)

(1− ξt)

√
b

νf (1− ξt)

)
, (6.11)

using equation (3.14) in equation (6.11)

bx

(1− ξt)
f ′(0) =

bx

1− ξt
+

(
1 +

1

β

)
µf
φa

(
bxf ′′(0)

(1− ξt)

√
b

νf (1− ξt)

)
, (6.12)

bx

(1− ξt)
f ′(0) =

bx

1− ξt

(
1 +

(
1 +

1

β

)
µf
φa
f ′′(0)

√
b

νf (1− ξt)

)
, (6.13)

f ′(0) = 1 +

(
1 +

1

β

)
µf
φa
f ′′(0)

√
b

νf (1− ξt)
, (6.14)
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f ′(0) = 1 +

(
1 +

1

β

)
Λ

φa
f ′′(0), (6.15)

where,

φa =
[
(1− φw)2.5(1− φz)2.5

]
, (6.16)

f ′(0) = 1 +

(
1 +

1

β

)
Λ

(1− φw)2.5(1− φz)2.5
f ′′(0). (6.17)

From equation (5.15) and (5.16), we have

f(0) = S,

θ′(0) = −Bi(1− θ(0)), (6.18)

f ′(η)→ 0, θ(η)→ 0, as η →∞. (6.19)

In the above equations primes stand for the differentiation of the function with respect to

η. A = ξ
b is the unsteady flow parameter, M =

σfB
2
0

bρf
is the magnetic parameter, ϑ = bλ∗0

is the thermal relaxation time parameter, Pr =
νf
αf

is the Prandtl number, αf =
κf

(ρCp)f
is

the thermal diffusivity parameter, Nr = 16
3

σ∗Θ3
∞

κ∗νf (ρCp)f
is the thermal radiation parameter,

S = −Vw
√

1−ξt
νf b is the mass transfer parameter, Λ =

√
b

νf (1−ξt)µf is the velocity slip

parameter and Bi =
hf
k0

√
νf (1−ξt)

b is the sheet convection parameter or so-called Biot

number. It is observed some parameters depend on ξ and is time dependent. Therefore

to obtain non-similar solutions for the proposed problem numerical results are computed

for locally similar parameters.

The nonlinear system of ODEs (6.8)-(6.9) arising from mathematical modeling of phys-

ical system of nanofluid flow is difficult to solve analytically. Therefore, Keller box [182]

numerical scheme is employed to find the approximate solutions. The numerical scheme

is inherently stable and is second order convergent. The initial step of this scheme is to

reduce the equations (6.8)-(6.9) into a system of five first ODEs, that is

z1 = f ′, (6.20)

z2 = z′1, (6.21)

z3 = θ′, (6.22)
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(1− φw)−2.5(1− φz)−2.5

[(1− φz){(1− φw) + φw
ρp1
ρf
}] + φz

ρp2
ρf

(
1 +

1

β

)
z′2 + fz2 − z2

1

−A(z1 +
η

2
z2)−

1 +
3(
φwσp1+φzσp2

σf
−(φw+φz))

(
φwσp1+φ2σp2
(φw+φz)σf

+2)−(
φwσp1+φzσp2

σf
−(φw+φz))


[(1− φz){(1− φw) + φw

ρp1
ρf
}] + φz

ρp2
ρf

Mz1 = 0,

(6.23)

z′3

(
1 +

κf
κhnf

PrNr

)
+ Pr

κf
κhnf

(
(1− φz){(1− φw) + φw

(ρCp)p1
(ρCp)f

}+
φz(ρCp)p2

(ρCp)f

)
[
fz3 − z1θ −A

(
θ +

η

2
z3

)
− ϑ(z2

1θ − z′1θ − f2θ2 − fz1z
′
3)
]

= 0, (6.24)

The boundary conditions (6.17)-(6.19) are similarly transformed into

f(0) = S, z1(0) = 1 +

(
1 +

1

β

)
Λ

(1− φw)2.5(1− φz)2.5
z2(0),

z3(0) = −Bi(1− θ(0)), (6.25)

z1(∞)→ 0, θ(∞)→ 0. (6.26)

The derivatives appeared in the above system are then approximated by the central

differences and averages are centered at the midpoints of the mesh and are expressed by

η0 = 0, ηj = ηj−1 + h, j = 1, 2, 3, ..., J − 1, ηJ = η∞. (6.27)

The system of first order ODEs (6.20)-(6.24) is then reduced to the following set of

nonlinear algebraic equations.

(z1)j + (z1)j−1

2
=
fj − fj−1

h
, (6.28)

(z2)j + (z2)j−1

2
=

(z1)j − (z1)j−1

h
, (6.29)

(z3)j + (z3)j−1

2
=
θj − θj−1

h
, (6.30)
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(1− φw)−2.5(1− φz)−2.5

[(1− φz){(1− φw) + φw
ρp1
ρf
}] + φz

ρp2
ρf

(
1 +

1

β

)(
(z2)j − (z2)j−1

h

)

+

(
fj + fj−1

2

)(
(z2)j + (z2)j−1

2

)
−
(

(z1)j + (z1)j−1

2

)2

−A
{(

(z1)j + (z1)j−1

2

)
+
η

2

(
(z2)j + (z2)j−1

2

)}

−

1 +
3(
φwσp1+φzσp2

σf
−(φw+φz))

(
φwσp1+φ2σp2
(φw+φz)σf

+2)−(
φwσp1+φzσp2

σf
−(φw+φz))


[(1− φz){(1− φw) + φw

ρp1
ρf
}] + φz

ρp2
ρf

M

(
(z1)j + (z1)j−1

2

)
= 0, (6.31)

(
(z3)j − (z3)j−1

h

)(
1 +

κf
κhnf

PrNr

)
+ Pr

κf
κhnf(

(1− φz){(1− φw) + φw
(ρCp)p1
(ρCp)f

}+
φz(ρCp)p2

(ρCp)f

)
(

(
fj + fj−1

2

)(
(z3)j + (z3)j−1

2

)
−
(

(z1)j + (z1)j−1

2

)(
θj + θj−1

2

)
−A

{(
θj + θj−1

2

)
+
η

2

(
(z3)j + (z3)j−1

2

)}
− ϑ

((
fj + fj−1

2

)2((z3)j − (z3)j−1

h

))

− ϑ
((

fj + fj−1

2

)(
(z1)j + (z1)j−1

2

)(
tj + tj−1

2

))
) = 0. (6.32)

Linearize the resulting algebraic equations by using Newton’s method i.e.

()
(i+1)
j = ()

(i)
j + ε()

(i)
j , (6.33)

εfj − εfj−1 −
1

2
h(ε(z1)j + ε(z1)j−1) = (r1)j− 1

2
, (6.34)

ε(z1)j − ε(z1)j−1 −
1

2
h(ε(z2)j + ε(z2)j−1) = (r2)j− 1

2
, (6.35)

εθj − εθj−1 −
1

2
h(ε(z3)j + ε(z3)j−1) = (r3)j− 1

2
, (6.36)

(a1)jεfj + (a2)jεfj−1 + (a3)jε(z1)j + (a4)jε(z1)j−1 + (a4)jε(z1)j−1

+(a5)jε(z2)j + (a6)jε(z2)j−1(a7)jεθj + (a8)jθj−1 + (a9)jε(z3)j

+(a10)jε(z3)j−1 = (r4)j− 1
2
,

(6.37)

(b1)jεfj + (b2)jεfj−1 + (b3)jε(z1)j + (b4)jε(z1)j−1 + (b4)jε(z1)j−1

+(b5)jε(z2)j + (b6)jε(z2)j−1(b7)jεθj + (b8)jεθj−1 + (b9)jε(z3)j

+(b10)jε(z3)j−1 = (r5)j− 1
2
,

(6.38)
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where

(r1)j− 1
2

= −fj + fj−1 +
h

2
((z1)j + (z1)j−1), (6.39)

(r2)j− 1
2

= −(z1)j + (z1)j−1 +
h

2
((z2)j + (z2)j−1), (6.40)

(r3)j− 1
2

= −θj + θj−1 +
h

2
((z3)j + (z3)j−1), (6.41)

(r4)j− 1
2

= −h

[
(1− φw)−2.5(1− φz)−2.5

[(1− φz){(1− φw) + φw
ρp1
ρf
}] + φz

ρp2
ρf

(
1 +

1

β

)(
(z2)j − (z2)j−1

h

)]

− h
[(

(fj + fj−1)((z2)j + (z2)j−1)

4

)]

− h

A

(

(z1)j + (z1)j−1

)
4

2


+ h

[
A

(
η

((z2)j + (z2)j−1)

4

)]
+ h

[
φ4

φz
M

(
(z1)j + (z1)j−1

2

)]
, (6.42)

(r5)j− 1
2

= −h
[(

((z3)j − (z3)j−1)

h

)(
1 +

1

φ5
PrNr

)]
− hPr

κf
κhnf

(
(1− φz){(1− φw) + φw

(ρCp)p1
(ρCp)f

}+
φz(ρCp)p2

(ρCp)f

)
[(

(fj + fj−1)((z3)j + (z3)j−1)

4

)]
+ hPr

κf
κhnf

(
(1− φz){(1− φw) + φw

(ρCp)p1
(ρCp)f

}+
φz(ρCp)p2

(ρCp)f

)
[(

((z3)j + (z3)j−1)(uj + uj−1)

4

)]
+AhPr

κf
κhnf

(
(1− φz){(1− φw) + φw

(ρCp)p1
(ρCp)f

}+
φz(ρCp)p2

(ρCp)f

)
[(

θj + θj−1

2

)]
(6.43)
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+AhPr
κf
κhnf

(
(1− φz){(1− φw) + φw

(ρCp)p1
(ρCp)f

}+
φz(ρCp)p2

(ρCp)f

)
η

[(
(z3)j + (z3)j−1

4

)]
+ ϑhPr

κf
κhnf

(
(1− φz){(1− φw) + φw

(ρCp)p1
(ρCp)f

}+
φz(ρCp)p2

(ρCp)f

)
[(

fj + fj−1

2

)2((z3)j − (z3)j−1

h

)]

+ ϑhPr
κf
κhnf

(
(1− φz){(1− φw) + φw

(ρCp)p1
(ρCp)f

}+
φz(ρCp)p2

(ρCp)f

)
[(

fj + fj−1

2

)(
(z1)j + (z1)j−1

2

)(
(z3)j + (z3)j−1

2

)]
. (6.44)

Using the similarity process the boundary conditions becomes

εf0 = 0, ε(z1)0 = 0, ε(z3)0 = 0, ε(z1)J = 0, εθJ = 0. (6.45)

The system of linear equations in (6.34)-(6.38) can be written in the matrix form

Rε = p, (6.46)

where

R =



A1 C1

B2 A2 C2

. . .
. . .

. . .

. . .
. . .

. . .

BJ−1 AJ−1 CJ−1

BJ AJ


, ε =



ε1

ε2

...

εj−1

εj


, p =



(r1)j− 1
2

(r2)j− 1
2

...

(rJ−1)j− 1
2

(rJ)j− 1
2


. (6.47)

Here R represents the J × J block tridiagonal matrix with block size of 5 × 5 and ε

and p are column vectors of order J × 1. In order to solve a linear system for ε the LU

factorization technique can be utilized.

The desired physical quantities for the present model are the skin-friction coefficient

(Cf ) and the local Nusselt number (Nux) which are defined in equations (2.106) and

(2.103). The τw and qw are wall shear stress and wall heat flux for the present model
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are given as (see for example, Shit and Mandal [197])

τw = µhnf

(
1 +

1

β

)(
∂u

∂y

)
y=0

, qw = −khnf
(

1 +
16

3

σ∗Θ3
∞

κ∗νf (ρCp)f

)(
∂Θ

∂y

)
y=0

,

(6.48)

using τw in (3.90) for Cf ,

Cf =
µhnf

(
1 + 1

β

)(
∂u
∂y

)
y=0

ρfU2
w

, (6.49)

using (3.19) in (6.49)

Cf =
µf
ρfφa

xf ′′(0)b3/2

νf (1− ξt)3/2

(
1 +

1

β

)(
(1− ξt)3/2

bx

2
)
, (6.50)

Cf =

(
1 +

1

β

) √
νf

φa

√
1

Uwx
f ′′(0), (6.51)

Cf =

(
1 +

1

β

)
1√
Rex

f ′′(0)
1

φa
, (6.52)

Cf
√
Rex =

(
1 +

1

β

)
f ′′(0)

φa
, (6.53)

using equation (6.75) in (6.53), we get

CfRe
1
2
x =

(
1 +

1

β

)
f ′′(0)

(1− φw)2.5(1− φz)2.5
. (6.54)

Using qw in (3.90) for Nux,

Nux =
x

kf (Θw −Θ∞)

(
−khnf

(
1 +

16

3

σ∗Θ3
∞

κ∗νf (ρCp)f

)(
∂Θ

∂y

)
y=0

)
, (6.55)

using (3.33) in (6.55)

Nux = −
khnf
kf

(1 +Nr)

(
bx

(1− ξt)
θ′(0)

√
b

νf (1− ξt)

)
, (6.56)
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Nux = −
khnf
kf

(1 +Nr)
(√

Rex

)
θ′(0), (6.57)

NuxRe
− 1

2
x = −

khnf
kf

(1 +Nr) θ
′(0). (6.58)

6.4 Entropy Generation Analysis

The entropy generation for the present mathematical model is given by (see for example

Das et al. [167])

EG =
khnf
Θ2
∞

{(
∂Θ

∂y

)2

+
16

3

σ∗Θ3
∞

κ∗νf (ρCp)f

(
∂Θ

∂y

)2
}

+
µhnf
Θ∞

(
∂u

∂y

)2(
1 +

1

β

)
+
σhnfB

2(t)u2

Θ∞
.

(6.59)

The first term in entropy equation represents the heat transfer irreversibility, second

term is the fluid friction and the third term is represents the magnetohydrodynamic

effects. The entropy generation is represented by NG and is given in equation (3.104).

Further using equations (3.12)-(3.13), we can obtain the non-dimensional equation of

entropy as follows Now putting (6.59) in (3.104), we get

NG =
Θ2
∞b

2

kf (Θw −Θ∞)2

khnf
Θ2
∞

{(
∂Θ

∂y

)2

+
16

3

σ∗Θ3
∞

κ∗νf (ρCp)f

(
∂Θ

∂y

)2
}

+

µhnf
Θ∞

(
∂u

∂y

)2(
1 +

1

β

)
+
σhnfB

2(t)u2

Θ∞
.

(6.60)

Consider first term of equation (6.60),

Θ2
∞b

2

kf (Θw −Θ∞)2

khnf
Θ2
∞

{
(1 +Nr)

(
∂Θ

∂y

)2
}
, (6.61)

using equation (3.33), we get

=
Θ2
∞b

2

kf (Θw −Θ∞)2

kfφe
Θ2
∞

{
(1 +Nr)

(
(bx)2

(1− ξt)

2

θ′(η)2 b

νf (1− ξt)

)}
, (6.62)

Θ2
∞b

2

kf (Θw −Θ∞)2

khnf
Θ2
∞

{
(1 +Nr)

(
∂Θ

∂y

)2
}

=
b2

kfx

(
bx

(1− ξt)

)
θ′2

νf
φe, (6.63)
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Θ2
∞b

2

kf (Θw −Θ∞)2

khnf
Θ2
∞

{
(1 +Nr)

(
∂Θ

∂y

)2
}

=
b2

νfx
Uw (1 +Nr)

θ′2

φe
, (6.64)

Θ2
∞b

2

kf (Θw −Θ∞)2

khnf
Θ2
∞

{
(1 +Nr)

(
∂Θ

∂y

)2
}

= Re (1 +Nr)
θ′2

φe
. (6.65)

Consider second term of equation (6.60),

µhnf
Θ∞

(
∂u

∂y

)2(
1 +

1

β

)
, (6.66)

using equation (3.19), we get

µhnf
Θ∞

(
∂u

∂y

)2(
1 +

1

β

)
=
µhnf
Θ∞

(
bxf ′′(η)

(1− ξt)

√
b

νf (1− ξt)

)2(
1 +

1

β

)
, (6.67)

µhnf
Θ∞

(
∂u

∂y

)2(
1 +

1

β

)
= Re

(
Br

Ωφa

)
f ′′2

(
1 +

1

β

)
. (6.68)

Consider third term of equation (6.60),

σhnfB
2(t)u2

Θ∞
, (6.69)

σhnfB
2(t)u2

Θ∞
=

Θ2
∞b

2

kf (Θw −Θ∞)2

(
σhnfB

2(t)u2

Θ∞

)
, (6.70)

using equation (3.14), we get

σhnfB
2(t)u2

Θ∞
=

Θ2
∞b

2

kf (Θw −Θ∞)2

((
σfφd
Θ∞

)(
B2
o

1− ξt

)(
bx

1− ξt

)2

f ′2

)
, (6.71)

σhnfB
2(t)u2

Θ∞
=
φdBr

Ω
M2Ref

′2. (6.72)

Substituting the equation (6.65), (6.68) and (6.72) in (6.60), we get

NG = Re (1 +Nr) θ
′2φe +Re

(
Br

Ωφa

)(
1 +

1

β

)
f ′′2 +Re

φdBr
Ω

M2f ′2, (6.73)

NG = Re

[
φe(1 +Nr)θ

′2 +
1

φa

Br
Ω

{
(f ′′2)

(
1 +

1

β

)
+ φaφdMf ′2

}]
, (6.74)

where

φa =
[
(1− φw)2.5(1− φz)2.5

]
, (6.75)
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φc =

[
(1− φz){(1− φw) + φw

(ρCp)p1
(ρCp)f

}+ φz
(ρCp)p2
(ρCp)f

]
, (6.76)

φd =

1 +
3(
φwσp1+φzσp2

σf
− (φw + φz))

(
φwσp1+φ2σp2
(φw+φz)σf

+ 2)− (
φwσp1+φzσp2

σf
− (φw + φz))

 . (6.77)

φe =

[
(κp2 + (m− 1)κnf )− (m− 1)φz(κnf − κp2)

(κp2 + (m− 1)κnf ) + φz(κnf − κp2)

]
[

(κp1 + (m− 1)κf ) + φw(κf − κp1)

(κp1 + (m− 1)κf )− (m− 1)φw(κf − κp1)

]
.

(6.78)

NG = Re

(
κhnf
κf

(1 +Nr)θ
′2
)

+
1

(1− φw)2.5(1− φz)2.5

BrRe
Ω

(
f ′′2

(
1 +

1

β

))
+

BrRe
Ω

1 +
3(
φwσp1+φzσp2

σf
− (φw + φz))

(
φwσp1+φ2σp2
(φw+φz)σf

+ 2)− (
φwσp1+φzσp2

σf
− (φw + φz))

Mf ′2

 ,

(6.79)

where

Re =
Uwb

2

νfx
, Br =

µfU
2
w

kf (Θw −Θ∞)
, Ω =

Θw −Θ∞
Θ∞

. (6.80)

are the Reynolds number, Brinkman number and the dimensional less temperature gra-

dient, respectively.

6.5 Numerical Results and Discussion

The numerical results are obtained for the Copper oxide-Ethylene glycol (CuO-EG)

conventional Casson nanofluid and the Titanium-Copper oxide/Ethylene glycol (TiO2−

CuO/EG) Casson hybrid nanofluid. Results are presented graphically with focus on

the main features of the mathematical model. In addition to these Table 6.2 showed

the velocity gradient and heat transfer rate at the surface of the boundary. The discus-

sion is based on the fluid motion and temperature variation in the boundary layer and

comparison is also drawn on the behavior of conventional and hybrid nanofluids.

6.5.1 Effect of Magnetic Parameter M

The magnetic effects on the fluids motion, temperature distribution and entropy gen-

eration are depicted in Figures 6.2-6.4. The graphs present the numerical results for
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both conventional and hybrid nanofluids. The velocity of nanofluids reduced with in-

creasing uniformly distributed transverse magnetic field of strength. The interaction of

electrically conducting nanofluids with the applied transverse magnetic field generates

a resistive force known as Lorentz force.
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Figure 6.2: Velocity Distribution against the Parameter M
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Figure 6.3: Temperature Distribution against the Parameter M

Moreover, the strength of Lorentz force rises with raising strength of applied magnetic

field and counteracts the fluid motion within the boundary layer and reduces the thick-

ening level of momentum boundary layer. The decreasing trend in fluid velocity is
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observed for both conventional and hybrid nanofluids. In Figure 6.3, the temperature

of nanofluids rises with increasing strength of parameter M and therefore increases the

thickening level of thermal boundary layer. It is observed that the parameter M is

inversely proportional to the density of nanofluid, therefore the increase in M decrease

the density and, as a result the temperature of the fluid rises. The increase in nanofluid

temperature within the boundary layer decreases the heat transfer rate at the bound-

ary. The influence of Lorentz force at the boundary is presented in Table 6.2. The skin

friction coefficient increases but the heat transfer rate decreases with increasing mag-

netic field. Figure 6.4 demonstrated the entropy distribution of thermal system increases

with increasing strength of magnetic parameter M . The increase in entropy increases

the irreversibility of the thermal process and less energy is available to do work.
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Figure 6.4: Entropy Generation Distribution against the Parameter M

6.5.2 Effect of Nanoparticle Volume Fraction Parameters

φ and φhnf

The effects of nanoparticle volume fraction parameter φ of conventional Casson nanofluid

and φhnf of hybrid Casson nanofluid are plotted in Figures 6.5-6.7. In Figures 6.5-6.7 φw

is fixed at 0.09 and analysis is carried out by assuming different values of volume fraction

parameter φz. It is observed that nanofluids velocity decreases and the temperature

increases with increasing values of parameter φ and φhnf , respectively. The parameter
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φ and φhnf correspond to volume of solid particles in the basefluid. It is well known

solid particles have higher thermal conductivity than fluids, therefore increase in φ and

φhnf reduces fluid velocity as observed from Figure 6.5 and enhances its temperature in

the boundary layer region.
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Figure 6.5: Velocity Distribution against the Parameter φ, φhnf
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Whereas, this fact is very much evident in Figure 6.6 that the increase in the total

thermal conductivity of nanofluids increases the temperature and the thickening level

of thermal boundary layer. Moreover, the collision among nanoparticles dissipate heat
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energy in the system and increases the overall temperature. It is visualized the tem-

perature of hybrid nanofluid rises at a faster rate when compared with conventional

nanofluids. Figure 6.7 illustrated the entropy increases for lager values of nanoparticle

volume fraction parameters.
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6.5.3 Effect of Velocity Slip Parameter Λ

Figures 6.8-6.10 demonstrated that the positive values of slip parameter Λ reduces fluid

0 1 2 3 4 5 6
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

f′ (η
)

η

CuO−EG

TiO
2
−CuO/EG

Λ = 0.1, 0.2, 0.3

P
r
 = 6.2, N

r
 = 0.3,

φ
w

 = 0.09, φ
z
 = 0.09,

B
i
 = 0.2, S = 0.1,

M = 0.6, β = 1.0,

m = 3.0, ϑ = 0.01,

 A = 0.2, φ = 0.18

Figure 6.8: Velocity Distribution against the Parameter Λ
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movement and entropy generation of Casson hybrid nanofluids. Whereas the temper-

ature of Casson hybrid nanofluids increases with increasing values of parameter Λ. In

Figure 6.8 the decrease in velocity is consistent with the fact that slip velocity retards

the motion of the boundary surface.
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Figure 6.9: Temperature Distribution against the Parameter Λ
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Figure 6.10: Entropy Generation Distribution against the Parameter Λ

In other words, velocity slip act opposite to stretching pull of the surface and resists its

transmission to the fluid. As a result, momentum boundary layer decreases with rise in

parameter Λ. Figure 6.9 depicted the temperature distribution within the boundary layer
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against the parameter Λ. The velocity slip is inversely proportional to the temperature

distribution and an increase in the parameter Λ increases the thermal boundary layer

thickness and reduces the Nusselt number. Table 6.2 shows that positive increase in

velocity slip leads to decrease in velocity gradient and heat transfer rate for both CuO-

EG and TiO2−CuO/EG nanofluids. This expected behaviour is due to the fact that the

boundary slip reduces the friction at the solid-fluid interface and consequently the rate

of heat transfer. From Figure 6.10 it can be observed easily that the entropy decreases

with increasing values of Λ. The decrease in entropy indicates that the system is cooling

down. If the entropy in the boundary layer decreases, it must increase by the same

amount outside the boundary layer.

6.5.4 Effect of the Thermal Radiation Parameter Nr and

Biot Number Bi

There are no effects of thermal radiation parameter Nr and Biot number Bi on velocity

profiles of conventional and hybrid Casson nanofluids. Figures 6.11-6.14 displayed plots

for nanofluids temperature and entropy distribution within boundary layer with variation

in thermal radiation parameter Nr and Biot number Bi, respectively. The temperature

of both conventional and hybrid nanofluids increases with increasing values of thermal

radiation parameter Nr and Biot number Bi see Figures 6.11 and 6.13.
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Physically speaking, the strengthening of parameter Nr transfer more heat into the fluid

and raise the thickening level of thermal boundary layer. The Biot number or the sheet

convection parameter showed the ratio of conduction inside the fluid to the convection at

its surface. Increasing sheet convection parameter means that the heat transfer through

conduction dominates the convection coefficient at the surface of the fluid The increase

in Bi showed that the hot fluid within boundary layer heat the stretching surface and

raise the temperature of the thermal system. Thus, increase in parameters Nr and Bi is
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directly related to boost in the Nusselt number at the boundary. Figures 6.12 and 6.14

depicted the increase in entropy with raise in thermal radiation parameter Nr and Biot

number Bi, respectively. In Figures 6.12 and 6.14 the crossover point for the entropy

profile is estimated at about η = 0.3. Before this behaviour the entropy is enhanced and

then it begins to fall. In other words the thermal process is converging towards the case

of reversible process.
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Figure 6.14: Entropy Generation Distribution against the Parameter Bi

6.5.5 Effect of Nanoparticle Shapes Parameter m

Figure 6.15 depicted the effect of different nanoparticles shapes (sphere, hexahedron,

tetrahedron, cylinder, and lamina) on the heat transfer characteristics of CuO-EG con-

ventional Casson nanofluid and TiO2−CuO/EG hybrid Casson nanofluids at nanopar-

ticle concentration φw = 0.09 and φz = 0.09, respectively. The Figure 6.15 showed the

non-dimensional temperature of nanofluids rises with increase in shape factor parame-

ter m. Dimensionless temperature at the boundary is lowest for the spherical shaped

nanoparticles followed by hexahedron, tetrahedron, cylinder and lamina shapes. The

spherical shaped nanoparticles tend to drag more heat from the boundary due to its

greatest surface area while this effect is less evident for other nanoparticles. This is the

main reason for the greatest heat exchange rate at the boundary for the nanofluids with

spherical shaped nanoparticles. This fact is also observed from the variation in Nusselt

number given in Table 6.2. Figure 6.16 showed the entropy of the system increases with
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increase in parameter m. The entropy of the system increases at slowest rate for the

spherical shaped nanoparticles.
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Figure 6.16: Entropy Generation Distribution against the Parameter m

6.5.6 Effect of Reynolds Number Re and the Brinkman

Number Br

The impact of Reynolds number Re and Brinkman number Br on entropy generation

profiles are presented in this section. Numerical computations showed the higher values
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of Re increases entropy which physically means that the inertial forces dominate the

viscous effects see Figure 6.17. Figure 6.18 discussed the influence of Br on the entropy.

It is found that the Brinkman number augmentation increases the entropy generation.
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Figure 6.18: Entropy Generation Distribution against the Parameter Br

This is due to the fact that Brinkman number is the ratio of heat dissipation to the

conduction at the surface so increasing the values of Br means more heat is dissipated

compared with the conduction of heat at the surface, which results in an increase in the

entropy.
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6.5.7 Effect of Magnetic Parameter M and Radiation Pa-

rameter Nr on Skin Friction Cf and the Nusselt Num-

ber Nux, Respectively

The effects of magnetic parameter M and radiation parameter Nr on skin friction co-

efficient Cf and Nusselt number Nux profiles of CuO-EG and CuO − TiO2/EG non-

Newtonian hybrid nanofluids are presented in Figures 6.19-6.20, respectively.
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In 6.19 computations are performed for M = 0.6, 0.8, 1.2 whereas the parameter β takes

the values 1.0, 5.0, 10.0. It is noted when we increase the magnetic parameter M the

skin friction coefficient Cf increases. The physical reason behind this is that greater

M is responsible for greater friction between the surface and the fluid as a result skin

friction increases. In 6.19 computations are performed for Nr = 0.2, 0.4, 0.9 whereas

the prandtle number Pr is fixed on 1.0, 6.2, 7.38. It is observed when we increase the

radiation parameter Nr the rate of convective heat transfer (Nusselt number) increases.

This is due to the fact that a greater heat flux is generated, which results in a greater

heat transfer rate.



145

β A M φ φz Λ ξ Nr Bi CfRe
1
2
x CfRe

1
2
x NuRe

−1
2
x NuRe

−1
2
x

CuO-

EG

TiO2−

CuO/EG

CuO-

EG

TiO2−

CuO/EG

1.0 0.2 0.6 0.18 0.09 0.1 0.01 0.3 0.2 1.1719 1.2564 0.1307 0.1312

5.0 0.9460 1.0157 0.1292 0.1299

10.0 0.9118 0.9791 0.1289 0.1296

0.2 1.1719 1.2564 0.1307 0.1312

0.6 1.2386 1.4910 0.1340 0.1382

1.6 1.3896 1.6321 0.1384 0.1409

0.6 1.1719 1.2564 0.1307 0.1312

1.6 1.5055 1.6088 0.1283 0.1290

2.6 1.7526 1.8692 0.1267 0.1273

0.09 0.1953 - 1.0857 -

0.15 1.0328 - 1.1163 -

0.18 1.1719 - 1.2564 -

0.0 - 0.1039 - 0.1098

0.06 - 0.1221 - 0.1289

0.09 - 0.1307 - 0.1312

0.1 1.1719 1.2564 0.1307 0.1312

0.2 1.0314 1.0964 0.1297 0.1301

0.3 0.9235 0.9751 0.1288 0.1292

0.01 1.1719 1.2564 0.1307 0.1312

0.2 1.1719 1.2564 0.1309 0.1314

0.4 1.1719 1.2564 0.1310 0.1316

0.1 1.1719 1.3907 0.1154 0.1157

0.3 1.1719 1.3907 0.1307 0.1312

0.5 1.1719 1.3907 0.1454 0.1157

0.1 1.1719 1.2564 0.0713 0.0714

0.2 1.1719 1.2564 0.1307 0.1312

0.3 1.1719 1.2564 0.1810 0.1820

Table 6.1: Values of Skin Friction = CfRe
1
2
x and Nusselt Number = NuRe

−1
2
x

for Pr = 6.2 and m = 3.
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6.6 Conclusions

A computational analysis of heat transfer and entropy generation for boundary layer flow

of conventional and hybrid Casson nanofluids in the presence of Cattaneo-Christov heat

flux model is carried out in the present research. The electrically conducting nanofluid

occupies the space over a porous non-uniform stretching surface with uniformly dis-

tributed transverse magnetic field of strength applied normal to the flow. The Keller

box numerical technique is utilized to approximate the solutions for the velocity, tem-

perature and the entropy distributions, velocity gradient and the rate of heat exchange

of the CuO − EG and TiO2 − CuO/EG nanofluids. The main findings of the present

research are:

• The temperature of hybrid Casson nanofluid TiO2 −CuO/EG rises at the faster

rate when compared with the conventional Casson nanofluid CuO-EG.

• On the basis of numerical results, the hybrid Casson nanofluid TiO2−CuO/EG is

observed to be a better thermal conductor than the conventional Casson nanofluid

CuO-EG.

• A stronger magnetic field has a negative impact on the motion of the fluid particles

in the boundary layer and the velocity of the fluid reduces with growing strength

of magnetic field.

• It is well known fact that the inclusion of solid nanoparticles in the ordinary fluids

increases the overall thermal conductivity of hybrid and conventional nanofluids.

Therefore the increase in φ and φhnf decrease in thickness of momentum and

increase the thickness of thermal boundary layer respectively.

• The heat transfer rate is greater for the smaller number of shape factor m in the

boundary layer.

• Lamina-shaped particles result in the greatest temperature in the boundary layer

while the lowest temperature are observed in case of spherical shaped nanoparti-

cles.
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• Entropy of the thermal system is seen to rise with rise in Casson parameter, un-

steadiness parameter, magnetic parameter, nanoparticle volumetric concentration

parameter, thermal radiation parameter, Brinkman number and Reynolds number

but reduces with the rise in velocity slip parameter.



Chapter 7

Conclusion and Future Work

7.1 Conclusion

In this thesis, we studied the flow, heat transfer and entropy generation for thermal

system containing non-Newtonian nanofluids. Nanofluids have countless applications in

fields like biomedical devices, tumor treatment, solar collectors, nuclear reactor, crys-

tal growth, heat exchangers and cooling radiators etc. Extensive research on the flow

and heat transfer characteristics of nanofluids is undertaken considering different flow

geometries, boundary conditions, external effects and surface motion. In general the

addition of nanoparticles in the Newtonian base fluid changes the behavior of the fluids

to non-Newtonian. However, it depend on the concentration of nanoparticles in the base

fluid, nanoparticles shape, nanoparticles size and the interaction between them. There-

fore non-Newtonian models will lead to superior understanding of flow and heat transfer

of nanofluids. Keeping above in view this thesis aims to understand the non-Newtonian

nanofluids flow, heat transfer and entropy generation along with variable thermophyis-

cal properties. The physical model considered in the present research includes the flat

porous surface. The nanofluid occupies the space over the surface. The flow is gener-

ated by the non-uniform stretching of the surface. Three non-Newtonian models namely

i.e. Maxwell fluid model, Powell-Eyring fluid model and Casson fluid model are consid-

ered for the nanofluids. The main fundamental equations are attained from the law of

conservation of mass, momentum and energy are then transformed into the system of

coupled nonlinear ODEs by means of appropriate similarity transformation. The ODEs

148
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are then solved by an efficient numerical finite difference technique known as Keller box

method. Numerical results are also presented in the form of graphs and tables showing

the effects of physical parameters such as non-Newtonian parameters, porous medium

parameter, nanoparticle volume concentration parameter, velocity slip parameter, ther-

mal radiation parameter, mass transfer parameter, Biot number, Reynolds number and

Brinkman number on the physical behaviour of the non-dimensional quantities such as

velocity, temperature and entropy generation. The entire study can be concluded with

the following observations.

• The velocity profiles decreases with an increasing values of non-Newtonian pa-

rameter and declines the thickness of momentum boundary layer. The decreasing

trend in velocity profiles is due to increase of resistance in fluid and also corre-

sponds to increase in skin friction coefficient (velocity gradient) at the boundary.

• A stronger magnetic field has a negative impact on the motion of the fluid particles

in the boundary layer and the velocity of the fluid reduces with growing strength

of magnetic field.

• It is well known fact that the inclusion of solid nanoparticles in the ordinary fluids

increases the overall thermal conductivity of hybrid and conventional nanofluids.

Therefore the increase in φ and φhnf decrease in thickness of momentum and

increase the thickness of thermal boundary layer respectively.

• The heat transfer rate is greater for the smaller number of shape factor in the

boundary layer.

• Lamina-shaped particles results in the greatest temperature in the boundary layer

while the lowest temperature are observed in case of spherical shaped nanoparti-

cles.

• The cross over point is observed in the entropy profile for increase in Biot number,

variable thermal conductivity and thermal radiation parameter. Whereas the

opposite behavior in entropy profiles are observed for increases Reynolds number

and velocity slip parameter.
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• The material parameters presented opposite behaviour on entropy generation pro-

file. The irreversibility of the system is maximum at the boundary and reduces to

zero far away from the boundary of the surface.

• Spherical shaped nanoparticles have the lowest rate of entropy generation.

• For the present study, Cu − H2O nanofluid is detected as a superior thermal

conductor than TiO2 −H2O nanofluid.

• The Cu-methanol based nanofluid is observed as a better thermal conductor than

Fe3O4-methanol based nanofluid.

• On the basis of numerical results, the hybrid Casson nanofluid TiO2−CuO/EG is

observed to be a better thermal conductor than the conventional Casson nanofluid

CuO-EG.

• The temperature of hybrid Casson nanofluid TiO2 −CuO/EG rises at the faster

rate when compared with the conventional Casson nanofluid CuO-EG.

7.1.1 Future Work

The study of heat transfer characteristics of nanofluids including effects of variable ther-

mophyiscal properties and non-Newtonian fluids models is still in its initial phase. There

is a lot of work to be done in this area, for example, the comparison among different

non-Newtonian fluid models to find the most efficient nanofluids for thermal systems (in

particular for the thermal solar systems). In future, mathematical models presented in

this thesis can be extended in direction focusing on the areas:-

• The flow geometry can be considered in the form of a disk or cylinder to further

increase the applications of the present research.

• The temperature dependent viscosity and density can be added to analyze the

flow, heat and mass transfer characteristics.
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• Second grade, Williamson, Carreau and Micropolar nanofluids models can be ex-

plored for MHD, porous medium, thermal radiation, Joule heating, buoyancy,

Soret-Dufour, chemical reactions, internal heat generation, ion-slip, Hall and in-

duced magnetic field effects etc.
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